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Let us denote by B(N, N') the set of all bounded linear
transformations of a normed linear space N into N’. With the
notation, we establish the following theorem.

Theorem: S(N,N") is a normed linear space with respect to
pointwise operations

(T1+T)(x) = T1(x) + T (x), (@T)(x) = aT (x)
and the norm defined by
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LetTy T2€ B(N,N) and aube a scalar. Then T, and T, are bounded. So tnere exist real numbers

M, and M, such that
I T,y(x)!l <M1l x!l and WT,(x)1 <M, 12|l foral.xe N. wl2)
Now Ty + T = 1Ty (x) 4 Tyfx) 11 S Ty )11 4 1T, )10

Using (2), we get |1 (Ty + Tx Il <M, 11x11 + M, 11 x| = MI1x|| where M= M, + M,

‘Hence Ty + T, € B(N; N)forall Ty, T, € B(N, N'). Ina similar manner aT € (N, N') for all
scalars c.and T € (N, N'). SoB(N, N is a linear space.

To prove that B(N, N') is a normed space, we show that (1) satisies (N1), (N2) and (N3 of
the definition of a norm.
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(N1)Since 1 T(x) 1 20, I1TI1 20 from the definition of 11T11.

If T =0, then [ITIl = 0. Conversely we have to show that | T1| = 0 implies T = 0.
if |1TI1 =0, we get from [IT(x)!l £ HTH 11xll,T(x)=0forallx e N. Thatis T = 0.
Hence |1 T!l 20and I TI! =0if and only if T =0.

(N2) LetT,, T, e B(N, N'). Then we have
(T + Ty) (@) 11 = HTy(x) + To(x) 11 S HUT; ()1 + HTy0e) 1L SUTy 1+ UTH0) il

(T + Ty)(x)l
Hence we have from the above for x 20, sup{ ( 1:‘\1?‘)(1) }S(HT‘H + 11T,).
xeN
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Using the definition of the norm of a bounded linear transformation,
Wegct |lT1+T2“SHT|”+HT2“.

(N3)1If o is a scalar, and x #0, we get |1 aT(x)11 = lacl 1 T(x)II
T (x)Il

| ————

. NaT@) .
Tl v Nl

This proves that || aT1l = lal HTII.
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Video Links:

1. https://youtu.be/I7sx9kAXjzg
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