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UNIT 11l DYNAMIC PROGRAMMING:

Dynamic Programming — Change-making Problem —
Computing a Binomial Coefficient — All-pairs Shortest-
paths Problem — Warshall’s and Floyd’s Algorithms —
0/1 Knapsack Problem
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The Knapsack Problem

The classic Knapsack problem is:

A thief breaks into a store and wants to fill his knapsack
of capacity K with goods of as much value as possible.

Decision version: Does there exist a collection of items
that fits into his knapsack and whose total value is >= W?

0-1 Knapsack: An item can either be picked or left. It

cannot be picked partially. For example gold coins,
diamond rings, TV etc.
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0-1 Knapsack Problem

value[] = {60, 100, 120}; Weight = 10; Value = 60;
weight[] = {10, 20, 30}; Weight = 20; Value = 100;
W = 50: Weight = 30; Value = 120;
Weight = (20+10); Value = (100+60);
Solution: 220 Weight = (30+10); Value = (120+60):

(
Weight = (30+20); Value = (120+100);
Weight = (30+20+10) > 50
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Given n items of
integer weights: w; w, ... w
values: Vi Vp eea V

a knapsack of integer capacity W
find most valuable subset of the items that fit into the knapsack

Consider instance defined by first i items and capacity j (j £ W).
Let V[i,j] be optimal value of such instance. Then

max {V[i-1,j], V; + V[i-1j- W]} ifj-w;>0
V[l =

V[i-1,j] ifj-w; <0
Initial conditions: V[0,j] =0 and V[i,0] =0
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Knapsack Problem by DP (pseudocode)

Algorithm DPKnapsack(w[1..n], v[1..n], W)

var V[0..n,0.W], P[1..n,1.W]: int
forj:=0toWdo

V[0,j] :=0
for i : 0tondo Running time and space: O(nW).

VI[i,0] :=0

fori:=1tondo

forj:=1toWdo

if wl[i] <jand v[i] + V[i-1,j-w[i]] > V[i-1,j] then
VI[ij] = vli] + V[i-1,J-w[i]]; P[1.j] := J-w[i]

else
VI[ij] := V[i-1,j]; P[i,j] :=]
return V[n,W] and the optimal subset by backtracing
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Example: Knapsack of capacity W =5
item  weight value

1 2 $12
2 1 $10
3 3 $20
4 2 $15 capacity |
0 1 2 3 45
0/0_0 0
0 01

w,=2,v=12 1

w,=1,V,=10 2 0 10 12 212 22 22 Backtracking
finds the actual

ptimal subset,
w,=2,V,=15 4 0 10 15 25 30 "37] je. solution
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ltem# Weight (kg) | ValueiRs)
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Siep Calculation
1 Imitial conditioms:
VIO jl=0 forjz=0 Vgl [ =071 1 2 E] 5
WliD]=0 fori=0 i=ih i ] i i i i
1 1]
x ]
BE 0
4 i
2 Wil=2,
Available knapsack capacity =1 |[Wligl | =0 ] 1 2] 3] 4 | 5 |
W= WAL CASE 1 holds: i=0 |0 ] ] 1] 1] K]
Vinjil=WIi-1.5] 1 1] ]
YVitdl=v[ D 1 ]=0 ] 1]
3 (1]
4 ik
3 W o=x
Available knapsack capacity = 2 Vil | =0 i 2 3 4 -]
WiI=WA, CASE 2 hobds: i= | 0 0 1] i (1]
Wit jl=max [ V[i1.j L 1 0 0 3
i AV 51, j-wi] ) 1o
V[ 1.2)=max | V[0, 2] —51o
N[O O] " o
=max LI+ 0]=3
e Wil = r_"
Available knapsack capacity = Wiigl | =0 1 2 a 4 ]
345 i=0 | ¥ 0 1] i 1] i
WAL WA CASE 2 hobds: 1 ik 0 3 3 3 3
Vi jl=max [ W[i-1.J L 2 7]
wi=W[ -1, g-wi]] 3 o
V[ 1.3)=max | V[0, 3] 5
I&0 0010
=max | L i+D]=3
5 Wiz 3,
Available knapsack capacity = | Vil | =0 | 2 ] 4 5
WA WA CASE 1 hobds i= | ¥ 0 0 i (1] i
V[i.jl=VI[iLijl .
Wl Zl=¥V[1.1]=0D
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G wWl=71,
Available knapsack capacity =2 | | W[Ljl | =0 ]| 1 2 3 4 3
W2>WA, CASE | holds i=0 |0 |0 |0 |0 |o |0
ViiLjl=%[i-1,j] ] 0 0 3 ] 3 3
VI22]=V[1.2]=3 —To 1o 13
3 Ly
4 o
7 W2=13,
Available knapsack capacity = 3 Vi) | =0 1 2| 31415
W= WA CASE 2 hobds i= |0 0 L] 1] ik i
Vi j)l=max [ V[i1.j ], 1 ] 0 E] 1 3 3
wi #W[ i=1, j-wi] } 2 0 I 3 3
V23] =max { V[ 1.3]. 3 o
4[] L0 -i D
=max [ 3, 4+0)1=4
E WI=3,
Axvailable knapsack capacity = 4 ViLil | =0 | 2 3 4 5
W2<WA, CASE 2 holds i=0 |0 0|0 o o
V]ijl=max [ V]i-1.i] 1 0 0 ] K] i i
vieVli-Lj-wil} |2 o 3 |4 |4
V] Zd]l=max | V] 1.4 ] 3 0
44+ 0,11 :i o
=max | 3, 44+0)=4
9 W2=13,
Available knapsack capacity = 5 VILjl | j=0 | 2 K] 4 5
W2<WA, CASE 2 holds i=0 |0 |o0 |0 |0 |o |oO
Viijl=max [ V[i1.j ] 1 ] 0 3 ] 3 ]
vi#Vli-Lj-wil) [T 2 [0 [0 [3 |2 [=2 |7
VIZ2S]l=max { V[1.5]. 3 o
4+V[1,.2]) 3 5
=max | 3, 4+3)]=7
1 EEES
Available knapsack capacity = VILil | =0 | 1 2 3 4 5
1.2.3 i= |0
WA WAL CASE 1 holds 1 o
VIijil=V[i-1j] z [0
3 o
4 |0
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11 Wi=d4,
Available knapsack capacity =4 Vil | =0 | 2 A 4 -
Wi="WA, CASE 2 holds: i=l | O 0 0 (] i )]
Vivjil=max | V[1.]] 1 [0 o |3 [3 il E
vi+W[ i1, j-wi]} 2 |0 0 3 4 4 |7
V[3d)l=max | V[ 2. 4] 3 0 0 3 4 [
S5+V[E2D]] 4 0
=mux [ 4 5+0]=3F
12 | W3=4,
Available knapsack capacity = 5 Vil | =0 | 2 A 4 X
WA WA CASE 2 holds: i=h |0 1] ] ] 1] 1]
ViLjil=max [ V[i-1.j ] 1 0 o 3 3 3 3
VI 33) ﬂrilli’;]-'ijl_wi 1} 2 [0 0 3 4 4 7
St = LR e wf |
S+V[21]]) :: ﬂ & : h : !
=max [7,.53+D =7
13 W= .:i_
Available knapsack capacity = Vil [ =0] 1 2 A 4 5
1.2.3.4 i=0 | D i ] 0 0 0
W WA, CASE 1 holds: 1 0 7] 3 a i 3
ViLil=VIi-Lj] 2 [0 0 3 4 4 7
e 1] b 3 =+ 5 T
4 [ 1] 3 4 5
13 | Wa=5,
Available knapsack capacity = 5 Vil | =0 1 2 A 4 5
W= WA, CASE 2 holds: i=0 [0 i ] ] 1] 1]
Viijl=max { V[#1.j]. 1 ] 0 3 3 3 3
vi#+V[i-1,j-wi] | 7 |0 7] 3 4 F ] 7
V[ 4.5] = max | w-r.-.l‘f"lL‘i, o1 3 |0 0 3 4 5 |7
W[ 3
=max [ 7. 6+0)=T 4 v o : 4 : Li
Maximal valucis V[ 4 5| =T~
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Siep Tahle Remarks
1
Viigl [ =0 ] 1 2 3 | 4 | 5 | V4 5]=V[35]
=il ik i i 0 (1] Li]
i ] 1] E] E] E] 3 = ITEM 4 NOT indoded in the
2 o [T k] 1 1 T subsct
5 iy L1} 3 4 ]
4 |0 0 3 ] 3 7
z
Mliagl | j=0] 1 z 3 4 5 W[AES]|=W[2 5]
i=0 i L1 ik 0 L1] 0
1 [0 |0 [F [3 |3 < ITEM 3 NOT induded in the
3 0 T} 3 4 4 |7 \]|subset
X 1] L1} 3 4 % T
4 [0 0 3 1 = | ™
X
Vikil [ j=0 ] 1 2 a 4 5 VIZLS]=V[1.5]
i=n (1] [1] il ] L] L0
i 1] i 3 3 3 FY || ITEM 2included in the subsct
r 4 ik i L] 4 Es 'b’ 7 !
X 1] i 3 4 %
1 |0 0 3 1 3 7
3 Since item 2 is included im the knapsack:
Weight of mem 2 i 3kg  thercfore,
remaining capacity of the knapsack is
(5-3=)2kg VI, 2= 2]
VIeil [ =0 | 1 =3 [ & [ 3 [ 5 ]| ITEM I included in the subsct
p=10 1] L1} il ] (1] o
| ¥ L1 3 E] L] ]
" i L1 5 + <+ T
X iy i 5 + 5 T
4 (1] L1} K] 4 % ri
E Since item 1 is included im the knapsack: | Optimal subset: [ item 1. item 2 )
Weight of mem 1 8 Tkeg thenfons,
remaiming capacity of the knapsack is Totml weight i=: Fkg (2kg + Skgh
(2-2=10kg Total profi is: 7/ (. T
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