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UNIT Il - DIVIDE-AND-CONQUER

Divide and Conquer Methodology —

Binary Search — Merge Sort — Quick Sort —
Heap Sort — Multiplication of Large Integers —
Strassen’s Matrix Multiplication
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Multiplication of Large Integers

Consider the problem of multiplying two (large) n-digit integers represented by
arrays of their digits such as:

A =12345678901357986429 B =87654321284820912836

The grade-school algorithm:
a; a,... a,

(d10) d11dlZ oo d1n
(dZO) d21d22 oo d2n

(dn()) dn1dn? oo dnn

Efficiency: ®(n?) single-digit multiplications
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First Divide-and-Conquer Algorithm

A small example: A = B where A = 2135 and B = 4014
A =(21-10°+ 35), B =(40 -10% + 14)
So, A * B =(21 -10° + 35) * (40 -10% + 14)

=21 %40 -10* + (21 = 14 + 35 * 40) -10% + 35 * 14

In general, if A= A,A,and B =B,B, (where A and B are n-digit,
A, A,, B, B,are n/2-digit numbers),
A*B=A *B;-10" + (A, * B,+ A, * B)) -10"+ A, * B,

Recurrence for the number of one-digit multiplications M(n):
M(n) =4M(n/2), M(1) =1
Solution: M(n) = n?
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Second Divide-and-Conquer Algorithm
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The idea is to decrease the number of multiplications from 4 to 3:

(AL +A)*(B+B,)=A*B; + (A *B,+ A+ B)) + A, * B,

le, (Ap* Byt Ay By) = (Ar+Ay) *(By+B;)-A* B - Ay By
which requires only 3 multiplications at the expense of (4-1) extra add/sub.

Recurrence for the number of multiplications M(n):

M(n) = 3M(n/2), M(1)=1
Solution: M(n) = 3log on = K109 23 ~ [1.585
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Example of Large-Integer Multiplication

2135 * 4014
= (21*1072 + 35) * (40*10"2 + 14)

= (21*40)*1074 + c1*10"2 + 35*14
where cl = (21+35)*(40+14) - 21*40 - 35*14, and
21*40 = (2*10 + 1) * (4*10 + 0)
= (2*4)*1072 + c2*10 + 1*0
where c2 = (2+1)*(4+0) - 2*4 - 1*0, etc.

This process requires 9 digit multiplications as opposed to 16.
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