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Introduction

An equation involving derivatives of one or more dependent
variables with respect to one or more independent variables
is called a differential equation.

@0rdinary Differential Equation:
Function has 1 independent variable.

@Partial Differential Equation:
At least 2 independent variables.
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Methods of Separation of Variables

Method of separation of variables is one of the most widely used techniques to
solve PDE. It is based on the assumption that the solution of the equation is
separable, that is, the final solution can be represented as a product of several
functions, each of which is only dependent upon a single independent variable.

Ex. String displacement function

u(x,t)= X(x)T(t), is a product of two functions X(x) & T(t), where X(x) is a
function of only x, not t. On the other hand, T(t) is a function of t, not x.

By substituting the new product solution form into the original PDE one can
obtain a set of ordinary differential equations (hopefully), each of which involves
only one independent variable.
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Example: String Vibrations

The string vibration problem can be modeled by the one-dimensional
wave equation: @ =’ il: c’ = T
ot OX o,

The variables T and p represent tension and linear density of the
string, respectively. The solution, u(x,t), iIs the deflection of the string.
Since the string is fixed at both ends, the boundary conditions are:
u(x=0,t)=u(x=L,t)=0 for all t.
To solve the wave equation, method of the separation of variables
IS used by assuming the solution can be written in this form:

u(x,t)=X)T(t)

where X iIs a function of x only, and T is a function of t only.
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Exercises
Example 1. Applying the method of separation of variables techniques, find the solution to
the PD.E. |
Ou _Ou

_ _ —,u .
3ux + 2uy 0 ..., where u_ P By

Solution : Here we have
30u 20u
+ =0 ...(D
ox Oy
Let u=XxYQW ..(2)
Where X is a function of x only and Y is a function of y only.
On differentiating (2) partially w.r.t. x, we get

o _ax .

x  ox 6

On differentiating (2) partially w.r.t. y, we get
0 oY
ou = X.— __.(4)
oy oy

. ou ou )
Putting the values of ™ and g from (3) and (4) in (1), we get
3%.Y+2Xa—y =0 ...(5)
Ox Oy
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Cond...

Dividing (5) by XY, we get

[ R.H.S is constant for L.H.S,

iaiJrEa_Y -0 So we take both equations

X ox Yoy | are equal to £ (constant)
3 0X 3 0X
X oOx Y oy X Ox Oy

oY k —
aﬁ_%axand 7——53}} = logX= 7X+¢ andlogY= —y+c¢,
k k
= X= 3*a and Y= 37V
e e

Putting the values of X and Y in (2), we get

X y k(f_z)
k -k —
—Xx+q ?Jﬂrcz _ ek[ 2]‘I_cl'|_02 — 3 2 c

+c
]. 2

X2
Hence u=Ae (3 2) [where 4 = 17" ) Ans.
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Example 2. Solve the following equation —2—+—=0 py the method of separation

of variables.
Solution. Given equation is

0%z Oz Oz

—2—+ =0
o2 ox oy - ()
Let z=Xx) YY) )
where X is a function of x only and Y is a function of y only.
2 2
0z _,dx &z _, d°X
Ox dx Ox? dx?
o
Oz _ dY
oy dy
2
Putting all values in equation (1), we get y a"Xx _ zyg _|_Xd_Y =0
dx? X fy

1d2X_2dX+1dY
X dx* X dx Y dy

1 d°X 2 dx 1dy

Dividing by XY, we have

i i - =~ _K (et
Separating the variables, we have 2 X dx Y a4 (let)
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where K 1s a constant.

A E. is

=

=

Thus

2
1 d°X 2dX:K

X 2 X dx

2
d°X ,dX _ o+
dx? dx

(D*-2D-K)X =0

m -2m-K=0

m_2i\/4+4K
- 2
m=1+J1+K

Y = Cle(l+\/l+K)x _l_Cze(l—\/HK X

Course Name: Mathematical Ph

_ldr _

Y dy
£+KY =0
dy
(D+K)Y =0

AE.ism+K=0 = m=-K

= Y=Ce" ..(3)

..(4d)

Putting the values of X and Y from (3) and (4) in (2), we get
7= {Cle(HM)x +C ze(l_‘/H_K)x } C3e_Ky Ans.
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Example 3. Using the method of separation of variables, solve

Ou _ P Ou " where u(x, 0) = 6e >~
Ox ot
Solution. a—u=2a—u+u .. (1)
Ox Ot
Let  u=X(x).T() .. (2)

where X is a function of x only and 7'is a function of  only.
Putting the value of # in (1), we get

a(X'T):ZE(X.T)H(T, T§:2X£+XT
Ox Ot dx dt
On separating the variables, we get
18I e [On dividing by X7]
Xde T dt
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Cond 1dx _ 240
ond... ¥ i T
dx dir T CT
—=CX —_— =
= dx = dat 2 2
C 1
= DX —-CX =0 = DT—(E—EJTEO
_ . C 1 1
= D-O)X=0 AE is m—|=——=—|=0 = m=—(C-1
2 2 2
l(c—l)l‘
AE. is m—-C=0 = m=C = 7T =be?
— X = qge”
Putting the values of X and 7 in (2). we ve
1
c—1
24 — aecx-bez( o
c::x+l(c—l)t "°(3)
- 2z = ab e 2

x5

On putting 7z = O and z« = 6e ~>* in (3). we get

6e_3x:abecx o ab =6 aIldc=—3
Putting the values of ab and c in (3), we have
1
“3x+—(-3-1)¢
u=6e 2

U= 6ef3x7 2t Ans.

which is the required solution.
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Example 4. Solve the following equation by the method of separation of variables

2
o“u t
PP e cosx given that u = 0 when t = 0 and - 0 when x = 0.
Solution. Let u=X7 ..(D
where X is a function of x only and 7" is a function of 7 only.
ou o dar
= - (X7 =X =
Then, Ey Ey (X7 =
o%u o (ydr\_dr dax
= = = (2)
OxOt Ox dt dt dx
2
Substituting the value axaut from (2) in the given equation, we get
ar ax
Jr e € cosx
Separating the variables, we get
dar
ef — = [CZ;’CJ = — p? (say) ..(3)
dx
N z ‘ﬂT = 2 Al g — 1
ow, e dr r SO, dx —_ ? COS X
= dT = — p*e " dt dX = ——cos xdx
P
On integration, we get On integration, we get
1 .
T=p’c’+c ..(4) = ——simx+c, ... (5)
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Cond...

Putting the values of X and 7 from (4) and (5) in (1), we get

| _
u=X7T= [—? Slnx+CzJ(p23 ! +C]) ...(6)

On putting ¥ = 0 and 7= 0 in (6), we get

0= [—% sinx+c2J(p2+c1)
P

= pPre=0=c =-p°
Differentiating (6) w.r.t. “f”, we get

ou | 2 —t

— — | ———=sinx+c, |[(—pe )

ot ( p? 2] - (7)

: Ou :
Putting i 0 when x = 0 in (7), we get
— 2_—t
0=c,(-pe

= c,=0

2
Substituting the values of ¢,=~ p? and ¢, = 0 in (6), we get

1 . -
u= ——2$1nx(pze t—pz)
p

=(1 —e ") sin x Ans.
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Applications

Physical systems are often described by coupled Partial Differential Equations
(PDEs):

Example:

@ Maxwell equations

@ Navier-Stokes and Euler equations in fluid dynamics.
@ MHD-equations in plasma physics

@ Einstein-equations for general relativity etc.
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