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NOTES TO THE INSTRUCTOR 

 
 
 
 
 
 
 
 
The Solutions Manual  for Advanced Mechanics of Materials  and  Applied Elasticity, 
Fifth Edition supplements the study of stress and deformation analyses developed in the 
book. The main objective of the manual is to provide efficient solutions for problems 
dealing with variously loaded members. This manual can also serve to guide the 
instructor in the assignments of problems, in grading these problems, and in preparing 
lecture materials as well as examination questions. Every effort has been made to have a 
solutions manual that can cut through the clutter and is as self-explanatory as possible, 
thus reducing the work on the instructor. It is written and class-tested by the author, 
Ansel Ugural. 
 As indicated in the book’s Preface, the text is designed for the senior and/or first 
year graduate level courses in stress analysis. In order to accommodate courses of varying 
emphasis, considerably more material has been presented in the book than can be covered 
effectively in a single three-credit course. The instructor has the choice of assigning a 
variety of problems in each chapter. Answers to selected problems are given at the end of 
the text. A description of the topics covered is given in the introduction of each chapter 
throughout the text. It is hoped that the foregoing materials will help instructor in 
organizing his or her course to best fit the needs of his or her students. 
 

Ansel C. Ugural  
Holmdel, NJ 
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CHAPTER 1  
 
SOLUTION (1.1) 
 

We have 
  23 )10(75.37550 mA !="= , 90 40 50o o o! = " = , and APx =! . 

Equations (1.8), with o50=! : 
  Px

o
xx 18.110413.050cos)10(700 23

' ==== !!!  
or 

  kNP 35.6=  

Px
oo

xyx 2.131492.050cos50sin)10(560 3
'' === !!"  

Solving 
  kNP 27.4= allP=  
______________________________________________________________________________________          
SOLUTION (1.2) 
 
 Normal stress is 

  MPaA
P

x 5005.005.0
)10(125 3

=== !"  

     ( a ) Equations (1.11), with 90 70 20o o o! = " = : 
  MPao

x 15.4420cos50 2
' ==!  

  MPaoo
yx 08.1620cos20sin50'' !=!="  

  MPaoo
y 849.5)9020(cos50 2
' =+=!  

 
 
 
 
 
 
 
 
 
 
     ( b ) Equations (1.11), with o45=! : 
  MPao

x 2545cos50 2
' ==!  

  MPaoo
yx 2545cos45sin50'' !=!="  

  MPaoo
y 25)9045(cos50 2
' =+=!  

 
 
 
 
 
 
 
 
______________________________________________________________________________________          

x’ 

y’ 

5.849 MPa 

44.15 MPa 

x 

16.08 MPa 

20 o 

x
 

x’ y’ 

25 MPa 

25 MPa 

25 MPa 

45 o 
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______________________________________________________________________________________ 
SOLUTION (1.3) 
 
 From Eq. (1.11a), 

  MPao
x

x 100
30cos
75

cos 22
' !=== !
"

##  

 For o50=! , Eqs. (1.11) give then 
  MPao

x 32.4150cos100 2
' !=!="  

  oo
yx 50cos50sin)100('' !!="  

           MPa24.49=  

       Similarly, for o140=! : 
  MPao

x 68.58140cos100 2
' !=!="  

  MPayx 24.49'' !="  
 
______________________________________________________________________________________ 
SOLUTION (1.4) 
 
 Refer to Fig. 1.6c. Equations (1.11) by substituting the double angle-trigonometric relations,  

or Eqs. (1.18) with 0=y!  and 0=xy! , become 

  !""" 2cos2
1

2
1

' xxx +=   and !"# 2sin2
1

'' xyx =  

 or 
  )2cos1(20 2 !+= A

P   and !2sin10 2A
P=  

 
 The foregoing lead to 
  12cos2sin2 =! ""        (a) 
 
        By introducing trigonometric identities, Eq. (a) becomes 
  0cos2cossin4 2 =! """  or  21tan =! . Hence 

  o56.26=!  
 Thus, 
  )6.01(20 )1300(2 +== P  
 gives 
  kNP 5.32=  
 It can be shown that use of Mohr’s circle yields readily the same result. 
______________________________________________________________________________________          
SOLUTION (1.5) 
 
 Equations (1.12): 

  
3

1
2

150(10 ) 76.4
(50)
4

P MPa
A

!
"
#

= = = #  

  max 38.2
2
P MPa
A

! = =  

 
 
______________________________________________________________________________________          

41.32 MPa 
58.68 MPa 

49.24 MPa 

50 o 
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______________________________________________________________________________________         
SOLUTION (1.6) 
 
 Shaded transverse area: 
 3 22 2(10)(75) 1.5(10 )A at mm= = =  
 
 Metal is capable of supporting the load 
  6 390(10 )(1.5 10 ) 135P A kN! "= = # =  
 Apply Eqs. (1.11): 

  6 2
' 325(10 ) (cos 55 )

1.5(10 )
o

x
P

!
"

= = ,     114P kN=  

  6
' ' 312(10 ) sin 55 cos55

1.5(10 )
o o

x y
P

!
"

= = " ,     38.3P kN=  

 Thus, 
  38.3allP kN=  
 
______________________________________________________________________________________         
SOLUTION (1.7) 
 
 Use Eqs. (1.11): 

  6 2
' 320(10 ) (cos 40 )

1.5(10 )
o

x
P

! = = ,     51.1P kN=  

  6
' ' 38(10 ) sin 40 cos 40

1.5(10 )
o o

x y
P

! = = " ,     24.4P kN=  

 Thus,  
24.4allP kN=  

______________________________________________________________________________________          
SOLUTION (1.8) 
 
 215 30 450A mm= ! =  
 
 Apply Eqs. (1.11): 

  
3

2
' 6

120(10 )
(cos 40 ) 156

450 10
o

x MPa!
"

= =
#

 

  
3

' ' 6

120(10 )
sin 40 cos 40 131

450 10
o o

x y MPa!
"

= " = "
#

 

 
______________________________________________________________________________________          
SOLUTION (1.9) 
 
 We have 6 2450(10 )A m!= .       Use Eqs. (1.11): 

  
3

2
' 6

100(10 )
(cos 60 ) 55.6

450 10
o

x MPa!
"

"
= = "

#
 

  
3

' ' 6

100(10 )
sin 60 cos60 96.2

450 10
o o

x y MPa!
"

"
= " =

#
 

______________________________________________________________________________________          
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______________________________________________________________________________________          
SOLUTION (1.10) 
 
 ooo 1309040 =+=!  

 MPaA
P

x 83.31
)07.008.0(

)10(150
22

3

!=!==
!"

#  

 
 Equations (1.11): 
  MPao

x 15.13130cos83.31 2
' !=!="  

  MPaoo
yx 67.15130cos130sin83.31'' !=="  

 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.11) 
 
 Use Eqs. (1.14), 
  0)()2()2( =++!+ xFxxyx  

  0)0()2()( 2 =+++!+! yFxyzy  

  0)2()0()4( =+!++! zFzxyz  
 
 Solving, we have (in 3mMN ): 

  xyxFx 23 +!=           xzyxFy 22 ++!=           zxyFz += 4  (a) 

 
        Substituting x=-0.01 m, y=0.03 m, and z=0.06 m, Eqs. (a) yield the following values 
  333 8.585.144.29 mkNFmkNFmkNF zyx ===  
 
 Resultant body force is thus 

  3222 32.67 mkNFFFF zyx =++=  

 
______________________________________________________________________________________          
SOLUTION (1.12) 
 
 Equations (1.14): 
  04,00022 111 !=++"" ycycyc  

  0,0000 33 !=+++ zczc  

  00000 =+++  
 
 No. Eqs. (1.14) are not satisfied. 
______________________________________________________________________________________ 

Plane of weld 

x 

x’ 
13.15 MPa 

15.67 MPa 

y’ 

130 o 
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______________________________________________________________________________________          
SOLUTION (1.13)  
 
     ( a ) No. Eqs. (1.14) are not satisfied. 
     ( b ) Yes. Eqs. (1.14) are satisfied. 
______________________________________________________________________________________          
SOLUTION (1.14) 
 
 Eqs. (1.14) for the given stress field yield: 
  0=== zyx FFF  
______________________________________________________________________________________          
SOLUTION (1.15) 
 
 
 
 
 
 
 
 
 
 
 
 2 2

' '0 : 40cos 20 60 sin 20o o
x xF A A!= " + # "$  

    2(50 sin 20 cos 20 ) 0o oA! " =  

  ' 35.32 7.02 32.14 3.84x MPa! = " + + =  
 
 ' ' '0 : 40 sin 20 cos 20o o

y x yF A A!= " # "$  

    260 sin 20 cos 20 50 cos 20o o oA A! " ! "  
    250 sin 20 0oA+ ! =  
  ' ' 12.86 19.28 44.15 5.85 70.4x y MPa! = + + " =  
 
______________________________________________________________________________________          
SOLUTION (1.16) 
 
 
 
 
 
 
 
 
 
 2

' '0 : 50 cos 25ox xF A A!= " + "#  

  290 sin 25 2(15 sin 25 cos 25 ) 0o o oA A! " ! " =  

  ' 41.7 16.07 11.49 12.9x MPa! = " + + = "  
 
                       (CONT.) 
______________________________________________________________________________________          

20o 

' 'x y A! "  

y 

x’ 

x 
50 A! sin20o 
 

y’ 

60 A! sin20o 

'x A! "  

50 A! cos20o 
 

20o 
40 A! cos20o 

90 A! sin25o 

x’ 

50 A! cos25o 
 y’ 

'x A! "  

' 'x y A! "  

15 A! cos25o 
 25o 15 A! sin25o 
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______________________________________________________________________________________          
1.16 (CONT.) 
 
 ' ' '0 : 50 sin 25 cos 25o o

y x yF A A!= " # "$  

  290 sin 25 cos 25 15 cos 25o o oA A! " ! " 215 sin 25 0oA+ ! =  
  ' ' 19.15 34.47 12.32 2.68 63.3x y MPa! = + + " =  
 
______________________________________________________________________________________          
SOLUTION (1.17) 
 
 
 
 
 
 
 
 
 
 
 
 
 

 '
1 1
( 40 60) ( 40 60)cos 40 50sin 40
2 2

o o
x! = " + + " " +  

       10 38.3 32.1 3.8 MPa= ! + = !  

 ' '
1
( 40 60)sin 40 50cos 40
2

o o
x y! = " " " +  

        32.14 38.3 70.4 MPa= + =  
 
______________________________________________________________________________________          
SOLUTION (1.18) 
 
 
 
 
 
 
 
 
 
 
 

 '
1 1
(90 50) (90 50)cos 230 15sin 230
2 2

o o
x! = " + + "  

       20 45 11.5 13.5 MPa= ! + = !  

 ' '
1
(90 50)sin 230 15cos 230
2

o o
x y! = " + "  

        53.62 9.64 63.3 MPa= + =  
 
______________________________________________________________________________________          

!  

x’ 

15 MPa 
 

y’ 

'x!  

' 'x y!  

25o 

50 Mpa 

! =115o x 

90 MPa 
 

y 

x’ 
x 

! =20o 
 

y’ 

60 MPa 

'x!  

' 'x y!  

50 MPa 
 

!  

40 MPa 20o 
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______________________________________________________________________________________          
SOLUTION (1.19) 
 
 Transform from 40o! =  to 0! = . For convenience in computations, Let 
  160 , 80 , 40x y xyMPa MPa MPa! ! "= # = # =  and 40o! = "  

 Then 

 '
1 1
( ) ( ) cos 2 sin 2
2 2x x y x y xy! ! ! ! ! " # "= + + $ +  

       
1 1
( 160 80) ( 160 80)cos( 80 ) 40sin( 80 )
2 2

o o= ! ! + ! + ! + !  

       138.6 MPa= !  
 

 ' '
1
( )sin 2 cos 2
2x y x y xy! " " # ! #= $ $ +  

       
1
( 160 80)sin( 80 ) 40cos( 80 )
2

o o= ! ! + ! + !  

       32.4 MPa= !  
 
 So ' ' 160 80 138.6 101.4y x y x MPa! ! ! != + " = " " + = "  

 
 For 0o! = : 
 
        
        
        
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.20) 
 

 1 4tan 53.1
3

o! "= =  

 '
45 90 45 90

cos106.2
2 2

o
x!

+ "
= +  

       67.5 6.28 73.8 MPa= + =  

 ' '
45 90 sin106.2 43.2
2

o
x y MPa!

"
= " =  

 
 
 
 
 
 
 
 
______________________________________________________________________________________          

101.4 MPa 
 

138.6 MPa 

32.4 MPa 
 

y 

x 

x’ y’ 

x 
 

73.8 MPa 
 

53.1o 

43.2 MPa 
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______________________________________________________________________________________          
SOLUTION (1.21) 
 
 0 70oxy! "= =  

     (a) ' '
6030 sin140
2

o
x y

!
"

#
= # = #      153.3 MPa! =  

 

     (b) '
60 60

80 cos140
2 2

o
x

! !
!

+ "
= = +      231 MPa! =  

______________________________________________________________________________________          
SOLUTION (1.22) 
 
 
 
 
 
 
 
 
 
 
 

 1 50tan 39.8
60

o! "= =  

 
1
22 2(60 50 ) 78.1r = + =  

 ' ' sin 79.8 (78.1) 76.9o
x y MPa! = =  

 ' cos79.8 (78.1) 13.83o
x MPa! = = "  

 
 Sketch of results is as shown in solution of Prob. 1.15. 
______________________________________________________________________________________          
SOLUTION (1.23) 
 
 
 
 
 
 
 
 
 
 

 1 15tan 12.1
70

o! "= =  

 
1
22 2(15 70 ) 73.14r = + =  

 ' ' 73.14sin 62.1 64.6o
x y MPa! = =  

 ' 73.14cos62.1 20o
x! = " +  

       14.22 MPa= !  
______________________________________________________________________________________          

40 MPa 
O 

(60, 50) 

   ! 
(MPa) 

" (MPa) C 

40o 

r 

10 50 MPa 

(-40, -50) 

   # 20o 

x’ 

60 MPa 

15 MPa 
O 

   ! (MPa) 

" (MPa) C 

50 MPa 

(-50, -15) 
   # 25o 

x’ 

x 

"’=20 

r 
y’ 

62.1o 

(90, 15) 

("x’,  ! x’y’) 

90 MPa 

x’ 15 MPa 
 

y’ 14.22 MPa 
64.6 MPa 

25o 

50 MPa 

x 

90 MPa 
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______________________________________________________________________________________          
SOLUTION (1.24) 
 
 
 
 
 
 
 
 
 
 
 
 
 ' ' 22.5sin 73.8 21.6o

x y MPa! = =  

 ' 67.5 22.5cos73.8 73.8o
x MPa! = + =  

 Sketch of results is as shown in solution of Prob. 1.20. 
______________________________________________________________________________________          
SOLUTION (1.25) 
 
     (a) 
 
 
 
 
 
 
 
 

 ' '
6030 sin 40 ; 153.3
2

o
x y MPa

!
" !

#
= # = =  

     (b) '
60

80 60 (1 cos 40 )
2

o
x

!
!

"
= = + "  

 231 MPa! =  
______________________________________________________________________________________          
SOLUTION (1.26) 
 
     ( a ) From Mohr’s circle, Fig. (a): 
  MPaMPaMPa 9671121 max21 =!== "##  

  o
s

o
p 7.25'3.19' =!= ""  

 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________          

"1 "2 O 

A(100,60) 

B 

!max 
   ! 
(MPa) 

" (MPa) 
'2 p!  

C 

Figure (a) 

45 90 

r =22.5 

90 MPa 106.2o 

("x’, $! x’ y’ ) 

O 

   ! (MPa) 

" (MPa) C 53.1o 

x’ 

x 
73.8o 

45 MPa 

x’ 

r 

'! =67.5 
 

60 

" 

O 

   ! (MPa) 

" (MPa) C 

x’ 

140o 

r " 

60 MPa 

x 
70o 

x’ 

1 ( 60)
2

r != "  
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______________________________________________________________________________________          
1.26 (CONT.) 
 
        By applying Eq. (1.20): 

  [ ] 962536000 2
1

4
500,22

2
50

2,1 ±=+±=!  
 or 
  MPaMPa 71121 21 !== ""  
 Using Eq. (1.19): 
  8.02tan 15

12 !=!=p"  

  o
s

o
p 7.25'3.19' =!= ""  

 
     ( b ) From Mohr’s circle, Fig. (b): 
  MPaMPaMPa 12550200 max21 =!== "##  

  o
s

o
p 55.71'55.26' == !!  

 
 
 
 
 
 
 
 
 
 
 
 
        Through the use of  Eq. (1.20), 

  [ ] 12575000,1075 2
1

4
500,22

2,1 ±=+±=!  
 or 
  MPaMPa 50200 21 !== ""  

 Using Eq. (1.19), 342tan =p! : 

  o
s

o
p 55.71'55.26' == !!  

______________________________________________________________________________________          
SOLUTION (1.27) 
 
 Referring to Mohr’s circle, Fig. 1.15: 
  !" """" 2cos22'

2121 #+ +=x       (a) 

  !" """" 2cos22'
2121 #+ #=y  

  !" ## 2sin2''
21$=yx        (b) 

 
 From Eqs. (a), 
  21'' !!!! +=+ yx  

 By using 12sin2cos 22 =+ !! , and Eqs. (a) and (b), we have 
  constyxyx =!="! 21

2
'''' ##$## . 

______________________________________________________________________________________          

"1 "2 O 

A(150,-100) 

!max 
   ! 
(MPa) 

" (MPa) 
2%p’ C 

Figure (b) 
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______________________________________________________________________________________          
SOLUTION (1.28) 
 
 We have 

  583.02tan )190(50
)70(22 !=== !

!
! yx

xy

p ""
#$  

  o
p 26.302 !="           and o

p 13.15!="  
 
 Equations (1.18): 
  )26.30sin(70)26.30cos(2

19050
2
19050

'
oo

x !!!+= +!"  

          192.68275.3565.10370 !==++"= MPa  

  2'' 9.208 !!!!! ="="+= MPaxyxy  
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.29) 
 

  22
2max )( xy

yx !! "" += #
 

 Substituting the given values 

  ( ) 22
2
100602140 xy!+= +  

 or 
  MPaxy 19.114max, =!  
 
______________________________________________________________________________________          
SOLUTION (1.30) 
 
 Transform from o60=!  to o0=!  with MPaMPa yx 60,20 '' =!= "" , 

 MPayx 22'' !=" , and o60!=" . Use Eqs. (1.18): 

 
  MPaoo

x 59)60(2sin22)60(2cos2
6020

2
6020 =!!!+= !!+!"  

  MPaxyxy 19'' !=!+= """"  

  MPaxy 6.23!="  
 
 
 
 
 
 
 
 
______________________________________________________________________________________          

208.9 MPa 

15.13o 

68.92 MPa 

y 

x 

19 MPa 

59 MPa 

23.6 MPa 
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______________________________________________________________________________________          
SOLUTION (1.31) 
 
 
 
 
 
 
 
 
 
 
 
 
 
     ( a ) Figure (a): 
  MPao

y 12.1260sin14 ==!  

  MPao
xy 760cos14 ==!  

 
 Figure (b): 
  060sin60cos12.12 =!=" o

xy
o

yF #  
 or 
  MPaxy 7=!  (as before) 

  ! =++"= 060cos73060sin oo
xxF #  

 or 
  MPax 68.38=!  
 
     ( b ) Equation (1.20) is therefore: 

  [ ]2122
2

12.1268.38
2

12.1268.38
2,1 7)( +±= !+"  

 or MPaMPa 39.10,41.40 21 == !!  
 
 Also, 
  o

p 9.13tan 12.1268.38
)7(21

2
1 == !

!"  

 Note: Eq. (1.18a) gives, MPax 41.40' =! .  
 Thus,  
  o

p 9.13'=!  

 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          

"y 
14 MPa 
!xy 

30 MPa 60o 

Figure (a) 

"xsin60o 

!xysin60o 

!xycos60o 

"ycos60o 

30 MPa 
Area =1 

Figure (b) 

x 

x’ 

40.41 MPa 

10.39 MPa 

%p’ 
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______________________________________________________________________________________          
SOLUTION (1.32) 
  
 
 
 
 
 
 
 
 Figure (a): 
  MPao

x 7.7045cos100 ==!  

  MPao
y 7.7045sin100 ==!  

  MPao
xy 7.7045cos100 ==!  

 
 Now, Eqs. (1.18) give (Fig. b): 
  MPao

x 47.9240sin7.7007.70' =++=!  

  MPao
yx 35.35240cos7.700'' !=+!="  

  MPao
y 9.131240sin7.7007.70' =!!="  

 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.33) 
 
  MPao

y 3530sin70 !=!="  

  MPao
xy 6.6030cos70 ==!  

 
     ( a ) Figure (a): 
  0)866.0(6.605.0150 =++!=" xxF #  

 or MPax 195=!  
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________          

"y 

!xy 

"x Figure (a) 

30o 
m 

n 

x 

x’ 

y’ 

y "y 

!xy 

"x 
 

"x’ 
 
 

!x’y’ 
"y’ 

Figure (b) 

35cos30o 
60.6cos30o 

60.6sin30o 
"xsin30o 

Area=1 

150 MPa 
Figure (a) 30o 
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______________________________________________________________________________________          
1.33 (CONT.) 
 
     ( b ) Equation (1.20): 

  [ ]2122
2
35195

2
30195

2,1 6.60)( +±= +!"  

 or MPaMPa 50210 21 !== ""  
 Also, 
  o

p 89.13tan 35195
)6.60(21

2
1 == +

!"  

        Equation (1.18a): 
  MPaoo

x 210)89.13(2sin6.60)89.13(2cos11580' =++=!  
 Thus, 
  o

p 89.13'=!  
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.34) 
 
 For pure shear, 21 !! "= : 

  rt
P

t
pr

t
pr

!22 +"=  
 from which 
  23 prP !=  
 
 
 
______________________________________________________________________________________          
SOLUTION (1.35) 
 
 Table C.1: 
 
  rtA !2=  
  trJ 32!=  
 
 
 Stresses are (Fig. a): 

  MPaA
P 25)005.0)(12.0(2

)10(30 3

!== !!
"

"#  

  MPat
pr

a 48)5(2
120)10(4

2

6

===!  
 
  MPaa 962 == !!"  

  MPaJ
Tr

xy 4.69
)005.0)(12.0(2

)10(10
2

3

!=== !!
"

"#  

 
                       (CONT.) 
______________________________________________________________________________________          

50 MPa 

x 

x’ 

210 MPa 

%p’ 

tpr=1!  

rt
P

t
pr

!" 222 #=  

!"  y 

x 
a!! +  

xy!  

Figure (a) 
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______________________________________________________________________________________          
1.35 (CONT.) 
 
 Hence, 
  MPax 232548 =!="           MPay 96=!  
 
        Therefore, we have 

  [ ] MPa4.784.69)( 2
1

22
2
9623

max ±=+±= !"  
 
 Also 
  MPa5.59)9623(' 2

1 =+=!  
 and 
  o

s 87.13tan )4.69(2
96231

2
1 !== !

!!"  

 
 Equation (1.18b) with o

s 87.13!=" : 

  MPayx 4.7842.6199.16'' !=!!="  
            
 Thus, 
  o

s 87.13'' =!  
 
 
______________________________________________________________________________________          
SOLUTION (1.36) 
 
  21508)4)(60(22 mmrtA === !!  

  4633 10429.5)4()60(22 mmtrJ !=== ""  
 
  MPat

pr
y 754

)60(5 ===!  

  
)10(429.5
)05.0(600
6!!=!= J

Tr
xy"  

         MPa526.5!=  

  15082 5.37 P
A
P

t
pr

x +=+=!  
           ( P  in newtons ) 

 Thus 

  22
221 )( xy

yxyx !" """" ++= #+
 

 
        Substituting the numerical values gives 

  [ ]212266 )526.5()106.33175.18(106.3313.5680 !+"+!+"+= !! PP  
 Solving, 
  kNP 01.64=  
 
 
 
 
 
______________________________________________________________________________________          

y’ 
 x 

x’ 

''s!  

78.4 MPa 

59.4 MPa 

Figure (b) 

x!  

xy!  

y!  
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______________________________________________________________________________________          
SOLUTION (1.37) 
 
 At point A, 8T kN=  and 400P kN=  

 
3

2

4(400 10 ) 50.9
(0.1)x

P
MPa

A
!

"
#

= $ = $ = $  

 
3

3 3

16 16(8 10 ) 40.7
(0.1)xy

T
MPa

d
!

" "
#

= = =  

 
 Hence 

 2 2
max ( )

2
x

xy
!

" "= +  

        2 2( 25.45) (40.7)= ! +  

        48 MPa R= =  
 

 25.45
2
x

avg MPa
!

! = = "  

  

 
40.7tan 2 "
25.45p! = , " 29op! =  

______________________________________________________________________________________          
SOLUTION (1.38) 
 
 90 50 90 140o! "= + = + =  

       
3

2

120 10 95.5
(0.04)
4

x MPa!
"

#
= =  

            
3

3

16(1.5 10 ) 119.4
(0.04)

MPa!
"

#$
= =  

 
 Equations(1.18): 

  '
95.5 95.5

cos 280 119.4sin 280 61.5
2 2

o o
w x MPa! != = + + =  

 and 

  ' '
95.5

sin 280 119.4cos 280 47.02 20.73
2

o o
w x y! != = " " = " 26.3 MPa=  

 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          

xy!  

A 
x!  

2!  

! 

" 
2%p" 

C 
1!  O 

"avg 
 x 

y 

x 

x’ 
61.5 MPa 

26.3 MPa 

y’ 

140o 

x
P
A

! =  

3

16
xy

T
d

!
"

=  

x 

y' 

x' 

!  
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______________________________________________________________________________________          
SOLUTION (1.39) 
 
  2322

4 1031.11)120180( mmA !="= #   

  4644
32 1070.82)120180( mmJ !="= #  

 
  0,89.6131.11

700 =!=!=!= yA
P

x MPa ""  

  MPaJ
Tr

xy 76.2161070.82
)90(20 === !"

#  
 
 Equation (1.20) is therefore 
 

  22
2
89.61

2
89.61

1max )76.21()( ++!== ""  

            MPa885.6=  
 
______________________________________________________________________________________          
SOLUTION (1.40) 
 
 LtP 0!=  

 LthM 0!=  

 htA 2=  
 3

3
23

12
1 )2( thhtI ==  

 

 Axial stress: h
L

A
P

a 2
0!" ==  

 Bending stress: h
L

I
Mc

b 2
3 0!" ==  

 
 Point A 
 
 
 
 
 
 
        From Eqs. (1.20) and (1.22), we obtain 

   1)( 2
02,1

0 +±= h
L

h
L !" !  

   1)( 2
0max += h

L!!  
 
 Point B 
 
 
 
 
 
  Hence 

021
0 == !! "
h
L           h2max

0!! =  
 
______________________________________________________________________________________          

A 

B 
M 

P 

Lt0!  

2h 

0!  

h
L

ba 2
0!"" =+  A 

h
L

ab
0!"" =#  B 

L 
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______________________________________________________________________________________          
SOLUTION (1.41) 
 
 
 
 
 
 
 2322 )10(121.2)1530( mA !=!= "  

 4644
4 )10(596.0)1530( mI !=!= "           IJ 2=  

 
 
 
 
 
 
 
 
 We have 

  MPaA
P

a 58.23
)10(12.2
)10(50
3

3

=== !"  

  MPaI
Mr

b 07.10
)10(596.0
)03.0(200
6 === !"  

  MPaJ
Tr

xy 58.12
)10(192.1
)03.0(500
6 !=== !

!!"  

 Thus, 
  MPax 65.3307.1058.23 =+=!         MPa83.16'=!  
 
 
 
 
 
 
 
 
 
 
 
        From Mohr’s circle (Fig. a): 

  MPar 01.2183.1658.12 22 =+=   o
p 39.18tan' 83.16

58.121
2
1 == !"  

  MPa84.3701.2183.161 =+=!  

  MPa18.42 !="  
 
 Results are shown in Fig. (b). 
 
 
 
 
 
 
 
______________________________________________________________________________________          

O 

(33.65, 12.58) 

   ! 
(MPa) 

" (MPa) 
2%p’ 

C Figure (a) 

16.83 

A 

x 

x’ 

%p’ 

37.84 MPa 

4.18 MPa 

Figure (b) 

y 

x 

M M 

P P 
T T 

A 

xy!  

ba !! +  A 

y 

x 
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______________________________________________________________________________________          
SOLUTION (1.42) 
 
 
 
 
 
 
 
 
     ( a ) At o60!="   (Fig. a): 

  )60(2sin)60(2cos0 022
ooyxyx !+!+= !+ "####

 
 or 
  0732.15.15.00 !"" #+= yx       (a) 
 
 We also have 

  )60(2cos)60(2sin20
ooyx !+!!= !""#  

 
 or 
  yx !"! += 0464.3        (b) 
 
        Substituting Eq. (b) into (a), we obtain 0=y! . Results are shown in Fig. b. 
 
 
 
 
 
 
 
 
 Alternatively, using an element ABC (Fig. c): 
 
 
 
 
 
 
 ! =""= 0866.0866.05.0 00 ##$ xxF  

 
 or  ,464.3 0!" =x as before. 
 
        Stresses on planes at o20 , taking o70!="  (Fig. b): 
 
  002

464.3
2
464.3

20
237.0)]140sin()140cos([ !!" #=#+#+= oo

o  

  002
464.3

20
347.0)]140cos()140sin([ !!! ="+""= oo

o  
 
 
                       (CONT.) 
______________________________________________________________________________________          

y
 

x 
x’ 

y’ 

!0 

"x’ 
30o 20o 

A 

B 

xy!! =0  
-60o 

C 

Figure (a) 

y 

0464.3 !" =x  

0!! =xy  

x 

Figure (b) 

"x 
Area=1 

Figure (c) 
30o 

!0 

!0 
!0 

A C 

B 
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______________________________________________________________________________________          
1.42 (CONT.) 
 
     ( b ) Principal stresses: 

  [ ]212
0

2
2
464.3

2
464.3

2,1 )( !" +±=  

  0201 268.0732.3 !"!" #==  
 
 The maximum principal stress is on plane inclined at  

  o
p 15tan'

0

0
732.1

1
2
1 == !

"
"#  

______________________________________________________________________________________          
SOLUTION (1.43) 
 
 At a critical point on the shaft surface, the state of stress of stress is as shown in Fig. (a). 
 
 
 
 
 
 
 
 
 
 
 We have 
  I

Mr
A
P

x !!="  

        MPa818.43
4)075.0(
)075.0)(10(13

)075.0(
)10(81

4

3

2

3

!=!!=
""

 

  MPaJ
Tr

xy 54.23
2)075.0(
075.0)106.15(

4

3

!=!=!= "

#
$  

        Therefore, 

  [ ]2122
2
818.43

2
818.43

2,1 )54.23()( !+±= !"  
 or 
  MPaMPa 066.54,248.10 21 !== ""  

  MPa157.32)( 212
1

max =!= ""#  
 and 
  o

p 53.23tan'' 818.43
)54.23(21

2
1 == !"  

 
 Results are shown in Fig. (b). 
______________________________________________________________________________________          
SOLUTION (1.44) 
 
 Apply Eqs. (1.20) to Fig. P1.44b, for o30!=" : 

  MPao
xb 320)30(2sin40 =!!="  

  MPayb 320!="        (b) 

  MPao
xyb 20)30(2cos40 !=!!="  

                       (CONT.) 
______________________________________________________________________________________          

xy!  

x!  

y 

x 

Figure (a) 

max!  

x 

1!  
2!  

''p!  

Figure (b) 
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______________________________________________________________________________________          
1.44 (CONT.) 
 
 Now apply Eqs. (1.18) to Fig. P1.44c, for o60!=" : 

  MPao
xc 35)60(2sin10 !=!="  

  MPayc 35=!        (c) 

  MPao
xyc 5)60(2cos10 !=!="  

 
 Superposing stresses in Eqs. (b) and (c) and those in Fig. P1.44a, we obtain Fig. (a). 
 
 
 
 
 
 
 
 
 
 
 
        Referring to Fig. (a): 

  [ ]2122
2,1 )45()315(0 !+±="  

 or 
  MPaMPa 96.5196.51 21 !== ""  
 When 
  o

p 30tan'
)315(2
)45(21

2
1 !== !!"  

 
 is substituted into Eq. (1.18a), we have 51.96 MPa (Fig. b). 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.45) 
 
 Apply Eqs. (1.18) to Fig. P1.45a, for o15!=" , to obtain stresses in Fig. (a): 
  MPao

xa 99.27)15(2cos2
30

2
30 !=!!!="  

  MPao
ya 01.2)15(2cos1515 !=!+!="  

  MPao
xya 5.7)15(2sin15 !=!="  

 
 Superposition of stresses in Figs. (a) and P1.45b gives Fig. (b). 
                       (CONT.) 
______________________________________________________________________________________          

y 

x 
MPa315  

MPa45  

Figure (a) 

MPa315  

x 

x’ 
'p!  

51.96 MPa 

51.96 MPa 
Figure (b) 
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______________________________________________________________________________________          
1.45 (CONT.) 
 
 
 
 
 
 
 
 
 
 
 
 
        Apply Eq. (1.20) to Fig. (b): 

  [ ]2122
4
1

2
99.4799.27

2,1 )5.7()99.4799.27( !+!!±= +!"  
 or 
  MPaMPa 72.28,72.48 21 !== ""  
 When 
  o

p 58.5tan )99.4799.27(
)5.7(21

2
1 == +!

!!"  

 is substituted into Eq. (1.18a), we obtain –28.72 MPa (Fig. c). 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.46) 
 
 Equations (1.18) are applied to Fig. P1.46a, for o30!=" : 
 
  MPao

xa 5.22)30(2cos2
3020

2
3020 =!+= !+"  

  MPao
ya 5.27)30(2cos)5(25 =!!!="  

  MPao
xya 33.4)30(2sin)5( !=!!!="  

 
 These stresses and that of Fig. P1.46b are superimposed to yield Fig. (a). 
 
 
 
 
 
 
 
 
 
 
                     (CONT.) 
______________________________________________________________________________________          

30o 

7.5 MPa 

27.99 MPa 
2.01 MPa 

Figure (a) 

30o 

7.5 MPa 

27.99 MPa 
47.99 MPa 

Figure (b) 

x 
35.58o 

28.72 MPa 48.72 MPa 

Figure (c) 

y 

x 

Figure (a) 

14.33 MPa 

37.5 MPa 

22.5 MPa 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 1–23 

______________________________________________________________________________________          
1.46 (CONT.) 
 
 Principal stresses are thus 

  [ ]2122
2

5.225.37
2

5.225.37
2,1 33.14)( +±= !+"  

 or 
  MPaMPa 83.1317.46 21 == !!  
 Hence 
  MPa17.16)( 212

1
max =!= ""#  

 We have 
  o

p 2.31tan 5.225.37
)33.14(21

2
1 !== !

!!"  

 
        Equation (1.18a) results in 
  MPaoo

x 17.46)4.62sin(33.14)4.62cos(2
5.225.37

2
5.225.37

' =!!!+= !+"  
 
 Therefore 
  o

p 2.31'=!  

 
 Results are shown in a properly oriented element in Fig. (b). 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.47) 
 
 State of stress is represented by Mohr’s circle in Fig. (a). 
 
 
 From this circle, we determine 
 
  MPax 40!="  

  MPay 20=!  

  o
p 57.26tan' 3

41
2
1 == !"  

 
 
 
 
 Results are shown in Fig. (b). 
 
 
 
 
 
______________________________________________________________________________________          

x 

x’ 
'p!  

46.17 MPa 

13.83 MPa 

Figure (b) 

x 

50 MPa 

40 MPa 

60 MPa 

''p!  Figure (b) 

O 

("y,40) 

(-"x,-40) 

   ! 
(MPa) 

" (MPa) 
2%!p’ 

C 

Figure (a) 

40 -60 

10 

50 
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______________________________________________________________________________________          
SOLUTION (1.48) 
 
 
 
 
 
 
 
 
 
 '' yxyx !!!! +=+  

 45 30 27 ; 42 MPa! !" = " + =  

 '
45 30 45 30

42 cos 2 15sin 2
2 2x! " "
# +

= = + +  

 or 
  49.5 37.5cos 2 15sin 2! != +       (1) 
 ' ' 21 37.5sin 2 15cos 2x y! " "= # = # +  
 
 Multiply this by :5.2!  
  52.5 93.75sin 2 37.5cos 2! != "      (2) 
 Add Eqs. (1) and (2), 
  102 108.75sin 2 , 2 69.71o! != =  
 or 
  34.9o! =  
______________________________________________________________________________________          
SOLUTION (1.49) 
 
 State of stress is represented by Mohr’s circle in Fig. (a). 
 
 
 
 
 
 
 
 
 
 
 Referring to this circle, we obtain the results (Fig. b). 
  o

p 43.18tan' 4
31

2
1 == !"  

 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          

O 

(100,!xy) 

(20,-!xy) 

   ! 
(MPa) 

" (MPa) 
2%p’ C Figure (a) 110 10 60 

50 

Figure (b) 

20 MPa 

100 MPa 

30 MPa 

10 MPa 
50 MPa x 

x’ 
'p!  

110 MPa 

(b) (a) 

x’ 

!  
 y’ 

!  
21 MPa 

x 

27 MPa 
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______________________________________________________________________________________          
SOLUTION (1.50) 
 
  MPaMPaMPaMPa xxyyx 30151860 ' =!=!== "#""  
 
        From Equation (1.18a): 
  112

1860
2
1860 2sin152cos30 !! "+= +"  

 or 
  032sin52cos13 11 =!! ""  
 
 Solving 
  oo 26.2852.562 11 == !!  
         
        We have 
  MPaxyxy 12'' =!+= """"  
 
 Equation (1.14b) gives 
  MPaoo

yx 8.4052.56cos1552.56sin2
1860

'' !=!!= +"  
 
 
______________________________________________________________________________________          
SOLUTION (1.51) 
 
 We have 

  MPa
r
M 843

3

3 )1.0(
10)21(44 ===

!

!

!
"  

 
 State of stress is represented by Mohr’s circle in Fig. (a). 
 
 
 
 
 
 
 
 
 
 
 
 
 

  MPa04.37)4256( 2
122 =!="  

 Thus 

  mkNT r
J !=== 18.582

)1.0()04.37( 3"#  
 Hence 
  kWfTP 731118.58)20(22 === !!  
 
 
 
______________________________________________________________________________________          

! 

Figure (a) 

84 MPa O 

(84,!) 

   ! 
(MPa) 

" (MPa) C 
98 42 

56 
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______________________________________________________________________________________          
SOLUTION (1.52) 
 
 
 
 
 
 
 
 
 
 
       22

2 222 !!! == "r  
 From Mohr’s circle, 
  22'' 433.060sin)( 2 !" ! == o

yx   
 Therefore 
  MPa28.69433.030 22 == !!  
 We have 
  28.69)(28.69 2

250
22 === pt
pr!  

 Solving 
  MPap 771.2=  
 
______________________________________________________________________________________          
SOLUTION (1.53) 
 
 
 
 
 
 
 
 Mohr’s circle representing stress at point A is shown in Fig. (a). 
 
 
 
 
 
 
 
 
 
 
 
 
        From this circle: 
  pp 9042 005.0

)45.0( ==           or kPap 467=  
 Then 
  )005.0)(45.0(22

903 )10(98 !
PP +=  

 gives 
  kNP 1069=  
______________________________________________________________________________________          

"1 

"1=2"2 O "2 

  ! 
 

" 
C "1 

60o 
!xy 

r 

A 

rt
P

t
pr

!22 +  

t
pr  

P P 

O 

   ! 
(MPa) 

" (MPa) C 
60o 

42 98 

(84,!xy) 

(56,-!xy) 

Figure (a) 
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______________________________________________________________________________________          
SOLUTION (1.54) 
 
  
 
 
 
 
 
 
 
       MPar o 62.36

35cos
30 ==  

 
 
     ( a ) MPao

xy 2135sin62.36 !=!="  
 
     ( b ) Because of symmetry: 
  MPaxyyx 21'' =!= ""  
 and 
  MPayxyx 140'' =+=+ !!!!  
 gives 
  MPay 40' =!  

 
______________________________________________________________________________________          
SOLUTION (1.55) 
 
 State of stress is represented by Mohr’s circle in Fig. (a). 
 
 
 
 
 
 
 
 
 
 
 
 
     ( a ) Using this circle, we write 

  [ ]2122
2
12

max 20)( += +x!"  
 and 
  )12(1414 2

1
max !+=+= xOC "#  

 
 Solving, 
  MPax 186=!  
 
        Note that, alternately, 
                       (CONT.) 
______________________________________________________________________________________          

Figure (a) 

O 

   ! 
(MPa) 

" (MPa) 
C ("x,-20) -14 

(-12,20) 

O 

   ! 
(MPa) 

" (MPa) 
C 

35o 

(100,!xy) 

(40,-!xy) 

y’ 

x’ 

"’=70 

30 30 

70o 

r 
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______________________________________________________________________________________          
1.55 (CONT.) 
 

  [ ]2122
2
12

2
12 20)(14 +!=! +! xx ""  

 
 yields MPax 186=! , as before. 
 
     ( b ) We have 

  [ ]2122
2
12186

2
12186

2,1 20)( +±= +!"  
 or 
  MPaMPa 14188 21 !== ""  
 and 
  MPa101)( 212

1
max =!= ""#  

 Also 
  o

p 71.5tan' 12186
)20(21

2
1 == +

!"  
 
 Results are shown in Fig. (b). 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          
SOLUTION (1.56) 
 
     ( a ) 005.2305.96 321 === !!! MPaMPa  
 
     ( b ) MPa05.36)()( 212

1
max12 =!= ""#  

 MPa03.48)()( 312
1

max13 =!= ""#  

 MPa98.11)()( 322
1

max23 =!= ""#  
 
 Plane of max12 )(!  is shown in Fig. (a). Other maximum shear planes are sketched similarly. 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________          

14 MPa 

101 MPa 
188 MPa 

x 
'p!  

Figure (b) 

(!12)max 

"2 
"1 

"3 28.15o 
Figure (a) 

x 
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______________________________________________________________________________________          
SOLUTION (1.57) 
 
  21508)4)(60(22 mmrtA === !!  

  MPat
pr

y 304
)60(2 ===!  

  MPat
pr

A
P

x 684,1115
)10(1508
)10(50

2 6

3

=+!=+!= !"  

 
 
 
 
 
 
 
 
 
 
 
 
 MPa84.20)684.1130(' 2

1 =+=!  

 MPar 158.9)684.1130(21 =!=  
 
     ( a ) MPar o

x 82.1664cos'' =!= ""  
 
     ( b ) MPar o

yx 231.864sin'' ==!  
 
______________________________________________________________________________________          
SOLUTION (1.58) 
 
 
 
 
 
 
 
 
 
 
 
 
 Equilibrium of 'x  and 'y directed forces results in (Fig. a): 

  0))(5.225()(5021 2
2
12

2
3 =!!! pp  

 or 
  kPapall 494=  
 and 

  0)(50))(5.225(7 4
3

4
3 =!!+ pp  

 from which 
  kPap 547=  
______________________________________________________________________________________          

x 

y 30 MPa 

11.684 MPa 

 ! (MPa) 

O 
" (MPa) 

C 
64o 

r 

30 

11.684 

"x’ 
"’ 

0.009&  MN 

o60  

t
pr=1!  

rtt
pr

!
!" 2

009.0
22 #=  

x’ 
21 

7 

y’ 25p-2.5 

50p 

Figure (a) 
60o 
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______________________________________________________________________________________          
SOLUTION (1.59) 
 
 Direction cosines are: 

  

100
02321
02123

333

222

111

===

==!=

===

nml
nml
nml

 

 
 Equation (1.28a) is thus 

  MPax 392.2500))()(12(200)(20 2
1

2
3

4
3

' =+++++=!  
 
        Similarly, applying Eqs. (1.28b) through (1.28e), we obtain ][ '' ji! : 
 

  MPa
!
!
!

"

#

$
$
$

%

&

'

''

''

616.1699.7
16.16392.566.2
99.766.2342.25

 

 
 Then, Eqs. (1.34) result in 
 
  MPaII 26'11 ==           2

22 )(349' MPaII !==  

  3
33 )(6464' MPaII !==  

______________________________________________________________________________________          
SOLUTION (1.60) 
 
 Direction cosines are: 

  

100
02321
02123

333

222

111

===

==!=

===

nml
nml
nml

 

 
 Equation (1.28a) is therefore 

  00))()(40(200)(60 2
1

2
3

4
3

' +++++=x!  

         MPa64.79]3)[(20 4
9 =+=  

 
        Similarly, applying Eqs. (1.28b) through (1.28e), we obtain ][ '' ji! : 

  MPa
!
!
!

"

#

$
$
$

%

&

''

'''

''

2068.264.44
68.264.1998.5
64.4498.564.79

 

 
 Then, Eqs. (1.34) lead to 
  MPaII 80'11 ==           2

22 )(2400' MPaII !==  

  3
33 )(8000' MPaII ==  

______________________________________________________________________________________          
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______________________________________________________________________________________          
SOLUTION (1.61) 
 
 Referring to Appendix B: 
  MPaMPaMPa 896.8684.5212.13 321 !=== """  
 and 
  2416.01688.09556.0 111 === nml  
 Thus, 
  MPa054.11)( 312

1
max =!= ""#  

 
______________________________________________________________________________________          
SOLUTION (1.62) 
 
 Referring to Appendix B: 
  MPaMPaMPa 479.44418.28016.66 321 !=== """  
 and 
  2416.01688.09556.0 111 === nml  
 
______________________________________________________________________________________          
SOLUTION (1.63) 
 
 Referring to Appendix B: 
  MPaMPaMPa 979.16485.12493.30 321 !=== """  
 Thus, 
  MPa736.23)( 312

1
max =!= ""#  

 
______________________________________________________________________________________          
SOLUTION (1.64) 
 
 Referring to Appendix B: 
  MPaMPaMPa 773.2480.8747.24 321 === !!!  
 and 
  6421.03958.06467.0 111 === nml  
 
______________________________________________________________________________________          
SOLUTION (1.65) 
 
     ( a ) Equation (1.32) becomes 
 

  0
020

00
200)30(

=

!

!

!

p

p

p

"

"

"

 

 
 Expanding, 
  0]400)30([ =!!! ppp """  

 
                       (CONT.) 
______________________________________________________________________________________          
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______________________________________________________________________________________          
1.65 (CONT.) 
 
 or 
  40,10,0 =!== ppp """  
 Thus 
  MPaMPa 10,0,40 321 !=== """  
 
     ( b ) For MPa401 =! : 

  11111 2,020)0()4030( nlnml ==++!  

  0,0)0( 11 == mm  

 The condition 10 2
1

2
1 =++ nl gives 

  5
1

1
2
1

2
1 ,1)2( ==+ nnn  

 Thus 
  

5
1

115
2

1 ,0, === nml  

______________________________________________________________________________________          
SOLUTION (1.66) 
 
 
 
 
 
 
 
 
     ( a ) At point (3,1,5) with respect to xyz axis, we have ][ ij! : 

  MPa
!
!
!

"

#

$
$
$

%

&

'

800
040
0010

       ( a ) 

 
 Then, Eqs. (1.34) result in 
  MPaI 141 =           2

2 )(8 MPaI =           3
3 )(320 MPaI !=  

 
        Direction cosines of x’ y’ z’, referring to Fig. (a) are 

  

21230
23210

001

333

222

111

=!==

===

===

nml
nml
nml

 

 
 Now Eqs. (1.28) and (a) give ][ '' ji! : 

  MPa
!
!
!

"

#

$
$
$

%

&

'1330
3350
0010

 

                       (CONT.) 
______________________________________________________________________________________          
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______________________________________________________________________________________          
1.66 (CONT.) 
 
 Thus, Eqs. (1.34) yield 
  MPaI 14'1 =           2

2 )(8' MPaI =            3
3 )(320' MPaI !=  

 
 as before. 
 
 
 
 
 
 
 
 
 
     ( b ) Direction cosines are (Fig. b): 
 

  

100
05251
05152

333

222

111

===

===

=!==

nml
nml
nml

 

 
 With these and Eq. (a), Eqs. (1.28) yield ][ '' ji! : 
 

  MPa
!
!
!

"

#

$
$
$

%

&

'

800
02.16.5
06.52.7

 

 
 Thus, Eqs. (1.34) result in 
  MPaI 14''1 =           2

2 )(8'' MPaI =           3
3 )(320'' MPaI !=  

 
 The I’s are thus invariants. 
 
______________________________________________________________________________________          
SOLUTION (1.67) 
 
 Introducing the given data into Eq. (1.28a), we obtain 

  00)])((6[2)0(14)(10)(12 2
3

2
12

2
32

2
1

' +++++=x!  

         MPa696.15=  

 Remaining stress components are determined in a like manner. The result, ][ '' ji! , is 

  MPa
!
!
!

"

#

$
$
$

%

&

'

''

'

.14294.6089.7
294.6304.6866.3
089.7866.3696.15

 

 
 
______________________________________________________________________________________          
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______________________________________________________________________________________          
SOLUTION (1.68) 
 
 Equations (1.34) become 
  yxI !! +=1           2

2 xyyxI !"" #$=           03 =I  
 Equation (1.33) is then 
  0)()( 223 =!++! pxyyxpyxp "#""""""  
 or 
  0)()( 22 =!++! xyyxpyxp "######  
 Solution of this quadratic equation is 

  2
1

)](42[ 222
2
1

22,1 xyyxyyxx
yx !""""""" "" #+#++±= +

 

           
2
1

])[( 22
22 xy

yxyx !"""" +±= #+
 

______________________________________________________________________________________          
SOLUTION (1.69) 
 
 Referring to Appendix B, we obtain the following values. 
     ( a )  MPa049.121 =!           MPa521.12 !="           MPa528.43 !="  
 and 
  6184.01 =l           5333.01 =m            5772.01 =n  
 
     ( b )  MPa238.191 =!           MPa704.132 =!            MPa648.43 =!  
 and 
  3339.01 =l           3862.01 =m            8599.01 =n  
______________________________________________________________________________________          
SOLUTION (1.70) 
 
     ( a ) Direction cosines are: 
 
        8.054 ==l  

        6.053 ==m  
        0=n  
 
 
 
 
 Equation (1.40) is thus 
  MPa124)6.0)(8.0)(40(2)6.0(60)8.0(100 22 =++=!  
 Equations (1.26) yield 
  MPapx 104)6.0(40)8.0(100 =+=  

  MPapy 68)6.0(60)8.0(40 =+=  

  MPapz 48)6.0(80 ==  
 Equation (1.41) is then 

  MPa66.48]1244868104[ 2
12222 =!++="  

                       (CONT.) 
______________________________________________________________________________________          
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______________________________________________________________________________________          
1.70 (CONT.) 
 
     ( b ) Direction cosines are: 
 
        0=l  

        447.0202 ==m  

        894.0204 ==n  
 
 
 
 
 Equation (1.40) results in 
  MPa913.91)894.0)(447.0)(80(2)894.0(20)447.0(60 22 =++=!  
 Equations (1.26) yield 
  MPapx 88.17)447.0(40 ==  

  MPapy 34.98)894.0(80)447.0(60 =+=  

  MPapz 64.53)894.0(20)447.0(80 =+=  
 
 Equation (1.41) leads to 

  MPa481.66]913.9166.5334.9888.17[ 2
12222 =!++="  

 
     ( c ) Direction cosines are: 
  512.0=l           384.0=m            768.0=n  
 Equation (1.40) is therefore 
  222 )768.0(20)384.0(60)512.0(100 ++=!  
          MPa77.109)]768.0)(384.0(80)384.0)(512.0(40[2 =++  
 
 Equations (1.26) yield 
  MPapx 56.66)384.0(40)512.0(100 =+=  

  MPapy 96.104)768.0(80)384.0(60)512.0(40 =++=  

  MPapz 08.46)768.0(20)384.0(80 =+=  
 
 Equation (1.41) gives 

  MPa3.74]77.10908.4696.10456.66[ 2
12222 =!++="  

______________________________________________________________________________________          
SOLUTION (1.71) 
 
( a ) Direction cosines are: 
 
 

        555.0132 ==l  

        882.0133 ==m  
        0=n  
                       (CONT.) 
______________________________________________________________________________________          

! 

y 

z 

" 

y’ 4 

2 

F 

B G 

20  

! 

y 

x 

" x’ 

2 

3 

C 

A B 

13  
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______________________________________________________________________________________          
1.71 (CONT.) 
 
 Equation (1.40) is then 
  MPa277.109)832.0)(555.0)(40(2)832.0(60)555.0(100 22 =++=!  
 
 Equations (1.26) lead to   
  MPapx 78.88)832.0(40)555.0(100 =+=  

  MPapy 12.72)832.0(60)555.0(40 =+=  

  MPapz 56.66)832.0(80 ==  
 
 Equation (1.41) gives then 

  MPa67.74]277.10956.6612.7278.88[ 2
12222 =!++="  

 
     ( b ) Direction cosines are: 
 
 
 
 
        0=l  

        447.051 ==m  

        894.052 ==n  
 
 Thus, the results are the same as those obtained in Solution of Prob. 1.70b. 
 

     ( c ) We have krjrir aeg

rrrrrr
=== ,2,3 . 

 
 Equation (P1.70) is therefore 

  0
103
023

3
=

!
!
!

"

#

$
$
$

%

&

'

'

' zyx
 

 
 or 
  6632 =++ zyx  
 
 Direction cosines are: 
  7

2
632

2
222 ==

++
l           7

3=m           7
6=n  

 
 With these and given stresses, Eqs. (1.40) and (1.26) yield 
  MPa449.102=!  
 and 
  MPapx 714.45=           MPapy 714.105=           MPapz 429.51=  

 Substituting the above values into Eq. (1.41), we obtain 
  MPa582.73=!  
 
______________________________________________________________________________________          

! 

y 

z 

" 

y’ 2 

1 

F 

B G 

5  

z’ 
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______________________________________________________________________________________          
SOLUTION (1.72) 
 
 See: Hint, Prob. 1.70: 
  

14
2

213
2

222 ==
++

l           14
1=m           

14
3!=n  

 
 Equation (1.40) gives 
  2

14
32

14
12

14
2 )(50)(30)(20 !++="  

           MPa43.51)])((10))((10[2
14
3

14
2

14
1

14
2 =!!+  

 
 Equation (1.41): 
  2

14
3

14
1

14
2 )](10)(10)(20{[ !!+="  

           2
1

}34.51)](500)(10[]0)(30)(10[ 22
14
3

14
22

14
1

14
2 !!++!++++   

      MPa413.7=  
 
 
______________________________________________________________________________________          
SOLUTION (1.73) 
 
 
 Direction cosines are 
  8192.035cos == ol           5.060cos == om           2823.06.73cos == on  
 
 Equation (1.40) results in 
  222 )2823.0(30)5.0(40)8192.0(60 +!="  
           )]2823.0)(8192.0(10)2823.0)(5.0(5)5.0)(8192.0(20[2 +!+  
       MPa25.52=  
 
 
 Equations (1.26): 
  MPapx 9725.61)2823.0(10)5.0(20)8192.0(60 =++=  

  MPapy 0287.5)2823.0(5)5.0(40)8192.0(20 !=!!=  

  MPapz 1618.14)2823.0(30)5.0(5)8192.0(10 =+!=  
 
 Equation (1.41) is thus 

  2
1

])25.52()1618.14()0287.5()9725.61[( 2222 !+!+="  
      MPa56.36=  
 
 
______________________________________________________________________________________          
SOLUTION (1.74) 
 
 Direction cosines are 
  766.040cos == ol           259.075cos == om           588.054cos == on  
                       (CONT.) 
______________________________________________________________________________________          
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______________________________________________________________________________________          
1.74 (CONT.) 
 
 Equation (1.40): 
  222 )588.0(20)259.0(20)766.0(40 ++=!  
          )]588.0)(766.0(300)259.0)(766.0(40[2 +++  
       9.4291.634.147.23 +++=  
       MPa62.74=  
 
 Equation (1.41) gives 
  2)]588.0(30)259.0(40)766.0(40{[ !+="  

               2
1

}62.74)]588.0(200)766.0(30[]0)259.0(20)766.0(40[ 222 !++++++   

      2
1

]1.55687.12069.12823.3436[ !++=  
      MPa93.18=  
 
______________________________________________________________________________________          
SOLUTION (1.75) 
 
  Note: Planes of maximum shear stresses can be determined upon following a procedure 
 similar to that used in Solution of Prob. 1.56. 
 
     ( a ) From Problem 1.69a: 
  MPaMPaMPa 528.4521.1049.12 321 !=!== """  

 Thus, MPa288.8)()( 312
1

max13 =!= ""#  

  MPa785.6)()( 212
1

max12 =!= ""#  

  MPa503.1)()( 322
1

max23 =!= ""#  
 
     ( b ) From Problem 1.69b: 
  MPaMPaMPa 648.4704.13237.19 321 === !!!  

 Thus, MPa294.7)()( 312
1

max13 =!= ""#  

  MPa766.2)()( 212
1

max12 =!= ""#  

  MPa528.4)()( 322
1

max23 =!= ""#  
______________________________________________________________________________________          
SOLUTION (1.76) 
 
 We have  
  MPaMPaMPa 723648 321 !=== """  
     ( a ) From Eqs. (1.43) and (1.44): 

  MPaoct 96.53])4872()7236()3648[( 2
1222

3
1 =!!+++!="  

  MPaoct 4)723648(31 =!+="  
 
     ( b ) Using Eq. (1.45), 
  MPa6)3648(21max =!="  
 
______________________________________________________________________________________          
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______________________________________________________________________________________          
SOLUTION (1.77) 
 

     ( a ) 0
)20(080

0)20(0
800)100(

=

!!

!

!!!

p

p

p

"

"

"

 

 
 Expanding, 
  0]6400)20)(100)[(20( =!!+! """  
 and 
  MPaMPaMPa 140,20,60 321 !=== """  
 
     ( b ) Apply Eqs. (1.43), (1.44), and (1.45): 

  MPaoct 41.86])60140()14020()2060[( 2
1222

3
1 =!!+++!="  

  MPaoct 20)1402060(31 !=!+="  

  MPa100)14060(21max =+=!  
______________________________________________________________________________________          
SOLUTION (1.78) 
 
 Octahedral and shearing stresses are given by   
  ])()()[( 2

13
2

32
2

219
12 !!!!!!" #+#+#=oct  

  2
314

12
max )( !!" #=  

 
 Let us say, 22

max oct!! > . Then 

  ])()()[()( 2
13

2
32

2
219

12
2

31 !!!!!!!! "+"+">"  
 or 
  ])()()[()( 2

13
2

32
2

21314
9 !!!!!!!! "+"+">"  

 
        Subtracting 2

31 )( !! "  from both sides and noting that 2
13

2
31 )()( !!!! "=" , 

 
 we have 
  2

32
2

31
2

314
5 )()()( !!!!!! "+">"  

 But 
  2

32
2

21
2

31 )()()( !!!!!! "+">"  
 Thus, 
  2

32
2

21
2

314
5 )()()( !!!!!! "+">"     (a) 

 
        The squares of the difference between 1!  and 3!  will always be greater then the  

 sum of the squares of the difference between 1!  and 2! , 2!  and 3! , since 321 !!! >> . 
 Hence, Eq. (a) is true and our assumption is correct. That is 
 
  oct!! >max  
______________________________________________________________________________________          
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______________________________________________________________________________________          
SOLUTION (1.79) 
 
 From Solution of Problem 1.64: 
  MPaMPaMPa 773.248.8747.24 321 === !!!  
 Applying Eqs. (1.43) and (1.44): 

  2
1

])747.24773.2()773.248.8()48.8747.24[( 222
3
1 !+!+!=oct"  

          MPa31.9=  

 and MPaoct 12)773.248.8747.24(31 =++=!  

 Therefore  MPapoct 19.15)1231.9( 2
122 =+=  

______________________________________________________________________________________          
SOLUTION (1.80) 
 
        Shearing stress, in terms of principal stresses, is given by 
  22

3
2

2
2

1
22

3
2

2
22

1
2 )( nmlnml !!!!!!" ++#++=    (a) 

 We substitute 222 1 lmn !!=  into Eq. (a), calculate its derivatives with respect to 
 l and m , and equate these derivatives to zero: 

  0)]()()[( 132
12

32
2

31 =!!!+!="
" ######$ mlll    (b) 

  0)]()()[( 322
12

32
2

31 =!!!+!="
" ######$ mlmm   (c) 

 
 One solution is 0== ml . Solutions for the direction cosines of planes for which ! is a  
 maximum of minimum can also be found as follows. 

  Take 0=l :  Eq. (c) gives 21±=m  

  Take 0=m :  Eq. (c) gives 21±=l  

 There are, in general, no solutions of Eqs. (b) and (c) in which l and m are both different 
 from zero, for this case the expressions in brackets cannot both vanish. 
 
        By the above procedure we can form the following table. 
  Direction cosines for planes of max!  and min!  

  

02121001
21021010
21210100

±±±=

±±±=

±±±=

n
m
l

 

 
        The first three columns define the planes for min! , where 0=! . The last three 

columns give planes through each principal axes bisecting the angles between the two other 
principal axes. Substituting the latter direction cosines into Eq. (a), we have 

 2max23
32)( !!" #±=           2max13

31)( !!" #±=  

 2max12
21)( !!" #±=  

 
       Similarly, introducing the direction cosines given in the above table into Eq. (1.37),  
we obtain the normal stresses associated with the maximum shearing stresses: 

  223213212
323121 ''' !!!!!! !!! +++ ===  

______________________________________________________________________________________          
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______________________________________________________________________________________          
SOLUTION (1.81) 

        
1 ( )
2avg x y! ! != +  

               
1 (100 20) 60
2

MPa= + =  

        2 2( )
2

x y
xyr

! !
"

#
= +  

            2 2100 20( ) 60
2
!

= +  

            72.1 MPa=  
 
        1 132.1avg R MPa! != + =  

        3 12.1 MPa! = "  
 
     (a) 2 1 330 132.1 12.1MPa MPa MPa! ! != = = "  

 max 1 3
1

( ) ( )
2a! " "= #  

  
1 [132.1 ( 12.1)] 72.1
2

MPa= ! ! =  

 
     (b) 3 1 230 132.1 12.1MPa MPa MPa! ! != " = = "  

 max 1 3
1

( ) ( )
2a! " "= #  

  
1 [132.1 ( 30)] 81
2

MPa= ! ! =  

 
______________________________________________________________________________________          
SOLUTION (1.82) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________          

-50 O C1 "2 "1 
r 45o 

! (MPa) 

" (MPa) 

802
60100 =+  

(100,-20) 

r 
C 

"avg =60 

   ! (MPa) 

" (MPa)  "1 
 

"3 
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______________________________________________________________________________________          
1.82 (CONT.) 
 
 From Mohr’s circle, we have 
 

 2 220 20 28.3r MPa= + =  

 MPaMPa 7.51108 21 == !!  

 o
pMPa 5.22'503 =!= "#  

 
 
______________________________________________________________________________________          
SOLUTION (1.83) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Referring to Mohr’s circle: 
 

  2 240 40 56.57r MPa= + =  

  ' 22.5op! =  

  MPaMPa 57.1657.96 21 == !!  
 
______________________________________________________________________________________          
SOLUTION (1.84) 
 
     ( a ) In the yz plane: 
 
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________          

O "3 

!(MPa) 

" (MPa) C 
"1 

r 15 

50 

"=25 

15 MPa 

y 
50 MPa 

z 

" (MPa) 
-60 O "1 "2 

C1 
40 45o 

! (MPa) 

80
2 =  

(80,-40) 

r 
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______________________________________________________________________________________          
1.84 (CONT.) 
 
 We have 

  MPar 16.291525 22 =+=  
 Thus 
  MPar 16.42516.291 =!=!= ""  

  MPar 16.542516.293 !=!!=!!= ""  

  MPa202 !="  
 
     ( b ) Using Eqs. (1.43) and (1.44): 
 

  2
1

])16.416.54()16.5420()2016.4[( 222
3
1 !!++!++=oct"  

          MPa92.23=  

  MPaoct 33.23)16.542016.4(31 !=!!="  
 
 From Eq. (1.45), 
  MPa16.29)16.5416.4(21max =+=!  
 
______________________________________________________________________________________          
SOLUTION (1.85) 
 
 It is noted that 1222 =++ nml . 
 
        Applying Eq. (1.37), we have 
  MPa39.12)(28)(14)(35 13

9
13
1

13
3 !=!!="  

 
 Equation (1.39), substituting the given data and the direction cosines determined above,  
 gives 
  MPa2.26=!  
 Surface tractions.    Equations (1.48) give 

  MPalpx 81.16)(35 13
3

1 === !  

  MPampy 88.3)(14 13
1

2 !=!== "  

  MPanpz 30.23)(28 13
9

3 !=!== "  
 
 Check: 2222222 )(840 MPapppp zyx =+=++= !"  

 
 Observe that Approach I is more conveniently leads to results. 
______________________________________________________________________________________          
SOLUTION (1.86) 
 
  MPaoct 667.26)152540(31 =++=!  

  MPaoct 274.10])4015()1525()2540[( 2
1222

3
1 =!+!+!="  

                       (CONT.) 
______________________________________________________________________________________          
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______________________________________________________________________________________          
1.86 (CONT.) 
 

 We have 1 3l m n= = = .  Note that 1222 =++ nml . 
 
 Surface tractions.   Equations (1.48) give 
  MPalpx 09.23)(40

3
1

1 === !  

  MPampy 43.14)(25
3
1

2 ===!  

  MPanpz 66.8)(15
3
1

3 ===!  

 
 Check: 
  2222222 )(7.816 MPapppp zyx =+=++= !"  
 
 
         End of Chapter 1 
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CHAPTER 2  
 
SOLUTION (2.1) 
 
     ( a ) Yes. 
 Eqs. (2.12) are satisfied. 
 
     ( b ) No. 
 Eqs. (2.12) are not satisfied. 
 
______________________________________________________________________________________ 
SOLUTION (2.2) 
 
 Apply Eqs. (2.4): 
  )(262 yxccyc xyyx +=!== "##  

 

     ( a ) mmcdxu xAB 4.04
3

1
=== ! "  

 ccdyv y
yAD 25.116

2

2

2

2
1

2

2
1

!=!== " # mm125.1!=  

 Thus, 
  mmL BA 4.2000'' =           mmL DA 875.1498'' =  
 
     ( b ) µ! 300)1(2 2

1 =+= cxy  
 
     ( c ) We have 
  ccuA 25.2)12( 4

1 =+!=           ccvA 25.0)31( 4
12 =!"=  

 and 
  mmcxA 225.100025.21' =+=  

  mmcyA 025.50025.05.0' =+=  
______________________________________________________________________________________ 
SOLUTION (2.3) 
 
 Equations (2.4), for the given displacement field, yield ][ ij! : 
 

  c
zxyy
xyz
yx

!
!
!

"

#

$
$
$

%

&

''

'

'

22)2(2
2)2(20

202
 

 
 At point (0,2,1), we have ][ ij! : 
 

  µ

!
!
!

"

#

$
$
$

%

&

'

'

200200100
2002000
10000

 

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (2.4) 
 
 First two of Eqs. (2.4) give 
  xyayaxyax 2

2
1

2
0 22 ++=!  

  xbxby 1
2

0 +=!  
 
 Equation (2.11): 
  10010 2)2()24( cxcbaa +=++  
 or 
  0)(2)2(2 10100 =!++! cbaxca  
 
 This is satisfied if 0!x : 
  0000 2,02 acca ==!  

  )(2,0)(2 011101 baccba +==!+  
 
______________________________________________________________________________________ 
SOLUTION (2.5) 
 
 Equation (2.11) yields 
  21

22
1

2
1

2
1 )(3122122 ccyxcxbya ++=+++  

 
 Solving, 
  )(4 112

1
21 bacc +==  

 
______________________________________________________________________________________
SOLUTION (2.6) 
 

The change in length of bar AB is 
 6( 500 10 )(400) 0.2AB AB ABL mm! " #= = # $ = #  
 
           From triangles B’BF and EE’F: 

                    
0.2 3 , 117.2

750
x mm

x x
= =

!
 

           From triangles DD’F and EE’F: 

                    
132.8 632.8 , 0.63

3 D
D

mm!
!

= =  

           Thus 

       
0.63 1260
500

D
CD

CDL
!

" µ= = =  

 
 
 
 
 
 
 
______________________________________________________________________________________ 

500 mm 

F 

3 mm 

0.2 mm 

D’ 

B’ 
D 

E B 

x 
E’ 

250 mm 

D!  
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______________________________________________________________________________________
SOLUTION (2.7) 
 

      
2.5
1800

AB
AB

AB

L
L

!
"

= = #  

            1389 µ= !  
 

      
0.0025cos

3.0
BC

BC
BC

L
L

!
"

#$ #
= =  

 

 
0.0025(1.8 3.0)

3.0
!

= 500 µ= !  

______________________________________________________________________________________
SOLUTION (2.8) 
 

     (a) 
2.8 1400
2000x! µ= =  

 
1.3 1300
1000y! µ
"

= = "  

 0xy! =  
 
     (b) 90oACB =  

 1 1.0014' ' ' 2 tan 90.1547
0.9987

oA C B != =  

 390 90.1547 0.1547 2.7 10o o o rad! "= " = " = " #  
    2700 µ= !  
______________________________________________________________________________________ 
SOLUTION (2.9) 
 
     ( a ) Equations (2.4) give 
  µ! 667150

075.0175.0 === "
#
#
x
u

x  

  µ! 750100
)05.0(025.0 === ""

#
#
y
v

y  
 and 
  µ! 1250150

)]05.0(125.0[
100
075.00 "=+= """"

xy  

 
     ( b ) Equation (2.16) is therefore 

  2
1

]625)[( 22
2
750667

2
750667

2,1 +±= !+"  
 or 
  µ!µ! 821335 21 ==  

 When o
p 1.43tan 750667

12501
2
1 == !

!!"  

 and stresses are substituted into Eq. (2.14a), we obtain µ! 82' =x . Thus, 

  o
p 1.43'' =!  

______________________________________________________________________________________ 

2.5 mm 

3.0 m 

A 

C 

B 

1..8 m 

2.4 m 

!  BCL!  
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______________________________________________________________________________________ 
SOLUTION (2.10) 
 
 Use Eq. (2.16) with the strains obtained in Example 2.1: 

  2
1

]750)[( 22
2
20001250

2
20001250

2,1 +±= +!"  
 
 or µ!µ! 21651415 21 "==  
 Apply Eq. (2.15): 
  o

p 39.12tan 20001250
15001

2
1 == !

!"  

 Substituting this angle and the stresses, Eq. (2.14a), gives µ1415 . 
Thus, 

  o
p 39.12'=!  

 
______________________________________________________________________________________ 
SOLUTION (2.11) 
 
 We have, using Eqs. (2.3): 
  µ! 20020

004.0 === "
"
x
u

x  

  µ! 25012
003.0 "=== "

#
#
y
v

y  
 and 
  µ! 15005001000 "=""=+= #

#
#
#

y
u

x
v

xy  
        Then, Eq. (2.16) yields 

  2
1

])750()[( 22
2
250200

2
250200

2,1 !+±= +!"  
 or 
  µ!µ! 808758 21 "==  
 Apply Eq. (2.15): 
  o

p 65.36tan 250200
15001

2
1 == +

!!"  

 For this angle, Eq. (2.14a) gives µ! 758' =x . Therefore, 

  o
p 65.36' !="  

______________________________________________________________________________________ 
SOLUTION (2.12) 
 
 
 
 
 
 
 
 
 We have, from geometry: 
  mmQBAC 32.23==  

  oo 04.14996.30 21 == !!  
        Equation (2.14a) leads to 
  µ! 44192.61sin10092.61cos2

500300
2
500300

' =++= "+ oo
x  

                       (CONT.) 
______________________________________________________________________________________ 

y 

x” 

x’ 

12 mm 

20 mm 

x 
Q 

A B 

C 

!2 
!1 
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______________________________________________________________________________________ 
2.12 (CONT.) 
 
 Thus, 
  mmQB 01.0)32.23(441 ==! µ  
 Similarly, 
  µ! 26508.298sin10008.298cos100400" =+"= oo

x  
 and 
  mmAC 006.0)32.23(265 ==! µ  
______________________________________________________________________________________ 
SOLUTION (2.13) 
 
 
 
 
 
 
 
 
 We find, from geometry: 
  mmQBAC 54.33==  

  oo 44.15356.26 21 == !!  
 
        Equation (2.14a) gives 
  µ! 24012.53sin15012.53cos2

200400
2
200400

' =++= "+ oo
x  

 Hence, 
  mmQB 008.0)54.33(240 ==! µ  

 In a like manner, 
  µ! 48088.306sin15088.306cos100300" ="+= oo

x  
 and 
  mmAC 016.0)54.33(480 ==! µ  
______________________________________________________________________________________ 
SOLUTION (2.14) 
 
 
 
 
 
 
 We obtain, from geometry: 
  mmBDmmAC 29.3273.96 ==  

  oo 73.14193.11 32 == !!  
 
 From Solution of Problem 1.42: 
  00 0464.3 !!"!" === xyyx  

 Thus, 
 
                       (CONT.) 
______________________________________________________________________________________ 

y 

x” 

x’ 

15 mm 

30 mm 

x Q 

A B 

C 

!2 
!1 

x’’’ 

x’ 

40 mm 

60 mm 

x 
A 

C B 

D 

!3 
!2 

x” 

30o 
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______________________________________________________________________________________ 
2.14 (CONT.) 

  µ! 1212
)10(200
)1070(464.3

9

6

== "
x  

  µ! 364)1212(3.0 "="=y  

  µ! 910
)10(200

)1070)(3.01(2
9

6

== "+
xy  

 
     ( a )  µ! 121260sin45560cos2

3641212
2
3641212

' =++= +" oo
x  

  mmAB 05.0)40(1212 ==! µ  
 
     ( b )  µ! 7.132886.23sin45586.23cos788424" =++= oo

x  

  mmAC 13.0)73.96(7.1328 ==! µ  
 Similarly, 
  µ! 92.16446.283sin45546.283cos788424''' =++= oo

x  

  mmBD 005.0)29.32(92.164 ==!  
 

     ( c )  2
1

]455)[( 22
2
3641212

2
3641212

2,1 +±= +!"  
 or 
  µ!µ! 4861334 21 ==  
 Substitution of 
  o

p 15tan' 3641212
9101

2
1 == +

!"  

 into Eq. (2.14a) yields µ1334 . 
______________________________________________________________________________________ 
SOLUTION (2.15) 
 
     ( a ) We have 
  µ! 200200400max ="=  
 Maximum shearing strain occurs on a plane oriented at 45o from the plane of principal strains. 
 
 
 
 
 
 
 
 
 
 
 
 
     ( b ) From Mohr’s circle Fig. (a): 
  µ! 35060cos100300 =+= o

x  

  µ! 25060cos100300 ="= o
x  

  µ! 17360sin)200400( "=""= o
xy  

______________________________________________________________________________________ 

O 

)10( 6
2
!

 
 

C 
60o 

200 400 

Figure (a) 

),( 2
1

xyx !"  

),( 2
1

xyy !" #  

)10( 6!  

100 
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______________________________________________________________________________________ 
SOLUTION (2.16) 
 
 We have mmuB 3=  and mmvB 5.1= . 
 
     ( a ) Take: xycvxycu 21 ==  
 Hence, 
  )23()10(3 1

3 !=" c ,          )10(500 6
1

!=c  

  )23()10(5.1 2
3 !=" c ,          )10(250 6

2
!=c   

 
 Thus, 
  xyu )10(500 6!=           xyv )10(250 6!=  
 
     ( b ) Using Eqs. (2.3), 
  )2(250250500 yxxy xyyx +=== µ!µ"µ"  
 which satisfy Eq. (2.11): the strain field is possible. 
 
 At point B, we thus have 
  µ!µ"µ" 2000)(750)(1000)( === BxyByBx  
 
     ( c ) We obtain o69.33tan 3

21 == !" . 
 Equation (2.14a) is therefore 
  µ! 184638.67sin100038.67cos125875' =++= oo

x  
 
______________________________________________________________________________________ 
SOLUTION (2.17) 
 
 
 
 
 
 
 
 
 
 
 
 
 Refer to Mohr’s circle (Fig. a): 

  2
1

])450()300[(600 22
2,1 +±!="  

 or 
  µ!µ! 114159 21 "="=  
 and 
  o

p 31.56tan''2 )300900(
)2(4501 !== !!

!"  

 or 
  o

p 85.61'=!  

 
______________________________________________________________________________________ 

O 

)10( 6
2
!

 
 

C 

'2 p!  2!  1!  

Figure (a) 

)10( 6!  

(-300,450) 

(-900,-450) 
-600 
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______________________________________________________________________________________ 
SOLUTION (2.18) 
 
 
 
 
 
 
 
 
 
 
 
 
 Referring to Mohr’s circle shown in Fig. (a), we obtain 

  2
1

])450()300[(600 22
2,1 +±=!  

 from which 
  µ!µ! 591141 21 ==  
 and 
  o

p 31.56tan''2 300900
)2(4501 == !

!"  

 or 
  o

p 85.61' !="  

 
______________________________________________________________________________________ 
SOLUTION (2.19) 
 
 Referring to Fig. P2.19, 
  )10(3.83),213(0005.0 6

11
!!=""=!= ccuA  

  )10(50),6(0003.0 6
22

!=== ccvA  

  )10(100),6(0006.0 6
33

!!==!= ccwA  
 Hence, 
  xyzwxyzvxyzu )10(100)10(50)10(3.83 666 !!! !==!=  
 
     ( a ) Using Eqs. (2.4), we thus have 
  yzx µ! 3.83"=           xzy µ! 50=           xyz µ! 100"=  

  µ! )503.83( yzxzxy +"=           µ! )4.83100( xyyzxz ""=  

  µ! )10050( xzxyyz "=  
 This forgoing expressions satisfy Eqs. (2.12): the strain field is possible. 
 
 Substitute x=-3 m, y=1 m, and z=2 m into the above equations to obtain strains at A, ][ ij! : 

  µ

!
!
!

"

#

$
$
$

%

&

'''

''

'''

300225225
225300200
225200167

 

                       (CONT.) 
______________________________________________________________________________________ 
 

O 

)10( 6
2
!

 
 

C 

'2 p!  

2!  1!  

Figure (a) 

)10( 6!  

(300,450) 

(900,-450) 600 
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______________________________________________________________________________________ 
2.19 (CONT.) 
 
     ( b ) Let, for example, x’-axis lie along the line from A to B (Fig. P2.19). The direction of  
 cosines of AB are 
  

13
2

1113
3

1 0 !==!= nml  

 Thus, Eq. (2.18a): 
  11

2
1

2
1' nlnl xzzxx !""" ++=  

        ))((450)(300)(167
13
2

13
3

13
4

13
9 !!!!!=  

        µ416!=  
 
     ( c ) Let y’-axis be placed along AC (Fig. P2.19). The direction cosines of AC are 
  001 222 ==!= nlm  
 Equation (2.18b) is therefore 
  2121'' mnml yzxyyx !!! +=  

           )1)((450)1)((400
13
2

13
3 !!!!= !!  

           µ582!=  
 Negative sign shows that the angle BAC has increased. 
______________________________________________________________________________________ 
SOLUTION (2.20) 
 
 We now have (Fig. P2.19): 
  )10(100),213(0006.0 6

11
!=""== ccuA  

  )10(50),6(0003.0 6
22

!!==!= ccvA  

  )10(7.66),6(0004.0 6
33

!!==!= ccwA  
 Hence, 
  xyzwxyzvxyzu )10(7.66)10(50)10(100 666 !!! !=!==  
 
     ( a ) Applying Eqs. (2.4), we obtain 
  yzx µ! 100=           xzy µ! 50"=           xyz µ! 7.66"=  

  µ! )50100( yzxzxy "=           µ! )1007.66( xyyzxz +"=  

  µ! )7.66100( xzxyyz "=  
 These expressions satisfy Eqs. (2.12): the strain field is possible. 
 Introducing x=3 m, y=1 m, and z=2 m into the above equations we find strains at A, ][ ij! : 

  µ

!
!
!

"

#

$
$
$

%

&

''

''

2002755.83
275300250

5.83250200
 

 
     ( b ) Let, for instance, x’-axis lie along the line from A to B (Fig. P2.19). The direction of  
 cosines of AB are 
  

13
2

1113
3

1 0 !==!= nml  

 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
2.20 (CONT.) 
 
 Therefore, Eq. (2.18a): 
  11

2
1

2
1' nlnl xzzxx !""" ++=  

        ))((167)(200)(200
13
2

13
3

13
4

13
9 !!!!=  

        µ154!=  
 
     ( c ) Let y’-axis be placed along (Fig. P2.19). The direction cosines of AC are 
  001 222 ==!= nlm  
 Equation (2.18b) is thus 
  2121'' mnml yzxyyx !!! +=  

           )1)((550)1)((500
13
2

13
3 !!!= !!  

           µ111=  
 Positive sign means that the angle BAC has decreased. 
 
______________________________________________________________________________________ 
SOLUTION (2.21) 
 
     ( a ) Applying Eqs. (2.21), 
  µ3004001002001 !=!!=J  

  244
2 )()10(44)10)(2549482( µ!=!!!+!!=J  

 and 

  36
3 )()10(58

400500200
500100300
200300200

µ=

!

!=J  

 
     ( b ) Table of direction cosines: 

  

100'
02321'
02123'

z
y
x

zyx

!
 

 
 Thus, using Eqs. (2.18a), 
  11

2
1

2
1' mlml xyyxx !""" ++=  

        µ385))((600)(100)(200 2
1

2
32

2
12

2
3 =+!=  

 
     ( c ) Use Table B.1 (with !" #  and 2!" # ): 

  µ!µ!µ! 772126598 321 "="==  
 
     ( d )  µ! 1370772598max =+=  
 
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (2.22) 
 
     ( a ) Applying Eqs. (2.21), 
  µ)10(16000400 3

1 =++=J  

  244
2 )()10(19)10)(0410240( µ=!!!++=J  

 and 

  36
3 )()10(22

6002000
2000100
0100400

µ!=

!

!=J  

 
     ( b ) Using Eq. (2.18a), 

  µ! 387))((200)(400 2
1

2
32

2
3

' =+=x  
 
     ( c ) Use Table B.1 (with !" #  and 2!" # ): 

  µ!µ!µ! 80416664 321 "===  
 
     ( d )  µ! 74480664max =+=  
______________________________________________________________________________________ 
SOLUTION (2.23) 
 
 Use Table B.1 (with !" #  and 2!" # ): 

  µ!µ!µ! 6792281807 321 "="==  
 and 
  5772.05333.06184.0 111 === nml  
 
______________________________________________________________________________________ 
SOLUTION (2.24) 
 
  µ! " 200050

10.0 === L  

  MPaA
P 5.1412

3

)012.0)(4(
)10(16 ===

!
"  

 

     ( a ) GPaE 8.70
)10(2000
)10(5.141

6

6

=== !

!

"
#  

 
     ( b ) mmd )10(92.7)12)(102000(33.0 36 !! ="==# $%&  

 )10(80.6)33.021)(10(2000)21( 46 !! ="!=!= #$e  
 
______________________________________________________________________________________ 
SOLUTION (2.25) 
 
 Nominal strain 
  µ! 33375

025.0
0 ==  

 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
2.25 (CONT.) 
 
 Nominal stress 

  MPa577.79
4)012.0(

)10(9
0 2

3

==
!

"  

        Modulus of elasticity 

  GPaE 97.238
)10(333
)10(577.79

6

6

== !  

 True strain 
  µ! 333)000333.01ln( =+=  
 True stress 
  MPa603.79)000333.01(577.79 =+=!  
______________________________________________________________________________________
SOLUTION (2.26) 
 
 
 
 
 
 

 
3 3

6
2 2

5(10 ) 20(10 ) 160 10
4x d d

!
" "

= = = #  

  min 0.0063 6.3d m mm= =  
 Also, 

  
6

9160 10 210 10
0.002

E
L

!
= = !  

 or 
  min 2.625L m=  
 
______________________________________________________________________________________
SOLUTION (2.27) 
 

(a) Axial stress in the bar s a! ! != =  is 

  600(210) 126s sE MPa! "= = =  
 Hence 

  2126[ (40 )] 158.3
4

P A kN!
"= = =  

 
     (b) Axial strain in aluminum equals 

  
6

9

126(10 ) 1,800
70(10 )

a
a

aE
!

" µ= = =  

 Therefore 
  a a s sL L! " "= +  

     6[1,800(0.5) 600(1.5)]10!= + 1.8 mm=  
 
______________________________________________________________________________________ 

L 

d 
5 kN 

2 mm 

5 kN 
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______________________________________________________________________________________
SOLUTION (2.28) 
 
 2 22( 40 4) 2.513A mm! != " =  
 

     (a) 
3

6

600 (10 ) 239
2513 (10 )

P MPa
A

!
"

! #
= = =  

 
 Since yp! !< , the result is valid. 

 Thus, 
6

9

239(10 ) 1195
200(10 )E

!
" µ= = =  

  3 65(10 )(1195 10 )L L! "# = = $ 5.98 mm=  
 
     (b) 60.3(1195)(10 ) 358t! "! µ#= # = # = #  

 6358(10 )(40)d !" = ! 0.014 mm= !  
______________________________________________________________________________________ 
SOLUTION (2.29) 
 

 
3

9 2 2

150(10 )
70(10 )( 4)(0.1 0.08 )

P
E AE
!

"
#
$

= = =
$

758 µ= !  

 
     (a) 6 3758(10 )(0.4 10 )L L! "# = = " $ 0.303 mm= !  
 
     (b) 6( ) 0.3(758)(10 )100D D! " #$ = = 0.023 mm=  
 
     (c) 6( ) 0.3(758)(10 )10t t! " #$ = = 0.0023 mm=  
______________________________________________________________________________________
SOLUTION (2.30) 
 

(a) According to assumption 1, the rubber is in triaxial stress: 

2
2

4,

4

x z y
Q Q

p
dd

! ! !
" "

= = # = # = #  

 Strains are: 0.x z! != =  The first of Eqs. (2.34) gives 

  
10 [ ( )]x x y zE

! " # " "= = $ +  

 or 

  2

40 ( )Qp p
d

!
"

= # # #  

 Solving, 

  2

4
(1 )
Qp

d
!

" !
=

#
 

                       (CONT.) 
______________________________________________________________________________________ 

x!  

z!  

y!  
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______________________________________________________________________________________ 
2.30 (CONT.) 
 

(b) Substituting the data, 
3

2

4(0.3)(5 10 ) 1.091 ( )
(0.05) (1 0.3)

p MPa C
!

"
= =

#
 

______________________________________________________________________________________
SOLUTION (2.31) 
 
 
 
 
       x y z! ! ! != = = "  
 
  
 
 

 3 3 6 34 4 (125 ) 8.18(10 )
3 3oV r mm

!
!= = =  

 
     (a) 1 [ ( )] (1 2 )x E E

!" ! # ! ! #= $ $ + = $ $  

     
6

9

160(10 ) (1 0.6) 914
70 10

µ
!

= ! = !
"

 

 
 6914(10 )250xd d! "# = = " 0.229 mm= !  
 Decrease in circumference: 
  ( ) 0.229 0.72d mm! !" = # = #  
 
     (b) (1 2 ) x oV V! "# = $  

       6 6(0.4)( 914)(10 )(8.18 10 )!= ! " 32291 mm= !  
______________________________________________________________________________________
SOLUTION (2.32) 

     (a)      
500 100' 200

2
! µ

"
= =  

      11 75' tan 7
2 300

o
p!

"= =  

      " 45 7 52os! = + =  
 

      2 275 300 309r µ= + =  

      max 2 618R! µ= =  

      1 200 309 509! µ= + =  

      2 390 200 109! µ= " + = "  
 
                       (CONT.) 
______________________________________________________________________________________ 

p=160 MPa= -! 

d=250 mm 

   2!  

 

r 

" (µ) 
1!  

   2
! (µ) 

(500, -75) 

O C 
2 'p!  

x 

y 

'!  
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______________________________________________________________________________________ 
2.32 (CONT.) 
 
 
 
 
 
 
 
 
 

     (b) 3
0.3 (500 100) 172
0.7z! ! µ= = " " = "  

 Thus, 
  max( ) 509 172 681t! µ= + =  
 
______________________________________________________________________________________
SOLUTION (2.33) 
 

       
1 ( )
2avg x y! ! != +  

              
1 (480 800) 640
2

µ= + =  

       2 2(640 800) 560r = ! +  
       
            582 µ=  
 
 
     (a) 1,2 avg r! != ±  

 1 640 582 1222! µ= + =  

 2 640 582 58! µ= " =  
 
     (b) max 2 2(582) 1164r! µ= = =  
 
     (c) max 1 3 1( ) 0t! " " "= # = # 1222 µ=  
 
______________________________________________________________________________________
SOLUTION (2.34) 
 

     (a) 
325(10 ) 69.4

(0.06 0.006)x
P

MPa
A

! = = =
"

 

 
6

9

69.4(10 ) 347
200(10 )

x
x E

!
" µ= = =  

 6(0.3)(347 10 ) 104y x! "! µ#= # = # $ = #  

                       (CONT.) 
______________________________________________________________________________________ 

52o 

109 µ 
 220 µ 

7o 
x’ 

x 200 µ 618 µ 

x’ 

x 

y’ 
509 µ 

   2!  

 

r 

" (µ) 1!  

   2
! (µ) 

480 

O 
C 

640 
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______________________________________________________________________________________ 
2.34 (CONT.) 
 

     (b) '
1 1
( ) ( ) cos 2
2 2x x y x y! ! ! ! ! "= + + #  

 For 30 :o! = "  

 '
1 1
(347 104) (347 104)cos( 60 ) 182
2 2

o
x! µ= " + + " =  

 '
1 1
(347 104) (347 104)cos( 60 ) 8.8
2 2

o
y! µ= " " + " =  

 
     (c) For 30 :o! = "  

' ' ( ) sin 2x y x y! " " #= $ $   

        (347 104)sin( 60 ) 391o µ= ! + ! =  
 
______________________________________________________________________________________
SOLUTION (2.35) 
 
 Substituting 0 , 45 ,o o

a b! != = and 90oc! = , Eqs (2.44) give 

 
1, , ( )
2a x c y b x x xy! ! ! ! ! ! ! "= = = + +  

 , , 2 ( )x a y c xy b a c! ! ! ! " ! ! != = = # +     (P2.35) 
 
 Thus, we have 
 800 , 400 , 2( 1000) ( 800 400) 1600x y xy! µ ! µ " µ= # = = # # # + = #  
 Thus, 

 2 2
1,2

800 400 1200 1600( ) ( )
2 2 2

!
" +

= ± " + "  200 1000= ! ±  

 1 2800 , 1200! µ ! µ= = "  

 11
2

1600tan [ ] 26.6
800 400

o
p!

" "
= =

" "
 

 ' 2200 600cos53.2 800sin 53.2 1200o o
x! µ != " " " = " =  

 
 Thus, 
  " 26.6op! =  
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 

800 µ 
 

26.6o 
x’ 

x 

y’ 1200 µ 
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______________________________________________________________________________________
SOLUTION (2.36) 
 
 
 
 
 
 
 
 
 
     ( a ) Hooke’s law gives 
  EEx

17)103.020( == !"#           EEy
4)203.010( == !"#  

  EExy
13)6.2(5 ==!  

 
 Then, using Eq. (2.14a) with 2! ! "= + , 

  E
o

EEy
4

2
13

2
1

' 90sin0)417( =!!+="  

 Thus, 
  mBD EyBD

283.0
' ))(( ==! "  

 
     ( b ) Applying Eqs. (1.18a,c): 
  MPaoo

x 2090sin590cos2
10

2
30

' =++=!  

  MPaoo
y 1090sin590cos515' =!!="  

 As before, Hooke’s law yields 
  EEy

4)203.010(
' == !"#  

 and 
  mBD EyBD

283.0
' ))(( ==! "  

______________________________________________________________________________________
SOLUTION (2.37) 
 
 The generalized Hooke’s law gives 
  )]([0 1

zyxEx !!"!# +$==  

  )]([0 1
yxzEz !!"!# +$==  

 or yzxyzx !""!"!"!"" =+#=#  

 Solving, 
  yzx !!! "#== 1

1  

 Thus 
  !

!"" ##== 1
p

zx  
______________________________________________________________________________________
SOLUTION (2.38) 
 
 Using Eqs. (2.46): 

  )2240(}]100)200[()100100{( 2
122

2
1

2,1
2
1

±=+!±+!="  
                       (CONT.) 
______________________________________________________________________________________ 

10 MPa 

x 

20 MPa 

B 

5 MPa D 

45o 
x’ 

50 mm 

50 
y’ 

mDB 2005.0=  

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 2–18 
 

______________________________________________________________________________________ 
2.38 (CONT.) 
 
 or µ!µ! 112112 21 "==  

 )](0[ 3.1
224

2
)10(200

2,1

3

±=!  
 or 
  MPaMPa 2.172.17 21 !== ""  
 and 
  o

p 28.13tan 200
1001

2
1 !== !

!"  
 Equations (2.44), 
  cabxycyax !!!"!!!! ##=== 2  
        Equation (2.14a) gives 
  µ! 112)56.26sin(50)56.26cos(1000' "="+""= oo

x  
 Thus, 
  o

p 28.13'' !="  

 
______________________________________________________________________________________
SOLUTION (2.39) 
 
 We have 
  µ!!!! 1200=+=+ cayx  
 and the first two of Eqs. (2.44): 
  )15cos()15sin()15(sin)15(cos1000 22 oo

xy
o

y
o

x !!+!+!= "##  

  oo
xy

o
y

o
x 30cos30sin30sin30cos250 22 !"" ++=#  

        These may be written 
  xy !! "= 1200  

  xyyx !"" 25.0067.0933.01000 #+=  

  xyyx !"" 433.025.075.0250 ++=#  
 Solving, 
  µ!µ"µ" 1873678522 #=== xyyx  
 
______________________________________________________________________________________
SOLUTION (2.40) 
 
     ( a ) We have 
  µ!! 50"== yc  
 First two of Eqs. (2.44): 

  ))(()(50)(400 2
3

2
1

4
1

4
3

xyx !" +#=  

  ))(()(50)(300 2
3

2
1

4
1

4
3 !+!= xyx "#  

 Solving, 
  µ!µ" 116482 == xyx  
                       (CONT.) 
______________________________________________________________________________________ 
 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 2–19 
 

______________________________________________________________________________________ 
2.40 (CONT.) 
 
        Applying Eq. (2.16), 

  2
1

]58)[( 22
2
50483

2
50483

2,1 +±= +!"  
 or 
  µ!µ! 56489 21 "==  
 Thus, 
  µ!!" 54521max =#=  
 
     ( b ) Using Eq. (3.11b) of Chap.3, 
  31 217)50.483( !µ! "

" =#=#= #z  
 Hence, 
  µ!!" 706)( 31max =#=t  
 
 
______________________________________________________________________________________
SOLUTION (2.41) 
 
 From Eqs. (2.35), (2.37), and (2.38), we have 

  25.01
)1080(2
)10(200
9

9

=!=
"

#  

)10(80 9
5.025.1
)10(20025.0 9

== !
!"  

 and 
  µ500300200 =+=e  
 
 Then, Eqs. (2.36) lead to the following stress components, ][ ij! : 

  MPa
!
!
!

"

#

$
$
$

%

&

40640
648816
01672

 

   
______________________________________________________________________________________
SOLUTION (2.42) 
 
 Equation (2.35) yields 

  25.0
)1080(2
)10(200
9

9

!=
"

#  

 Then, introducing the given data into the generalized Hooke’s law, Eqs. (2.34), we calculate 
 the following strain components, ][ ij! : 
 

  µ

!
!
!

"

#

$
$
$

%

&

''

'

505.6225.31
5.6275.4325
25.312525.81

 

 
 
______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (2.43) 
 
 Using Eq. (2.35), 

  GPaG 92.26)3.01(2
)10(79 9

== +  

 For x=1 m, y=2 m, and z=4 m, we obtain ][ ij! : 

  MPa
!
!
!

"

#

$
$
$

%

&

518
1548
84834

 

 Then, Eqs. (2.34) yield ][ ij! : 

  µ

!
!
!

"

#

$
$
$

%

&

'

'

9619149
1996892
149892443

 

______________________________________________________________________________________
SOLUTION (2.44) 
 
 Substituting x=3/4 m, y=1/4 m, and z=1/2 m into Eqs. (d) of Example 1.2, we have ][ ij! : 

  MPa
!
!
!

"

#

$
$
$

%

&'

125.00234.0
0875.0234.0
234.0625.2359.0

 

 Equation (2.35) gives, 

  GPaG 80)25.01(2
)10(200 9

== +  

 Applying Hooke’s law, we compute the strain components ][ ij! : 

  µ

!
!
!

"

#

$
$
$

%

&'

003
0533
3333

 

______________________________________________________________________________________
SOLUTION (2.45) 
 
 We have 0=z! . Using Hooke’s law: 

  µ!""# 1286)60()( 3
90

1070
11

3 =$=$=
%yxEx  

  µ!""# 1571)90()( 3
60

1070
11

3 =$=$=
%zyEy  

  µ!!" # 714)9060()( 310210
1 $=+$=+$=
%yxEz  

 
     ( a ) mmbyAB 628.0)400)(101571( 6 =!==" #$  

     ( b ) µ!!! 214371415711286 ="+=++= zyxe  

 36
0 102.110400300 mmV !=!!=  

 366
0 6.571,2)102.1)(102143( mmeVV =!!==" #  

______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (2.46) 
 
     ( a ) Using generalized Hooke’s law, 
  µ! 165)]4050(3.060[

)10(200
10

9

6
"=""""=x  

  µ! 100)]4060(3.050[
)10(200

1
3 "=""""=y  

  µ! 35)]5060(3.040[
)10(200

1
3 "=""""=z  

 Thus, 
  mmaa x 04125.0!==" #  

  mmbb y 02.0!==" #  

  mmcc z 00525.0!==" #  
 
     ( b )  µ!!! 300"=++= zyxe  

 and 32250)( mmabceV !=="  
 
______________________________________________________________________________________
SOLUTION (2.47) 
 
 Applying generalized Hooke’s law, 
  µ! 1214)]1530(70[ 3

1
)10(70

10
9

6
="""=x  

  µ! 691)]1570(30[ 3
1

)10(70
1
3 "="""=y  

  µ! 405)]3070(15[ 3
1

)10(70
1
3 "="""=z  

 
 Thus, 
  mmaa x 1821.0==! "  

  mmbb y 0691.0!==" #  

  mmcc z 0304.0!==" #  
 
     ( b )  µ!!! 118=++= zyxe  
 and 
  375.132)( mmabceV ==!  
 
______________________________________________________________________________________
SOLUTION (2.48) 
 
 We have 

  GPaG 96.76)3.01(2
)10(200 9

== +  

  )10(11.111 9
)4.0(3.1
)10(2003.0 9

== !"  

  Let ccc 345 321 === !!!  
 We then obtain e=12c. 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
2.48 (CONT.) 
 
 Using the first of Eqs. (2.36),   
  eG !"# += 11 2  
 or 
  )12)(10(11.111)5)(1096.76(2)10(140 996 cc +!=  
 This yields 
  )10(587.66 6!=c  
 Hence, 
  µ!µ!µ! 761.199348.266935.332 321 ===  
 
        Now applying Eqs. (2.36), we calculate the principal stresses as follows: 
  MPa947.139782.88165.511 =+=!  

  MPa757.129782.88975.402 =+=!  

  MPa513.119782.88731.303 =+=!  
 Therefore 
  947.139:757.129:513.119:: 123 =!!!  
 or 
  171.1:086.1:1:: 123 =!!!  
______________________________________________________________________________________
SOLUTION (2.49) 
 
     ( a )  y

v
Eyx

u
Ex !

!
!
! ="=== #$$ %%  

 
 Integrating; 
  )()( xgyvyfxu EE +!=+= "##      (a) 
 Then 
  0=+ !

!
!
!

x
v

y
u  

 
 gives 
  0)()( =+ !

!
!

!
x
xg

y
yf  or cy

yf
x
xg =!= "

"
"

" )()(  

 Integration leads to 
  ecyyfdcxxg +!=+= )()(  
 Equations (a) are thus 
  dcxyvecyxu EE ++!=+!= "##  
 Boundary conditions u(0,0)=0 and v(0,0)=0 result in c=d=e=0. Thus 
  yvxu EE

!"" #==  
 
     ( b )  .. constconst EyEx =!=== "## $$  
 
 Hence xux =!  and .yy !" #=  Therefore 

  xu E
!=  and yv E

!"#=  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (2.50) 
 
 Equations (2.34) become 

  E
cxcy

x

22 !" +=           E
cycx

y

22 !" +#=  
 Integrating, 

  )()3(),( 1
32

3 ygxxydxyxu E
c

x ++== ! "#     (1) 

  )()3(),( 2
22

3 xgyxydyyxv E
c

y ++== ! "#     (2) 

 Given: 00 =+== !
!

!
!

x
v

y
u

xyxy ""       (3) 
 From Eq. (1), 
  xyE

c
dy
dg

y
u 21 +=!
!        (a) 

 Equation (2) leads to 
  xyE

c
dx
dg

x
v 22 !="
"        (b) 

        Substituting Eqs. (a) and (b) into Eq. (3): 
  11 22 21 axyaxy E

c
dx
dg

E
c

dy
dg +!=+=  

 from which, after integration, 
  21

2
1 )( ayaxyyg E

c ++=  

  21
2

2 )( axayxxg E
c !!!=  

        Constants 1a  and 2a  are obtained upon satisfying the prescribed boundary conditions. 
 Substitution of Eqs. (4) into Eqs. (1) and (2) yields the solution for displacement field. 
 
______________________________________________________________________________________
SOLUTION (2.51) 
 
 Equations (2.39) and (2.35) give 
  )21(3

)1(2
)21(3 !

!
! "

+
" == GEK  

 Also, )21)(1(3
)1(2

)21(3 !!
!

! "+
+

" == EEK  

       )1(3)21)(1()21)(1(3
)213(

!!!
!

!!
!!

+"+"+
"+ +== EEE  

     )( 32G+= !  
 Equations (2.39) and (2.35) yield 

  )21()213(
)21(

)1(2
)21(3

!!
!

!
!

"+"
"

+
" == EKG }1)]21(3{[

)21(2

!!
!= "
"

E
E  

       EK
KE

E
E
E

E !
!

! =
!

= 9
3

21
1

3
9

)21(3
3 2

"

"  

 Equations (2.35) and (2.39) give, 
  )21(3)1(2 EKEGE !=+= "  
 and 

  
)1(2

1)1(2)23( ]3[

!

!!
" "

"

+

++
+
+

+

+
=

E

EE

G
GG  

 The above expression, after substituting ! from Eq. (2.38) and simplifying, reduce to E. 
                       (CONT.) 
______________________________________________________________________________________ 

(4) 
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______________________________________________________________________________________ 
2.51 (CONT.) 
 
        From formula (2.39), 
   K

E
3)21( =! "  

 or K
EK

K
E

6
3

62
1 !=!="  

 We also have 
  G

E
G
EG 22 )1(1 =+!= "  

 or 
  12 != G

E"  
 This expression is written as 
  11 2

6
2
3

2
)21(3 !!=!= !

G
K

G
K

G
K """  

 from which 
  1)1( 2

3
2
6

2
6 !=+=+ G

K
GG

K "" ""  
 or 
  )3(2

23
GK
GK
+
!="  

 
        Finally, we write 
  !

!
!!

!" 21
2

)21)(1(2
2

##+ == GE  

 or 
  02)21( =!! G"#"  
 This yields, 
  )(2 G+= !

!"  
 
______________________________________________________________________________________
SOLUTION (2.52) 
 
 Equations (2.4) yield, 
  E

xa
x

)( != "#           E
xa

y
)( !!= "#$           0=+!= E

y
E
y

xy
"#"##  

 The stresses are therefore, 
  )()(21

xayx
E

x !=+=
!

"#$$%
#

 

  0)(21
=+=

! xy
E

y "##$
"

 

  0== xyxy G!"  

 
 At x=0 and x=a, we have 
  0== xx a !"!  
 
        Applying Eqs. (1.48) at x=a, we obtain 

  
!
"

!
#

$

!
%

!
&

'

=
!
"

!
#

$

!
%

!
&

'

(
(
(

)

*

+
+
+

,

-

=
!
"

!
#

$

!
%

!
&

'

0
0
0

0
0
1

000
000
000

z

y

x

p
p
p

 

 
 This is, boundary conditions at x=a are satisfied. 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
2.52 (CONT.) 
 
        At by ±= , stresses are 

  0)( ==!= xyyx xa "#$#  

 and 

  
!
"

!
#

$

!
%

!
&

'

=
!
"

!
#

$

!
%

!
&

'

±

(
(
(

)

*

+
+
+

,

- .

=
!
"

!
#

$

!
%

!
&

'

0
0
0

0
1
0

000
000
00)( /ax

p
p
p

z

y

x

 

 
 We see that boundary conditions at by ±=  are also satisfied. 
______________________________________________________________________________________
SOLUTION (2.53) 
 
 Equations (2.4) give, 
  E

z
yE

z
x

!"!" ## $=$= ,  

  0, ==== xzyzxyE
z

z !!!" !  

 Equations (2.12) are satisfied by the above strains. 
 
        Equations (2.36) and (a) yield, 
  0)(2 =+++= zyxxx G !!!"!#  

 and 
  00 ===== xzyxxyzy z !!""##  

 Note that  !"=== zyx FandFF 0  
 Thus, the first of Eqs. (1.14) are satisfied, and the third leads to 
  000 =+++ !

!
zz Fz"  or 0=! ""  

 
        At ends, since x’ and z are parallel, n=cos(x’,z)= ± 1. 

Thus, boundary conditions (1.48) at z=L: 
  0000 =++=xp           0000 =++=yp  

  LLpz !! =++= )1(00  
 as required. Similarly, at z=0: 
  0)1)(0(00 =!=== "zyx ppp  

 
 Therefore, all equations of elasticity are satisfied. 
______________________________________________________________________________________
SOLUTION (2.54) 
 
 
 
     Using Eq. (2.59), with 211 PPP += : 

      AE
LPPU 2

)( 2
21+=  

 
                       (CONT.) 
______________________________________________________________________________________ 

L 

P1 

P2 

(a) 
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______________________________________________________________________________________ 
2.54 (CONT.) 
 
 From Example 2.8, with PPP == 21 : 

  AE
LP

Ev ALU 312
22 )( == !           AE

LP
Ed ALU 3

5
12
5 22 )( == !  

 Hence, 
  AE

LP
dv UUU 22=+=  

______________________________________________________________________________________
SOLUTION (2.55) 
 
 We have 

  AE
LPU 21
2

=           18
5

)2(2
)43(

2
)4(

2

22

UU AE
LP

AE
LP =+=  

 And 

  112
5

)3(2
)87(

2
)8(

3

22

UU AE
LP

AE
LP =+=  

        Comparison of these results show that strain energy decreases as the volume of  
the bar is increased, although all three bars have the same maximum stress. 

______________________________________________________________________________________
SOLUTION (2.56) 
 
 Stress field is described by 
  0, ===!=== yzxzxyzyx p """###  
     ( a ) Equation (2.37) reduces to 
  ;)21(3

E
pe !""=           

)10(110
)]32(1[3
9005.0 p!!=!  

 or 
  MPap 550=  
 
     ( b ) Equation (2.52) becomes 

  )()( 222222
2
1

0 pPppppU EE ++!++= "
E

p
2

)21(3 2 !"=  

         MPa375.1)1( 3
2

)10110(2
)10550(3
9

26

=!=
"

"  

 Thus, 
  )15.0)(10(375.1 3

3
46

00 !== "VUU  

       mkN != 439.19  
 
______________________________________________________________________________________
SOLUTION (2.57) 
 
 Substituting the given data into Eq. (2.52), we have 

  )200024003000()405060( 200
)10(3.0222

)200(2
10

0

33
++!++=U  

         kPa15.8=  
 Thus, 
  )(0 abcUU =  

       )15.02.025.0)(10(15.8 3 !!=  
       mN != 125.61  
______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (2.58) 
 
 Equation (2.59) leads to 

  )3( 2

2

2

22
1

8)(2
)4(

2
)43(

nAE
LP

EAn
LP

AE
LP

nU +=+=  

         AE
LP

n
n

24
31 2

2

2+=  
 We have, 
  for AE

LPUn 21
2:1 ==  

 Thus, for 4
7

212
1 1: UUn ==  

  for 16
13

2
1:2 UUn ==  

 Hence, 
  121 UU >      and     12 UU <  

______________________________________________________________________________________
SOLUTION (2.59) 
 

     ( a ) !!!! +== dAdxdAdxU I
My

A
P

EE
2

2
12

2
1 )("  

 Since 0=! ydA , this becomes: 

  ! ! +=+= baEI
dxM

AE
dxP UUU 22

22
 

 Here 

  !"
#

$%
& += ' '
a b

DBADEIb dxMdxMU
0 0

22
2
1  

         !"
#

$%
& +'= ((

b

L
xMa

L
xM

EI dxdx
0

2'

0

2
2
1 ')()( 00  

         )( 33
6 2

2
0 ba

EIL
M +=  

 Thus, )( 33
62 2

2
02 baU

EIL
M

AE
LP ++=  

 
     ( b ) Substituting the given data: 

   239

23

93

23

)2.1)(121.0075.0)(1070(6
)729.0027.0()102(

)1070)(105.7(2
)2.1()108(

!!

+!

!!

! += "U  

        mN !=+= 8731.08.00731.0  
______________________________________________________________________________________
SOLUTION (2.60) 
 

 ! +==
Gd

LT

Gd

LT
JG
LTU

)
32
(2

)2(

)
32
(2

)2(
2 4

2

2

4
1

22

""  

      )( 4
2

4
1

2 118
ddG

LT += !         (a) 

 ! +==
Gd

LT

Gd

LT
JG
TL

4
2

4
1 32

)2(

32

)2(
""#  

      )( 4
2

4
1

1116
ddG

TL += !         (b) 

 Solving T from Eq. (b) and substituting into Eq. (a) result in Eq. (P2.60). 
 
______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (2.61) 
 
 We have for segment TTAB AB 3, =  and for segment TTBC BC =,  
 

     ( a ) 
16)4.1(
)2.1(9

2 4

22 )(
Gd
aT

ABJG
LT

ABU
!

==
Gd
aT
4

2977.44
!

=  

 and 
Gd
aT

BCJG
LT

BCU 4

22 16
2 )(

!
==  

 The total energy is thus 
  

Gd
aTU 4

2981.60
!

=  
     ( b ) Substituting the given data into the above equation, 

  mkNU !==
"

" 831.2981.60
)1042()02.0(
)5.0()104.1(
94

23

#
 

 
______________________________________________________________________________________
SOLUTION (2.62) 
 
 
 
 
 
 
 
 
 The maximum bending moment occurs at the midspan: 

  2

2

3

2
max

4
3

12
)2)(8(

max bh
pL

bh
hpL

I
cM ==!  

 Maximum strain energy density, 

  42

422
max

32
9

2max,0 hEb
Lp

EU == !  
 Using Eq. (2.63), we obtain 

  ! "=
L p

EI dxxLxU
0

222
22

1 )()(  

       3

5252

20240 Ebh
Lp

EI
Lp ==  

        It is required to find c: 
  V

cUU =max,0      or     U
VUc max,0=  

 Thus, 8
45

2032
9

35242

42

==
EbhLp

bhl
hEb
Lpc  

 and  

V
UU 8

45
max,0 =  

 
______________________________________________________________________________________
SOLUTION (2.63) 
 
 
 
        
 
 
                       (CONT.) 
______________________________________________________________________________________ 

2
pL  2

pL  L 
x 

)( 2
2 xLxM p !=  

b 
h 

L
Pa  a 

x 
L 

x’ 

P 
A 

B C PxM AB =  

L
Pax

BCM =  
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______________________________________________________________________________________ 
2.63 (CONT.) 
 
 We have 

  EI
aP

a

EIAB dxPxU 602
1 32)( == !  

  EI
LaP

a

L
Pax

EIBC dxU 60

2
2
1 22')( == !  

 
 Therefore 
  )(6

22 aLUUU EI
aP

BCAB +=+=  
 
______________________________________________________________________________________
SOLUTION (2.64) 
 
 
 
         
         
 
 
 
 
 We have 

  EI
LM

EI
L

L
MP

EI
L

L
MP

ABEIAB MdxMU
L

482048
2

20

2
2
1

2
020302 ))(()()( +!+!== "  

  )()(' 48
2

202
1 302

EI
L

L
MP

BCEIBC

L

dxMU +== !  

 Thus 
  BCAB UUU +=  

       EI
LM

EI
LPM

EI
LP

61696

2
0

2
032
++=  

 
______________________________________________________________________________________
SOLUTION (2.65) 
 
 Equation (2.66) yields 
  222

3
1 )193.8()3.86.4()6.419[( +!+++!!=oct"  

          MPa11.15]8.1145.6 2
122 =++  

 
        Applying Eqs. (2.65) and (2.64), respectively, 
  PaU d 71.2226)11.15( 2

)109.76(4
3

0 9 ==
!

 

 and 

  PaU v 76.171
)1067.166(18
)10()3.86.419(

0 9

122

==
!

"+"  

 
 It follows that 

  1396.12
0

0 !=
v

d
U
U  

 
______________________________________________________________________________________ 

L
MP o+2

 
L/2 
x 

L/2 
x’ 

P 
A B 

C 
xM L

MP
AC

o )( 2 !=  

')( 2 xM L
MP

BC
o+=  

L
MP o!2  

oM  

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 2–30 
 

______________________________________________________________________________________
SOLUTION (2.66) 
 
 Dilatational stress is 
  MPam 33.633

)4050200( == +!"  
 Distortional stresses are then 
  MPamx 6.13633.63200 =!=!""  

  MPamy 3.11333.6350 !=!!=!""  

  MPamz 33.2333.6340 !=!=!""  
 
 Dilatational and deviator stress matrices are, respectively, 

  MPa
!
!
!

"

#

$
$
$

%

&

33.6300
033.630
0033.63

 

 and 

  MPa
!
!
!

"

#

$
$
$

%

&

'

'

33.23010
03.11320
10206.136

 

 
        Next, substitute the above deviator stresses into Eq. (1.33). Then, solve the resulting 

equation for principal deviator stresses, using Table B.1: 
 
  MPad 8.1381 =!           MPad 9.232 !="           MPad 9.1143 !="  
 
______________________________________________________________________________________
SOLUTION (2.67) 
 
 Only existing stresses are: !!"" == xyx  
 Here, 

  MPa
r
T 95.583

3

3 )06.0(
)1020(22 === !

""
#  

  MPa
r
M 42.883

3

3 )06.0(
)1015(44 === !

""
#  

 We have 
  3

2
5
2 EE KG ==  

 
        Equations (2.64) and (2.65): 

  )200(12
)10()42.88(

12180

3222
=== EKvU !!  

          kPa258.3=  

  )3.425,101.7818()3( )200(12
)10(522

12
5

0

2

+=+= !"EdU  

           kPa007.38=  
 Thus, 
  kPaUUU odv 265.4100 =+=  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (2.68) 
 
 Principal stresses are 

  0,][ 3
2

422,1
2
12

=+±= !"! !!  
 and 

  2
1

)62( 22
3
1 !"! +=oct  

 
 Equations (2.64) and (2.65) are therefore 
  2

6
21

18
2
2

2
118

1
0

2)( !!! "!
EKKvU #==+=  

  )3( 22
3
12

4
3

0 !"! # +== +
EoctGdU  

 
______________________________________________________________________________________
SOLUTION (2.69) 
 
 Only existing stress components are: !!"" == xyx  
 where, 
  32

2
r
T

r
P

!!
"# ==  

 The area properties are:  2
2 4rJrA !! ==  

 Thus, Eqs. (2.64) and (2.65) become  
  EEKvU 12

2
6
21

180
22 !"! ! === #  

  EEoctGdU 4
5

12
52

4
3

0
22 !"! +==  

 
        The components of strain energy are 

  != dVUU vv 0 Er
LP

A
P

E dx 2

22

1212
1

!
== "  

  != dVUU dd 0 !! += dxdx J
T

EE
P

E
22

4
5

12
5  

         
Er
LT

Er
LP

4

2

2

2

2
5

12
5

!!
+=  

 
 Total strain energy is therefore 
  )5( 2

2

2
2

2 r
T

Er
L PU +=
!

 
 
 
        End of Chapter 2  
 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 3–1 
 

CHAPTER 3  
 
SOLUTION (3.1) 
 
     ( a ) We obtain 
 pxypxy

yxyx
6012 22

4

4

4

4

4
==!=

""
#"

"
#"

"
#"  

 Thus, 0)6(2124 =+!="# pxypxy  
 
 and the given stress field represents a possible solution. 
 
     ( b )  ypxpxy

x
33 22

2
!=

"
#"  

 Integrating twice 

  )()( 21106

533

yfxyfypxypx ++!="  

 The above is substituted into 04 =!"  to obtain 

  04
2

4

4
1

4 )()( =+
dy

yfd
dy
yfd x  

 This is possible only if 

  00 4
2

4

4
1

4 )()( ==
dy

yfd
dy
yfd  

 We find then 
  76

2
5

3
41 cycycycf +++=  

  1110
2

9
3

82 cycycycf +++=  
 Therefore, 

  1110
2

9
3

876
2

5
3

4106 )(
533

cycycycxcycycycypxypx ++++++++!="  
     ( c ) Edge y=0: 

  
4 5

3 32 5( ) 2
a a px pa t

x xya a
V tdx c tdx c at!

" "
= = + = +# #  

  !! ""
===

a

a

a

a yy tdxtdxP 0)0(#  

 Edge y=b: 

  
42 2 23

1 32 2( )
a px

x a
V px b c b c tdx

!
= ! + + +"  

        tcbcatbpa a )(2)( 3
2

15
23 2

++!!=  

  3 3( 2 ) 0
a

y a
P pxb px b tdx

!
= ! ="  

______________________________________________________________________________________ 
SOLUTION (3.2) 
 
 Edge :ax ±=  
  0:0 3

4
2
12

1
22

2
3 =+++!= cpaycypaxy"  

  0:0 3
4

2
12

1
22

2
3 =+++!= cpaycypaxy"  

 Adding, 02)23( 3
42

1
2 =+++! cpaycpa  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.2 (CONT.) 
 
 or 4

2
1

3
2

2
3

1 pacpac !==  
 Edge :ax =  
  02:0 21

3 =+!= ycaycypax"  
 or 
  3

2 2pac =  
______________________________________________________________________________________ 
SOLUTION (3.3) 
 
     ( a ) Equations (3.6) become 

  00 ==+ !

!

!

!

!
!

xyx
xyxyx ""#  

 Substituting the given stresses, we have 
  02 32 =! ycyc  
 Thus 
  == 132 2 ccc arbitrary 
 
     ( b ) )( 22

221
2 ybxycyc c

xyx !=+= "#  

 Assume 01 >c  and 02 >c . 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (3.4) 
 
 Boundary conditions, Eq. (3.6): 

  00 =+=+ !

!

!

!

!

!

!
!

yxyx
yxyxyx "##"  

 or 0)22(0)22( =+!=! yababxabab  
 are fulfilled. 
        However, equation of compatibility: 
  0))(( 2

2

2

2
=++

!
!

!
!

yxyx
""  or 04 !ab  is not satisfied. 

 
 Thus, the stress field given does not meet requirements for solution. 
 
______________________________________________________________________________________ 
SOLUTION (3.5) 
 
 It is readily shown that 
  01

4 =!"           is satisfied 

  02
4 =!"           is satisfied 

                       (CONT.) 
______________________________________________________________________________________ 

y 
)( 22

2
2 ybc

xy !="  

yaccx )( 21 +=!  

x 
)( 22

2
2 ybc

xy !="  

ycx 1=!  

b 

b 

a 
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______________________________________________________________________________________ 
3.5 (CONT.) 
 
 We have 

  bac yxxyxyyx !=!===== ""
#"

"

#"

"

#" 1
2

2
1

2

2
1

2

,2,2 $%%  

 Thus, stresses are uniform over the body. 
  Similarly, for 2! : 

  cybxbyaxdycx xyyx 222662 !!=+=+= "##  

 
 Thus, stresses vary linearly with respect to x and y over the body. 
______________________________________________________________________________________ 
SOLUTION (3.6) 
 
 Note: Since 0=z! and 0=y! , we have plane stress in xy plane and plane strain  

in xz plane, respectively. 
        Equations of compatibility and equilibrium are satisfied by 
  00 =!=!= zyx c """"  

  0=== xzyzxy !!!  
 We have 
  0=y!          (b) 

 
 Stress-strain relations become 

  EyEx
xyyx )()( , !""!"" ## $$ ==  

  0,)( ==== +!
xzyzxyEz

yx """# $$%
 

 Substituting Eqs. (a,b) into Eqs. (c), and solving 

  Ezy
0)1(

0
!""#"!! +=$=  

  0
0

2 )1( =!= !
yEx "" #

$  

 
 Then, Eqs. (2.3) yield, after integrating: 

  00
2 )1( =!= ! vu E

x"#  

  E
zw 0)1( !"" +=  

______________________________________________________________________________________ 
SOLUTION (3.7) 
 
 Equations of equilibrium, 

  022,0 =+=+ !

!

!
! axyaxyyx

xyx "#  

  0,0 22 =!=+ "

"

"

" ayayxy
yxy #$

 
 are satisfied. Equation (3.12) gives 
  04))(( 2

2

2

2
!"=++

#
#

#
# ayyxyx

$$  

 
 Compatibility is violated; solution is not valid. 
 
______________________________________________________________________________________ 

(a) 

(c) 
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______________________________________________________________________________________ 
SOLUTION (3.8) 
 
 We have 

  ayay yxxy
xyyx 220

2

2

2

2

2

=!== ""

"

"

"

"

" #$$  

 Equation of compatibility, Eq. (3.8) is satisfied. Stresses are 
  )()( 23

11 22 yxxaE
yx

E
x !!""#

!!
+=+=

$$
 

  )()( 32
11 22 xyxaE

xy
E

y !!""#
!!

+=+=
$$

 

  2
)1(2 xyG aE

xyxy !"# +==  

Equations (3.6) become 
  0)23( 1

2
1 2 =++ +!

xyxyx aEaE
""

"  

  02
1

2
1 22 =+

!!
xy aEaE

""
 

 
 These cannot be true for all values of x and y. Thus, Solution is not valid. 
______________________________________________________________________________________ 
SOLUTION (3.9) 
 
  axcx y

v
yx

u
x 22 ==!== "

"
"
" #$#  

  022 =+!=+= "
"

"
" cycyx

v
y
u

xy#  
 Thus 
  xyxyyx

E
x G!"#$$%

#
==+=

&
0)(21

 

  Ecxxy
E

y 2)(21
=+=

!
"##$

"
 

 Note that this is a state of pure bending. 
______________________________________________________________________________________ 
SOLUTION (3.10) 
 
     ( a ) 236,02

2 pxpxy xyyyx !====
"
#" $%%  

 Note that 04 =!"  is satisfied. 
 
     ( b ) 
 
 
 
 
 
 
 
 
 
 
 
 
     ( c ) Edge 0:0 === xy PVx  

 Edge 0: == xPax  
                       (CONT.) 
______________________________________________________________________________________ 

y 

x 

pbxy 6=!  
23pxxy =!  

0=x!  

23paxy =!  

0=y!  23pxxy =!  

0=x!  

0=xy!  b 

a 

2a 

2b 
O 

y 

x 

2Eac 

2Eac 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 3–5 
 

______________________________________________________________________________________
3.10 (CONT.) 

  !== " btpatdyV
b

xyy
2

0
3#  

 Edge 0:0 == yPy  

  !== " tpatdxV
a

xyx
3

0
#  

 Edge !== tpaVby x
3:  

  !== " btpatdxP
a

yy
2

0
3#  

______________________________________________________________________________________ 
SOLUTION (3.11) 
 
     ( a ) We have 04 !"#  is not satisfied. 

  2

2

2

2

2

2

2

2

2
)4()( ,,

a
yxyp

xya
xyxp

xa
py

xy
++

!
"! #==== $%%  

 
     ( b ) 
 
 
 
 
 
 
 
 
 

     ( c ) Edge 
2

2
1
620

0 : 0
a py

y xa
x V dy pat P= = = =!  

 Edge :ax =  

  !== " pattdyV
a

xyy 6
7

0
#  

  !== " pattdyP
a

xx 2
3

0
#  

 Edge 00:0 === yx PVy  
 Edge :ay =  

  !== " pattdxV
a

xyx 2
3

0
#  

  !== " patptdxP
a

yy 0
#  

______________________________________________________________________________________ 
SOLUTION (3.12) 
 
     ( a ) We have 04 =!"  is satisfied. The stresses are 
  0)126( 2

2

32

2
==!!==

"
#"

"
#"

xyb
px

yx yb $$  

  )(3

2 6 yb
b
py

yxxy !=!= ""
#"$  

                     (CONT.) 
 
______________________________________________________________________________________ 

y 

py =!  

0=x!  

2

2

2a
py

xy !="  

)41(2 a
xp

xy +=!  
2p 

p x 

)4(22
ya

a
py

xy +=!  

)1( a
y

x p +=!  

0,0 == xyy !"  

a 

a 
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______________________________________________________________________________________
3.12 (CONT.) 
 
     ( b ) 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (3.13) 
 
 We have 
  2222 ],[tan 1

yx
yPy

xyx
xy

x
yP

y +

!
"
#"

+

!
"
#" !=+!= $$  

  ][ 222

222

222

2

)(
2)(

yx
xyxyx

yx
xP

y +

!+

+"
#" +!= $  

 
 The stresses are thus, 
  222

3

2

2

)(
2

yx
xP

yx +!
"! #== $%  

  222

2

2

2

)(
2

yx
xyP

xy +!
"! #== $%  

222

22

)(
2

yx
yxP

yxxy +!!
"! #=#= $%  

 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (3.14) 
 
 Various derivatives of !  are: 

  0),( 2

2

2

32
0
4 =!!=

"
#"

"
#"

xh
y

h
y

x y$  

  )1(,0 2

2
02

22

4 32
4 h

y
h
y

yxyx
!!== ""

#"
""
#" $  

  )22( 2
0

2

2 66
4 h

Ly
h
xy

hy
Lx ++!!=

"
#" $  

  0,0 4

4

4

4
==

!
"!

!
"!

yx
 

 
 It is clear that Eqs. (a) satisfy Eq. (3.17). On the basis of Eq. (a) and  (3.16), we obtain 
 
                       (CONT.) 
______________________________________________________________________________________ 

(a) 

y 

)126(3 yb
b
pa

x !!="  

xy!  
x 

xy!  b 

a 

L LP !2  

P 

x!  

xy!  
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______________________________________________________________________________________ 
3.14 (CONT.) 
 

  0),22( 66
4
0 =++!!= yh

Ly
h
xy

hx Lx "" #  

  )1( 2

2
0 32
4 h

y
h
y

xy !!!= ""  
        From Eqs. (b), we determine 
  Edge 00: !!" === xyyhy  

  Edge 00: ==!= xyyhy "#  

  Edge  )1(,0: 2

2
0 32
4 h

y
h
y

xyxLx !!!=== ""#  

 It is observed from the above that boundary conditions are satisfied at hy ±= , 
 but not at Lx = . 
______________________________________________________________________________________ 
SOLUTION (3.15) 
 
     ( a )  For de 5,04 !=="# and a, b, c are arbitrary. 

 Thus )5( 325322 yxydcyybxax !+++="     (1) 
 
     ( b ) The stresses: 
  )32(106 23

2

2 yxydcy
yx !+==
"
#"$      (2) 

  310222

2 dybya
xy !+==
"
#"$       (3) 

23022 dxybxyxxy !!=!= ""
#"$       (4) 

 
 Boundary conditions: 
  0=!= xyy p "#   (at y=h)     (5) 

 Equations (3), (4), and (5) give 
  pdhadhb !=!!= 32 40215      (6) 

  000 === !!! """

h

h xy

h

h x

h

h x dydyydy #$$  (at x=0)  (7) 

 Equations (2), (4), and (7) yield 
  22dhc !=         (8) 
 Similarly 
  00 == xyy !"   (at y=-h) 

 give 320dha =         (9) 
 
        Solution of Eqs. (6), (8), and (9) results in 
  33 16804016

3
4 h

p
h
p

h
p

h
pp edcba !==!=!=!=  (10) 

 The stresses are therefore 
  )32( 23

820
3

3 yxy
h
p

h
py

x !+!="  

  3

3

88
3

2 h
py

h
pyp

y !!!="  

  )1( 2

2

8
3

h
y

h
px

xy !="  
______________________________________________________________________________________ 
 

(b) 
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______________________________________________________________________________________ 
SOLUTION (3.16) 
 
 We obtain 

  2

22

2

2 )2(
a
yxp

yx
!

"
#" ==$  

  2

2

2

2

a
py

xy ==
!
"!#         (a) 

  2

2 2
a
pxy

yxxy !=!= ""
#"$  

 
 Taking higher derivatives of ! , it is seen that Eq. (3.17) is not satisfied. 
 
        Stress field along the edges of the plate, as determined from Eqs. (a),  

is sketched bellow. 
 
 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (3.17) 
 
 The first of Eqs. (3.6) with 0=xF  

  I
pxy

y
xy =!

!"
 

 Integrating, 

  )(12

2

xfI
pxy

xy +=!        (a) 
 The boundary condition, 

  )(0)( 12

2

xfI
pxh

hyxy +===!  

 gives .2)( 2
1 Ipxhxf != Equation (a) becomes 

  )( 22
2 yhI
px

xy !!="        (b) 

 
 Clearly, 0)( =!= hyxy"  is satisfied by Eq. (b). 

        Then, the second of Eqs. (3.6) with 0=yF  results in 

  I
yhp

y
y

2
)( 22!

"

" =#
 

 Integrating, 

  )()( 23
2

2

2

xfhy y
I
p

y +!="       (c) 

 Boundary condition, with 223 hIt = , 
                    (CONT.) 
______________________________________________________________________________________ 

py =!  

0=xy!  

2

2

2
a
y

x p=!  

a
x

xy p2=!  
2p 

p x 

a
y

xy p2=!  

)21( 2

2

a
y

x p !="  

0,0 == xyy !"  

a 

a 

p 

y 

2
a  
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______________________________________________________________________________________ 
3.17 (CONT.) 
 
  )()()( 23

2
2

3 xfh h
I
ph

t
p

hyy +!!=!=!="  

 gives Iphxf 3)( 3
2 != . Equation (c) is thus 

  )23( 332
6 hyyhI
p

y !!="       (d)  

 This satisfies the condition that 0)( ==hyy! . 

        Note that Eq. (3.12) is not satisfied: the solution obtained does not provide 
 a compatible displacement field. 
______________________________________________________________________________________ 
SOLUTION (3.18) 
 
 Substituting the stresses from Eqs. (3.10) into Eqs. (3.6) and taking :0== yx FF  

  0)(21
=++ !

!

!

!

!
!

" yxx
E xyyx G #$$

%
%  

  0)(21
=++ !

!

!
!

!

!

" xyy
E xyxy G #$$

%
%  

 or 
  0][ 2

2

22

2

2

1
2

1
2

)1(2 =+++ !!
!

!
!

!!
!

"!
!

"+ yxy
u

yxx
E ##

#
##

##  

  0][ 2

222

2

2

1
2

1
2

)1(2 =+!+
"
"

""
"

""
"

!"
"

!+ xyx
u

yx
u

y
E #

#
##

##  

 The foregoing become 
  02

22

2

2

2

2

1
1

1
1 =+!+

"
"

""
"

!
+

"
"

!
+

"
"

y
u

yx
v

x
u

x
u

#
#

#
#  

  02

22

2

2

2

2

1
1

1
1 =+++

!
!

!!
!

"
+

!
!

"
+

!
!

y
u

yx
v

y
v

y
v

#
#

#
#  

 or 
  0)(1

1
2

2

2

2
=+++ !

!
!
!

!
!

"
+

!
!

!
!

y
v

x
u

xy
u

x
u

#
#  

  0)(1
1

2

2

2

2
=+++ !

!
!
!

!
!

"
+

!
!

!
!

x
u

y
v

yx
v

y
v

#
#  

______________________________________________________________________________________ 
SOLUTION (3.19) 
 
 It is readily found that 

  I
pxy

yI
pxy

x
xyx =!= "

"

"
" #$  

 And )()( 22
2

22 yhyh I
p

xI
p

y
xyy !!=+!!= "

"

"

" #$
 

 Thus, Eqs. (3.6) are satisfied: stress field is possible. 
 
 We have mymx QQ 05.0,5.1 == , and 

  3
)1.0)(04.0(2

3
2 33

== thI 45 )10(67.2 m!=  
 
        Substituting the given data, Eqs. (P3.19) yield at Q: 
 
  )1025.1(05.0)1.02105( 4

)1067.2(3
101025

)1067.2(10
1010

5

3

5

3 !

"
"!

"
"! "+"+"= !!x#  

         MPa09.21!=  
                     (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.19 (CONT.) 
 
  MPaxy 106.2)05.01.0( 22

)1067.2(2
1010

5

3
!=!= !"

"!#  

  MPay 039.0)05.00005.031.02( 33
)1067.2(6

1010
5

3
!=+"!"= !"

"!#  

 
        Applying Eq. (2.29), we have 

  MPaG 9.76)3.01(2
)10(200 9

== +  
 Hooke’s law is therefore 
  µ! 10510)039.03.009.21( 6

)10(200
1

9 "=#+"=x  

  µ! 4.3110)09.213.0039.0( 6
)10(200

1
9 ="+#=y  

  µ! 4.27
)10(9.76
)10(106.2

9

6

"== "
xy  

 Principal strains are 

  2
1

])()[( 2
2
4.272

2
4.136

2
4.31105

2,1
!+! +±="  

 or µ!µ! 1068.32 21 "==  

 We have o
p 65.5tan 4.31105

4.271
2
1 == !!

!!"  

 For this angle, Eq. (2.14a) yield µ! 8.32' =x . Thus, 

  o
p 65.5'=!  

______________________________________________________________________________________ 
SOLUTION (3.20) 
 
 Assume ===== yxzyx !!!"" ,0,0 constant 
 which satisfy Eqs. (3.6) and (3.27). Hooke’s law becomes 
  0)( 1

1 =+!= TyxEx "#$$%       (a) 

  0)( 1
1 =+!= TxyEy "#$$%       (b)  

  0)( 1 =+!!= TyxEz "##$ %       (c) 

        From Eqs. (a) and (b), we obtain yx !! = . Therefore, 

  0)1( 1 =+!= TEx
x "#$ %  

 This yields 
  1

1
!== "
#$$ TE

yx  
 Then, Eq. (c) becomes 
  11

2 1 TT
z !" #

#! += $  

 We also have: 0=== xzyzxy !!!  and xzyzxy !!! == . 
______________________________________________________________________________________ 
SOLUTION (3.21) 
 
 The nonzero strain components are 
  Tzyx !""" ===  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.21 (CONT.) 
 
 Compatibility equations reduce to 

  xyxy
xyyx
!!

!

!

!

!

! =+ "##
2

2

2

2

2

 

  zyyz
yzzy
!!

!

!

!

!

! =+ "## 2

2

2

2

2

 

  zxzx
xzxz
!!

!

!

!

!

! =+ "## 2

2

2

2

2

 
 
        Adding the above equations and substituting the given data: 
  0)(2 2

2

2

2

2

2
=++

!
!

!
!

!
!

z
T

y
T

x
T"  

 or 
  02

2

2

2

2

2
=++

!
!

!
!

!
!

z
T

y
T

x
T  

 This equation, for a time independent temperature field, has the solution 
  '''' 4321 czcycxcT +++=  
 which may be written as 
  4321 czcycxcT +++=!  
______________________________________________________________________________________ 
SOLUTION (3.22) 
 
 Stress is 0!! "=x  regardless of 1T  and still we have 0=y! . The second of Eqs. (3.26a) 
 is thus 
  0)( 10

1 =++= TyEy !"##$   

 or 10 TEy !"## $$=        (a) 
 The first of Eqs. (3.26a) and (a) result in 
  1

2
0

1 )1(2 TEx !"#$ " ++%= %       (b) 
        Now, Hooke’s law 
  1)( TyxEz !""# $ +%%=  
 leads to 
  10

)1( )1( TEz !"#$ "" ++= +       (c) 
 Then Equations (2.4) yield, after integration, 
  zwvxu zx !! === 0  

 Here, x!  and z!  are given by Eqs. (b) and (c). 
______________________________________________________________________________________ 
SOLUTION (3.23) 
 
 
 
 
 
 Equation (3.27) reduces to 
  0)(2

2
=+ ETxdy

d !"  

 
                       (CONT.) 
______________________________________________________________________________________ 

xP  xP  

zM  zM  
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______________________________________________________________________________________ 
3.23 (CONT.) 
 
 from which 
  21 cycETx ++!= "#  

         2121 )( cycayaET +++!= "  

 Referring to Part (b) of Example 3.2: 021 == cc  and 

  )( 21 ayaEx +!= "#  
 We have 

  22 htaEtdyP
h

h xx !" #== $#  

  
h

h

yayah

h xz tEtydyM
!!

+!== " 23

2
2

3
1#$  

          1
3

3
2 athE!"=  

 The xP  and zM are opposite to that shown above. 
______________________________________________________________________________________ 
SOLUTION (3.24) 
 
 Assume a stress distribution: 
  0===== zyxzyzxy !!"""           =x! constant   (a) 
 which satisfy Eqs. (3.6) and (3.27). Then, Hooke’s law becomes 

  TT EzyEx
xx !""!" #$$ +%==+= ,     (b,c) 

  0=== xzyzxy !!!        (d) 
 
        Due to constraint imposed by the walls and because of the uniformity of the  
 temperature distribution: we take 0=x! . Equations (a) and (b) give 

  ETx !" #=  
 
 Equation (c) is then 
  =+== )1( !"## Tzy constant 
 The compressive force P on the tube is 
  AtEAP xx !" #==  
 Substituting the data given 
  )100)(10800()108.16)(10(120 669 !! """!=xP  

        kN3.161!=  
______________________________________________________________________________________ 
SOLUTION (3.25) 
 
 Derivatives of the given stress function are 
  !"

! sin,0 1
2

2

r
P

rrr
#== $

%$
$
%$ ,          !! ""

!
!

cossin 21
2

2

2 r
P

r
P

r
#=

$
%$  

 
 Equation (3.40) becomes 
  )cos)(( 2114

2

2

22

2
!"! r

P
rrrr

#++=$%
&
&

&
&

&
&  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.25 (CONT.) 
 After performing the derivatives, we obtain 04 =!" . 
        Substituting the derivatives obtained above, into Eqs. (3.32): 
  !!!" ##

!
#
! cossinsin 2

r
P

r
P

r
P

r $+$=  

        !" cos2
r
P#=  

 Similarly, we find 0=!"  and 0=!" r . 
______________________________________________________________________________________ 
SOLUTION (3.26) 
 
 Refer to Fig. P3.26a. Let 1=BCA  and hence !! sin,cos == ACAB AA . 

  :0=! xF  

   !!"!!#!!## !! cossin2sinsincoscos rrx $+=  

  :0=! yF  

   !!"!!#!!#" !! coscoscossinsincos rrxy +$=  

              !!" ! sinsinr#  
        Similarly, from Fig. P3.26b: 
  :0=! yF  

   !!"!#!## !! cossin2cossin 22
rry ++=  

 Check: :0=! xF  

   )sin(coscossincossin 22 !!"!!#!!#" !! $+$= rrxy  
 Thus, quoted equations are derived. 
______________________________________________________________________________________ 
SOLUTION (3.27) 
 
 Apply the chain rule (Sec. 3.9): 
  !! ! sincos 1

"
#"

"
#"

"
#" $= rrx  

 and 2

2

2

2

2

22

2

2

2

2 sincossinsincossin2 22cos
rrrrrrrrx
!

!
!!!!!

!!
"
#"

"
#"

"
#"

""
#"

"
#"

"
#" +$+$=  (a) 

 Similarly, 
  2

2

2

2

2

22

2

2

2

2 coscossincoscossin2 22sin
rrrrrrry
!

!
!!

!
!!!

!!
"
#"

"
#"

"
#"

""
#"

"
#"

"
#" ++++=  (b) 

 Adding Eqs. (a) and (b), we have 
  2

2

22

2

2

2

2

2 11
!"
#"

"
#"

"
#"

"
#"

"
#" ++=+

rrrryx
      (c) 

        By referring to the identity 
  ))((2 2

2

2

2

2

2

2

2

4

4

22

4

4

4

yxyxyyxx !
"!

!
"!

!
!

!
!

!
"!

!!
"!

!
"! ++=++  

 and Eq. (c), we can readily write the equation quoted, Eq. (3.40). 
______________________________________________________________________________________ 
SOLUTION (3.28) 
 
 Equation (3.28) is written as 
  0)())(( 111

2

2

2

2

2

2
=++++ !!

dr
d

rdr
d

dr
d

rdr
d

dr
d

rdr
d ET"  

                       (CONT.) 
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______________________________________________________________________________________ 
3.28 (CONT.) 
 
 or 01

2

2
=++ !! ETdr

d
rdr

d "  
 or 
  0)(1 =+! ETr dr

d
dr
d

r "  
______________________________________________________________________________________ 
SOLUTION (3.29) 
 
     ( a ) Let ,)2cos22(sin2 !!!"

"= MC  and 

)2cos22(sin !"" #=$ C  
 
 Various derivatives of !  are: 
  00 2

2
==

!
"!

!
"!

rr  

  !"" 2cos22cos2 CC #=$
%$  

  !
!

2sin42

2 C"=
#
$#  

 and 
  22

2

2
2sin412

r
C

r
!

!
"==#$

%
#%  

 We thus obtain 
  0][ 444

2sin162sin242sin84 =+!="#
rrr

C $$$  
 
     ( b ) 22

2

2
2sin41

r
C

rr
!

!
" #==

$
%$           0=!"  

 )2cos2(cos)( 2
21 !"# "" $=$= %

&%
%
%

r
C

rrr  
 
     ( c ) 

Letting .2:2 !!" MC #==  It follows that 

  02
2sin2 == !"
! ##

r
M

r  

  2

2

2
cos22 )12(cos
r

M
r
C

r !
"

" "# $=+=  

  where 2)2cos1(cos2 !! +=  
______________________________________________________________________________________ 
SOLUTION (3.30) 
 
 Using Eq. (3.48) and Fig. P3.30: 

  !! ==
22

0
2

0
)sincos(sin)(

""

#####$ " drdF P
rx  

        !!

!

" PP == 2

0

2
2
12 sin  

 
 Similarly, 

  !! ""
==

2

2

2

2

)cos(cos)( 22
#

#

#

#
$$$$% # drdF P

ry  

        PP =+=
!

2

2
2sin4

1
2

2
"

"
##

"  

 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (3.31) 
 
 NOTE: (In Probs. 3.31, 3.32, and 3.33), the P, L, and !  are constants. It can readily 
 be verified that, the maximum values of the functions in parentheses occur: 
 
  0)cos(sin 3 =!!!d

d , or  3
12tan =!   when o30±=!  

  0)cos(sin 22 =!!!d
d , or  1tan2 =!   when o45±=!  

 
 
 Maximum stresses, using Eqs. (3.37) and (3.43): 
  )2sin(.

2
1)(

!!
"

+
=

L
P

elastx   

  
)2sin(

cossin
.

2
1

3)(
!!
""#

+
= L

P
elastxy  

 
 Elementary solution of maximum stresses are 
  0)(,)( .tan2. == elemxyL

P
elemx !" #      (b) 

 
     ( a ) For )512.02sin(,15 2

1 =+= !!! o : 

  LPelastx 512.0)( . =!  at o0=!  

  LPelastxy 195.2)( . =!  at o15=!  

  LPelemx 536.0)( . =!   at any!  
 Thus, 

.. )(047.1)( elemxelastx !! =  
 
     ( b ) For )48.12sin(,60 2

1 =+= !!! o : 

  LPelastx 48.1)( . =!   at o0=!  

  LPelastxy 557.4)( . =!  at o30=!  

  LPelemx 464.3)( . =!  at any!  
 Thus,  

.. )(341.2)( elemxelastx !! =  
______________________________________________________________________________________ 
SOLUTION (3.32) 
 
 See: NOTE, solution of Prob. 3.31. 
 
 Substitute o30=!  into Eqs. (a) and (b) of Solution of Prob. 3.31. 
  LPelastx 957.0)( . =!   at o0=!  

  LPelastxy 946.2)( . =!   at o30=!  

  LPelemx 155.1)( . =!  at any!  
 Thus,  

.. )(207.1)( elemxelastx !! =  
 
______________________________________________________________________________________ 

(a) 
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______________________________________________________________________________________ 
SOLUTION (3.33) 
 
 See: NOTE, solution of Prob. 3.31. 
  We have ,tan2,cos !" #=== LchLr mn and .32 3cI =  
 Equations (3.43) give 

  
)2sin(

cossin
.

2
1

3

)(
!!
""#

$
= L

F
elastx   

  
)2sin(

cossin
.

2
1

22)(
!!
""#

$
=

L
F

elastxy  

 Elementary solution: 
  cFcFL elemxyelemx 43)(,23)( .

2
. == !"  

 
     ( a ) For )512.02sin(,15 2

1 =+= !!! o : 

  LFelastx 43.19)( . =!   at o15=!  

  LFelastxy 21.5)( . =!   at o15=!  

  LFelemx 89.20)( . =!  at o15=!  

  LFelemxy 8.2)( . =!   at o0=!  

 Thus, .. )(93.0)( elemxelastx !! =  

.. )(86.1)( elemxyelastxy !! =  
 
     ( b ) For :)614.02sin(,60 2

1 =!= """ o  

  LFelastx 529.0)( . =!  at o30=!  

  LFelastxy 407.0)( . =!  at o45=!  

  LFelemx 5.0)( . =!   at o60=!  

  LFelemxy 433.0)( . =!  at o0=!  
 Thus, 

.. )(058.1)( elemxelastx !! =  

.. )(94.0)( elemxyelastxy !! =  

______________________________________________________________________________________ 
SOLUTION (3.34) 
 
 With !cos"= rx , Eqs. (3.50) become 
  !" #

32 cos)( r
P

x $=  

  !!" # cossin)( 22
r
P

y $=  

  !!" #
22 cossin)( r

P
xy $=  

 Substituting, 
  !!!" #!

!
# dd pprd
rx

223
cos

2 coscos)( $=$=  

  !!"!# $$ ddd p
xy

p
y 2sin,sin22 %=%=  

                       (CONT.) 
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______________________________________________________________________________________ 
3.34 (CONT.) 
 
 Integrating, 

  )]2sin2(sin)(2[cos 12122
22 2

1

!!!!!!" #

!

!# $+$$=$= % pp
x d  

  )]2sin2(sin)(2[ 12122 !!!!" # $$$$= p
y  

  ]2cos2[cos 122 !!" # $= p
xy  

______________________________________________________________________________________ 
SOLUTION (3.35) 
 
 APPROACH (a): 

  0))(( 1
2
1

2

2

2 11 =++ dr
df

rdr
fd

dr
d

rdr
d       (d) 

 We have 

  4
1

4

2
1

2

2

2

3
1

3

2
1

2

)(,)(
dr
fd

dr
fd

dr
d

dr
fd

dr
fd

dr
d ==  

  2
1

2
11 121 )(

dr
fd

dr
df

dr
df

rdr
d rr !! +!=  

  3
1

3

2
1

2
1

3
1

2

2 1221 )(
dr
fd

rdr
fd

rdr
df

rdr
df

rdr
d +!=  

  3
1

3

2
1

2
11 )(
dr
fd

rdr
fd

dr
d

r =  

  )()( 2
1

2
1

2
1 11111

dr
fd

rdr
df

rrdr
df

rdr
d

r +!=  
 Then, Eq. (d) becomes 

  01
32

1
2

23
1

3

4
1

4
112 =+!+ dr
df

rdr
fd

rdr
fd

rdr
fd       (d’) 

 The first equation of Problem 3.35 may be written as: 
  0)]}([{ 111 =!

dr
df

dr
d

dr
d

dr
d

r rrr  

  0]}[{ 2
1

2
111 =+!

dr
fd

dr
df

dr
d

dr
d

r rr  

  0]}[{ 3
1

3

2
1

2
1 121 =++! !!

dr
fd

dr
fd

dr
df

dr
d

r rrr  

  0}{ 3
1

3

2
1

2
111 =++! !

dr
fd

dr
fd

dr
df

dr
d

r rr  

  0}2{ 4
1

4

3
1

3

2
1

2
1 121 =++! !!

dr
fd

dr
fd

dr
fd

dr
df

r rrr  

 or 0}41
4

3
1

3

2
1

2

2
1

3
211 =++!

dr
fd

dr
fd

rdr
fd

rdr
df

r
 

 which is the same as Eq. (d’). 
        Now let us integrate the expression: 
  0)]}([{ 111 =dr

df
dr
d

rdr
d

dr
d

r rr  

  1
1 )]([ 1 crr dr

df
dr
d

rdr
d =  

  21
1 ln)( 1 crcr dr

df
dr
d

r +=  

  ! !+= rdrcrdrrcr dr
df

21 ln1  

  322421
2421 ]ln[ ccrcr rrr

dr
df ++!=  

  43
2

21 lnln1 crcrcrrcdr
df +++=  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.35 (CONT.) 
 
 or 43

2
2

2
11 lnln crcrcrrcf +++=  

        Expression (e) may be treated in a like manner. 
 
 APPROACH (b): 
 Letting rt ln= , we have 
  dr

df
rdr

dt
dt
df

dr
df 111 1==  

  )( 1
2
1

2

22
1

2
1

dt
df

dt
fd

rdr
fd !=  

  )23( 1
2
1

2

3
1

3

33
1

3
1

dt
df

dt
fd

dt
fd

rdr
fd +!=  

  )6116( 1
2
1

2

3
1

3

4
1

4

4
1

4
1

dt
df

dt
fd

dt
fd

dt
fd

rdr
fd !+!=  

 
 Substituting these derivatives into Eq. (d’), we obtain: 

  044 2
1

2

3
1

3

4
1

4

=+!
dt
fd

dt
fd

dt
fd  

 This is an ordinary differential equation with constant coefficients. It has a solution 
  43

2
2

2
11 lnln crcrcrrcf +++=  

 
        In a like manner, it can be shown that, 

  0))(( 2
2

2
2

2
2

2

22

2 4141 =!+!+
r
f

dr
df

rdr
fd

rdr
d

rdr
d  

 
 is solved to yield Eq. (g) of Section 3.12. 
______________________________________________________________________________________ 
SOLUTION (3.36) 
 
     ( a ) 
 
 
 
 
 
 
 
 

  ]2cos)1()1[( 2

2

4

4

2

20 43
21 !" "

r
a

r
a

r
a

r #++#=  

  ]2cos)1()1[( 4

4

2

20 3
21 !" "

! r
a

r
a +#+=  

  !" #
! 2sin)1( 2

2

4

40 23
21 r

a
r
a

r +$$=  
 and 

  )]90(2cos)1()1[( 2

2

4

4

2

20 43
22

o
r
a

r
a

r
a

r +!++!= "# #  

  )]90(2cos)1()1[( 4

4

2

20 3
22

o
r
a

r
a ++!+= "# #

"  

  )90(2cos)1( 2

2

4

40 23
22

o
r
a

r
a

r ++!!= "# $
"  

 
                       (CONT.) 
______________________________________________________________________________________ 

= + 

0!  

0!  0!  

0!  

02!  

0!  

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 3–19 
 

______________________________________________________________________________________ 
3.36 (CONT.) 
 
 We have, by superposition: 
  212121 !!!!!! """###### rrrrrr +=+=+=  

 Hence, at r=a and 2!" = , 

  00 21 == rr !!  

  0201 3 !!!! "" #==  

  00 21 == !! "" rr  
 lead to the solution: 
  020 0 === !! "### rr  
 
     ( b ) Referring to the results of part ( a ), we write 
  00 21 == rr !!  

  0201 3 !!!! "" ==  

  00 21 == !! "" rr  
 Thus, 

040 0 === !! "### rr  
______________________________________________________________________________________ 
SOLUTION (3.37) 
 
 We have 
  1

3
d
D =  

 Then, from Fig. D.8: 2.3K ! . Hence 

  
3180(10 )

max (150 50)202.3 207P
AK MPa! "= = =  

______________________________________________________________________________________ 
SOLUTION (3.38) 
 

 max 130
1.625

80nom

K
!
!

= = =  

 From Fig. D.1: 0.25r d = . Then 
  2D r d= +  
 gives 
  40 2(0.25 ) 1.5d d d= + =  
 or 
  26.7d mm=  
  6.67r mm=  
______________________________________________________________________________________ 
SOLUTION (3.39) 
 

 For 0.15r
d
= : 

  2 ; 40 2(0.15 ) 1.3D r d d d d= + = + =  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.39 (CONT.) 
 
 or 30.76d =  We thus have 

  1.3D
d
=  

 Figure D.1 gives  1.7.K ! Hence, 

  6
max 250(10 ) 1.7

(20)(30.76)
allP! = =  

 or 90.5allP kN=  
______________________________________________________________________________________ 
SOLUTION (3.40) 
 
 1 2BC ABT kN m T kN m= ! = !  

 Then,  3
max 2T c! "=  yields 

 
3

3

2(1 10 ) 79.6
(0.02)BC MPa!

"
#

= =    

 
3

3

2(2 10 ) 81.5
(0.025)AB MPa!

"
#

= =  

 Thus 
  max (1.6)(81.5) 130.4ABK MPa! != = =  
______________________________________________________________________________________ 
SOLUTION (3.41) 
 
     (a) We have 

  
40 21.14 0.057
35 35

D r
d d
= = = =  

 Hence, by Fig. D.4, 1.6K ! . 
 We have 

  4 4 3 4( ) (35) 147.3(10 )
32 32

J d mm! !
= = =  

 So 9

100(0.0175)1.6[ ] 19
147.3(10 )yp

TcK MPa
J

!
"

= = =  

______________________________________________________________________________________ 
SOLUTION (3.42) 
 
 We have 

  
40 82.5 0.2
16 16

D r
d d
= = = =  

 From Fig. D.6  , 1.31K !  

 6
max 3

16
; 250(10 ) 1.31[ ]

(0.016)all
Tc TK
J

! !
"

= = =  

 or 
  153.5T N m= !  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (3.43) 
 
 37.5 5

25 251.5, 0.2D r
d d= = = =  

 Figure D.1,  1.72K = . 

 Hence max 210 1.4
1.72 1.72 87.2nom MPa!! = = =  

 and (25 10)(87.2) 21.8all nomP A kN!= = " =  
 
______________________________________________________________________________________ 
SOLUTION (3.44) 
 
 At a section through B 
 400(0.3) 120BM N m= = !  

 
3

120(0.02) 37.51 (0.012)(0.04)
12

B
nom

M c
MPa

I
! = = =  

 

     (a) 
5 600.125 1.5
40 40

r D
d d
= = = = :     1.65K !  (Fig. D.2) 

 
 max 1.65(37.5) 61.9 MPa! = =  
 
 

     (b) 
10 600.25 1.5
40 40

r D
d d
= = = = :     1.41K !  (Fig. D.2) 

 max 1.41(37.5) 52.8 MPa! = =  
 
______________________________________________________________________________________ 
SOLUTION (3.45) 
 
 
 
 
 
 
 Without hole: 
  t

pd
at

pd
42 == !!"  

 
 With hole: 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

a!2  
= + 

a!  a!  

a!2  

(1) (2) 

a!  

!"  
! 
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______________________________________________________________________________________ 
3.45 (CONT.) 
 
        We use Eq. (3.55b), with r=a. 

  ]2cos)1()1[( 4

4

2

2 3
21 !" "

! a
a

a
aa +#+=  

          ]2cos21[ !" #= a  

  )]90(2cos21[22
o

a +!= "##"  

 For o0=! : 
  aa !!!! "" 621 =#=  

 For 2!" = : 

  aa !!!! "" 23 21 #==  

 Therefore, superposing the results at o0=! : 
  tpda 455 == !!"  

 at 2!" = : 

  tpda 4==!!"  
______________________________________________________________________________________ 
SOLUTION (3.46) 
 
     ( a ) We have D/d=1.1 and r/d=0.05. Then, we find from Figs. D.6, D.7, and D.5 that 
  1.64 2.2 2.3t b aK K K= = =  
 Then, Eqs. (b) of Example 3.5 yield 

  
3 3

2 3
50(10 ) 4(10 10 )
(0.2) (0.2)

2.3 2.2 4.42x MPa
! !

" #= + =  

  
3

3
2(20 10 )
(0.2)

1.64 2.61xy MPa
!

" #= =  

 Equation (a) of Example 3.4 is therefore 

  
1
22 24.42 4.42

1,2 2 2[( ) (2.61) ]! = ± +  

 or 1 25.63 1.21MPa MPa! != = "  
 
     ( b ) 1

max 2 (5.63 1.21) 3.42 MPa! = + =  
 
     ( c ) 1

3 (5.63 1.21) 1.47oct MPa! = " =  

 
1
22 2 21

3 [(5.63 1.21) ( 1.21) ( 5.63) ] 2.98oct MPa! = + + " + " =  
______________________________________________________________________________________ 
SOLUTION (3.47) 
 
     ( a ) We have D/d=2 and r/d=0.04. Then, we find from Figs. D.7 and D.6 that 
  2.6 1.9b tK K= =  
 Equation (b) of Example 3.5 is therefore 

  
3

3
4(20 10 )
(0.125)

2.6 33.9x MPa
!

" #= =  

  
3

3
2(5 10 )
(0.125)

1.9 9.73xy MPa
!

" #= =  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.47 (CONT.) 
 Equation (a) of Example 3.5: 

  
1
22 233.9 33.9

1,2 2 2[( ) (9.73) ]! = ± +  

 or 1 236.5 2.59MPa MPa! != = "  
 
     ( b ) 1

max 2 (36.5 2.59) 16.96 MPa! = + =  
 
     ( c ) 1

3 (36.5 2.59) 11.3oct MPa! = " =  

 
1
22 2 21

3 [(36.5 2.59) ( 2.59) ( 36.5) ] 17.85oct MPa! = + + " + " =  
______________________________________________________________________________________ 
SOLUTION (3.48) 
 
 We apply Eqs. (3.63). 

     ( a ) mma 635.0][88.0 3
1

9 )0125.0)(10200(
)0375.0025.0)(500(2 ==

!

!  

     ( b ) MPac 1.596])()10200(500[62.0 3
12

0375.0025.02
0125.029 =!= !!"  

     ( c ) mm)10(339.5)]()500[(54.1 3
)0375.0025.0()10200(2

0125.02 3
1

29
!

""
==#  

______________________________________________________________________________________ 
SOLUTION (3.49) 
     ( a ) Use Eq. (3.62): 

  MPac 1233][62.0 3
1

2

29

)025.0(4
)10200(500 == !"  

     ( b ) Apply Eqs. (3.60) and (3.59) for rrr == 21  and EEE == 21  to obtain the formula 

  3
1

2

2 ][617.0
r
PE

c =!  

 Thus, MPac 1959][617.0 3
1

2

29

)025.0(
)10200(500 == !"  

______________________________________________________________________________________ 
SOLUTION (3.50) 
 
 Using Eqs. (3.73), (3.74), and the second of (3.70), we have 
  6154.0)25.01()4.01(

4 == +m  

  )10(9304.2 11
)3.01(3
)10200(4

2

9

==
!

"n  

  2308.0cos )25.01()4.01(
)25.01()4.01( =±= +

!"      or     o66.76=!  
 Interpolating Table 3.3: 
  8616.01774.1 == ba cc  
        Apply Eqs. (3.69): 

  mma 393.2][774.1 3
1

11

3

109304.2
)6154.0)(10(4 ==

!
 

  mmb 752.1][8616.0 3
1

11

3

109304.2
)6154.0)(10(4 ==

!
 

 Thus, 

  MPac 5.4555.1 6

3

10)752.1393.2(
)10(4 == !"#

$  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (3.51) 
 
 Use Eqs. (3.67): 

  MPac 418][418.0 2
193

)005.0(1.0
)10200)(10(5.2 == !"  

  mmb 076.0)038.0(2}][52.1{22 2
1

9

3

)1.0(10200
)005.0)(10(5.2 ===

!
 

______________________________________________________________________________________ 
SOLUTION (3.52) 
 
 Equations (3.65), for rrrEEE ====== 212121 ,,25.0!! : 

  MPac 824][412.0 2
196

2.0
)2)(10200)(10(2 == !"  

  mmb 09.3)545.1(2}][545.1{22 2
1

9

6

)2(10200
)2.0)(10(2 ===

!
 

______________________________________________________________________________________ 
SOLUTION (3.53) 
 
 Refer to Example 3.6. 
  20'10'1 21 !" === rr  

  5714.0)2.01()5.01(
4 == +m  

  )10(9867.2 11
)25.01(3
)10210(4

2

9

==
!

"n  

  4286.0cos )2.01()5.01(
)2.01()5.01( =±= +

!"      or     o62.64=!  

 
 Table 3.3: 7758.03862.1 == ba cc  

  mma 994.2][3862.1 3
1

11

3

109867.2
)5714.0(105 ==

!

!  

  mmb 605.1][7558.0 3
1

11

3

109867.2
)5714.0(105 ==

!

!  

 Thus, MPac 2.5055.1 6

3

10)605.1994.2(
)10(5 == !"#

$  

______________________________________________________________________________________ 
SOLUTION (3.54) 
 
 Refer to Example 3.6. We now have .21 rrr == Thus, Equations (3.75) and (3.76) become 

  4.0)2.0(22)1()1(
4 ==== + rm rr  

  o
rr
rr 90,0cos )1()1(
)1()1( === +

! ""  
 
        From Table 3.3 it can be concluded that surface of contact has a circular 

boundary: .1== ba cc  

  )10(98667.2 11
)25.01(3
)10210(4

2

9

==
!

"n  

  mmba 885.1][1 3
1

11

3

1098667.2
)4.0)(10(5 ===

!
 

 Thus, 

  MPac 9.6715.1 62

3

10)885.1(
)10(5 == !"

#  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (3.55) 
 
 Case B ( 1st column ), Table 3.2 with r r E E1 2 1 2= =, .  
     ( a ) ! = + = = + =1 1 2 1 1 2

E E E r r rm  

 9
0.173 3

210(10 )
0.88 0.88 400 0.604r

Ea F mm= = =  

 
     ( b ) 2 2 6

400
0 (0.604) (10 )
1.5 1.5 349P

a
p MPa

! ! "= = =  

 
     ( c ) Equations (3.68) at z=0: 
  1 21

0 02 2[(1 ) ] 0.8(349) 279x y p p MPa!" " ! += = # + # = # = # = #  

  0 349z p MPa! = " = "  

  01
2 2( ) (0.8 1) 34.9p

yz xz x z MPa! ! " "= = # = # # =  
______________________________________________________________________________________ 
SOLUTION (3.56) 
 
 Refer 2nd column of C, Table 3.2. 
  1 2 1 2 1210 8 50 240E E E GPa r mm r mm F kN m= = = = = =  
 Hence 
  9 9

2 2 1 1 1
0.008 0.05210(10 ) 105(10 )

, 105E n! = = = = " =  

 

     ( a ) 
3 1

2
9

240(10 )
105(10 )(105)

1.076[ ] 0.159a mm= =  

 

     ( b ) 
3

3
240(10 )2 2

0 0.159(10 )
961F

aLp MPa! ! "= = =  

______________________________________________________________________________________ 
SOLUTION (3.57) 
 
 We have 1 2 1 20.48 , 0.34 , ' , ' ,r m r m r r= = = ! = !  and .90o=!  Thus, using 
 Eqs.(3.72) through (3.74): 
 

  
1 1
0.48 0.34

4 0.796m = =
+

  
94(210 10 ) 11

3(1 0.09) 3.0769(10 )n !
"= =    

  A Bm r r= = ± !2 1
2

1 1
1 2

, ( )  

  1 0.48 1 0.34
1 0.48 1 0.34cos 0.143, 81.78oB

A! !"
+= = ± = =  

 
        Interpolating from Table 3.3: 1.104, 0.911a bc c= = . Hence 

3 1
3

11
4(10 )(0.796)
3.0769(10 )

1.104[ ] 2.4058a mm= =  

  
3 1

3
11

4(10 )(0.796)
3.0769(10 )

0.911[ ] 1.9852b mm= =  

 Thus 
3

6
4(10 )

0 (2.4058 1.9852 10 )
1.5 1.5 400F

abp MPa! ! "# #
= = =  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (3.58) 
 
 Given quantities are: 
  mrmrr 03.0025.0' 211 !===   

  3.0125.0'2 =!= "mr         GPaE 200=  
 Thus, 
  10345.0

125.0
1

3.0
1

025.0
1

025.0
1

4 ==
!!+

m  

  )10(04029.293 9
)09.01(3
)10200(4 9

== !
"n  

 Also 
  33301.1910345.0

22 === mA  

  66667.12)]0(2)()0[( 2
1

'
22

112
2
1 =+!+=

rrB  

  o06645.49cos 33301.19
66667.121 == !"  

 
        From Table 3.3, we find 
  63409.078611.1 == ba cc  
 The semiaxes are then 

  mmma 54.100154.0][78611.1 3
1

9 )10(04029.293
)10345.0(1800 ===   

  mmmb 55.000055.0][67409.0 3
1

9 )10(04029.293
)10345.0(1800 ===  

  Maximum contact pressure is therefore 
  MPac 7.10145.1

)10)(55.054.1(
1800

6 == !"#
$  

 
______________________________________________________________________________________ 
SOLUTION (3.59) 
 
 Now given data is as follows: 
  mrmrr 022.002.0' 211 !===   

  3.0125.0'2 =!= "mr         GPaE 200=  
 
 Therefore, 
  08594.0

125.0
1

022.0
1

02.0
1

02.0
1

4 ==
!!+

m  

  )10(0403.293 9
)09.01(3
)10200(4 9

== !
"n  

 We have 
  2721.232 == mA  

  7273.18][ 125.0
1

022.0
1

2
1 =+!±=B  

  o42.36cos 2721.23
7273.181 == !"  

 
        Using Table 3.3 
  541.0323.2 == ba cc  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
3.59 (CONT.) 
 
 Then, the semiaxes are:    

  mmma 88.100188.0][323.2 3
1

9100403.293
)08594.0(1800 ===

!
  

  mmmb 44.000044.0][541.0 3
1

9100403.293
)08594.0(1800 ===

!
 

 
        Maximum contact stress is now obtained as 
  MPac 10395.1 610)44.088.1(

1800 == !"#
$  

 
 
         End of Chapter 3 
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CHAPTER 4  
 
SOLUTION (4.1) 
 
 
 
 
 
 
 

 
3

2 2 3

4 32(1.5 10 )
(0.06) (0.06)

P Mc P
A I

!
" "

#
= $ $ = $ $  

      6353.7 70.74 10= ! ! "  
  
 We have 

  2 2 2
1 1 2 2 yp! ! ! ! !" + =      or     2 yp! !=  

 So, 
  6 6353.7 70.74 10 250 10 , 707allP kN+ ! = ! =   
 
______________________________________________________________________________________ 
SOLUTION (4.2) 
 
 2 27.86(9.81)( 4) 60.6p d d kN m!= =  
 
 
 
 
 
 
 
 

 
2 2 3 6

3 3

32( 8) 32(60.6 )(25)10 1.93 10
8x

pL d
d d d

!
" "

#
= = =  

 
3

3 3

16(325) 1.66 10
d d

!
"

#
= $ = $  

 
 Equation (4.9a), 2 2 23x all! " !+ =  

 
6 3
2 2 6 2

3

1.93 10 1.66 10( ) 3( ) (100 10 )
d d
! " !

+ = !  

 or 
6

8
2 6

3.725 10 8.267 100 10
d d
!

+ = !  

 Solving by trial & error:      32.8 .d mm=  
  Use a 33 mm!  diameter shaft. 
 
______________________________________________________________________________________ 

A 

M=1.5 kN !m 

M 
60 mm 

P 
P A 

P 

1 0! =
 
 

2!  
 

C 
 

316T d! "=
 
 

3

32
x

M
d

!
"

=  

 
T 
 
 
 

 
 

B A 

p=60.6d2 

C T=325 N !m 
2.5 m 2.5 m 
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______________________________________________________________________________________ 
SOLUTION (4.3) 
 
 100 80 0y xy xMPa MPa! " != = # =  

 250yp MPa! =  (Table D.1) 
 Hence 

  2 2
1,2 ( )

2 2
y y

xy

! !
! "

#
= ± +  

         2 250 ( 50) ( 80) 50 94.3= ± ! + ! = ±  
 or 
  1 2144.3 43.3MPa MPa! != = "  
     (a) Maximum shear stress memory: 

  1 2
yp

n
!

! !" #  

  
250144.3 ( 43.3)
1.5

! ! "  

  187.6 166.7>  
  Failure will occur. 
 
     (b) Maximum energy of distortion theory: 

  2 2
1 1 2 2 ( )yp

n
!

! ! ! !" + #  

  
1 22 2(144.3) (144.3)( 43.3) ( 43.3) 166.7! ! ! ! "  

  160.1 166.7<  
 Failure will not occur. 
______________________________________________________________________________________ 
SOLUTION (4.4) 
 
 State of stress is given by 
  0, 32)1.0(

4
)1.0(

32
1 23 ==+== !!!!

""
PM  

 Refer to Table 4.1 and Eq. (2.66): 
  !! 47.047.0 =yp   or          !! =yp  

 Thus, 23 )1.0(
4

)1.0(
)17(323 )10(221

!!
P+=  

 Solving, 
  kNP 7.375=  
______________________________________________________________________________________ 
SOLUTION (4.5) 
 
 From Table D.1: MPayp 250=!  
 We have 

  2
1

])40()[( 22
2
9030

2
9030

2,1 !+±= !!+!"  
 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
4.5 (CONT.) 
 
 or MPaMPa 1.421.102 21 !== ""  
 
     ( a ) Equation (4.2a) gives 
  n

2501.421.102 =+  

 or 73.1=n  
 
     ( b ) Equation (4.5a) leads to 
  225022 )()1.42()1.42)(1.102()1.102( n=!+!!  
 from which 
  95.1=n  
______________________________________________________________________________________ 
SOLUTION (4.6) 
 
 Referring to Appendix B, we obtain 
  MPaMPa 32.5103.101 321 !=== """  
 
     ( a )  yp!!! =" 31  

 or MPayp 6.15232.513.101 =+=!  
 

     ( b ) MPaoct 41.63])32.51()32.513.101()3.101[( 2
1222

3
1 =+++=!  

 Thus, 
  MPayp 9.13447.041.63 ==!  
______________________________________________________________________________________ 
SOLUTION (4.7) 
 
 Using Eq. (4.6), we have 

  2
1

])[(47.0 2
2

2
1

2
213

1 !!!!! ++"=n
yp      (a) 

 Here 

  2
1

]4[ 22
2
1

22,1 !"" " +±=  

 and 323
16432 ,
d
T

d
P

d
M

!!!
"# =+=  

 
        Substituting the given data: 

  ][ 2

3

3

3

)12.0(
)1045(4

)12.0(
)104(32

2
1

2,1 !!
" ## +=  

              2
1

3

3

2

3

3

3

}][4]{[ 2
)12.0(
)102.11(162

)12.0(
)1045(4

)12.0(
)104(32

2
1

!!!

""" ++±  

 Or MPaMPa 99.2155.49 21 !== ""  
 Equation (a) is then 

  2
1

])99.21()55.49()54.71[(41.1 222280 !++=n  
 Solving, 
  4.4=n  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________
SOLUTION (4.8) 
 
 Maximum stresses, occurring at the fixed end are: 
  34

75.168
32
)25.0(450

tt
t

I
Mc ===!  

  22
5.337

2
450

2
3

tt
==!  

 
 From Eq. (4.9a), we have 
  26222 )10280(3 !=+= "## yp  

        Therefore, at neutral axis :0=!  

  !" 3=yp  gives          mmt 45.1=  

 At the extreme fibers, :0=!  
  !! =yp  gives          mmt 45.8=  

 Allowable width is thus 
  mmtall 45.8=  
 
______________________________________________________________________________________ 
SOLUTION (4.9) 
 
 We have 

  !""! " =#=== 212 ,175 MPayp
yp  

     ( a )  3
)500(16

5.1
175

d!
=  

 or 
  mmd 95.27=  
 

     ( b )  22
2
1

22,1 4!"" " +±=  
 Here 

  3

2

3
)8(3232

d
pL

d
M

!!
" ==  

       ]10)1077([ 232
4
1

8
32
3 != d
d

"
"

 

       d)10(77 5=  

  3)500(1616 77.254733 d
dd

T ===
!!

"  

 
 Using Eq. (4.8a): 

  22 4!"" +=n
yp  

  2
1

3

56

])(4)[( 277.254721077
5.1
)10(350

dd += !  
 or 

  6

7

2

13 )10(594.2)10(929.516 )10(444.5
dd

+=  
 
 Solving, by trial and error: 
  mmmd 8.360368.0 ==  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (4.10) 
 
 We have MPaall 752.190 ==!  
     ( a ) 
 756.752.124.6331 >=+=!= """ all  Failure occurs 
     ( b ) 
 2222 )4.632.12()2.1253.0()53.04.63(2 !!+++!=all"  
 or 
  7570<=all!     No failure 
______________________________________________________________________________________ 
SOLUTION (4.11) 
 
     ( a ) Using the torsion formula, 
  TT 5093

2)05.0(
)05.0(
4 ==

!
"  

 and T509321 =!= ""  
 Equation (4.5a) yields then 
  2226 )5093()5093)(5093()5093()]10(280[ TTTT !++=  
 Solving, 
  mkNT != 74.31  
 
     ( b ) We now have 

  MPa1602

3

)05.0(
)10(400 ==

!

!"  

  T5093=!  (as before) 
 Principal stresses are: 
 

  
44444 344444 21321

ba

T 2
16

])5093(4)10160[( 226
2
1

2
)10(160

2,1 +!±="  

           ba ±=  
 
 With this notation, Eq. (4.5a) becomes 
  2222222 3)()()( babababayp +=!+!!+="  
 Thus, 
  ])5093(4)10160[()()10280( 226

4
32

2
1016026 6 T+!+=! !  

 Solving, 
  mkNT != 05.26  
______________________________________________________________________________________ 
SOLUTION (4.12) 
 
 Maximum moment is 

  mkNM PL !=== 688.18
)5.1(6

8

22
 

 and hence 

  MPaI
My 62.1

12)25.0(1.0
10)125.0(688.1

1 3

3

==== !!  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
4.12 (CONT.) 
 

     ( a )  1
2
1 0 !!! ="=n

yp  

  62.128 =n  
 from which 
  3.17=n  
 

     ( b )  n
yp!! =" 01  

 or 3.17=n  
______________________________________________________________________________________ 
SOLUTION (4.13) 
 
 Referring to Appendix B, we compute 
  MPaMPaMPa 528.4521.105.12 321 !=!== """  
 Using Eq. (4.5a), 
  2222 )05.12528.4()528.4521.1()521.105.12(2 !!++!++=yp"  

             468=  
 Solving, 
  MPayp 3.15=!  
        Hence, 
  MPayp 828.8)577.0(3.15 ==!  
 Therefore 
  MPay 039.2)(2 828.8

9 ==!  

  MPax 058.3)(3 828.8
9 ==!  

______________________________________________________________________________________ 
SOLUTION (4.14) 
 
 
 
 
 
 
 
 
 
 
 We have ,8.0,50 RTRP ==  and RM 2.1= . 
 Stresses are 
  RR

d
M

b 8.784,9733 )05.0(
)2.1(3232 ===

!!
"  

  RR
d
T 595,3233 )05.0(

)8.0(1616 !==!= !

""
#  

  RR
a 8.464,25

4)05.0(
50

2 ==
!

"  

  Rbax 6.249,123=+= !!!  
                       (CONT.) 
______________________________________________________________________________________ 

y 

x 

M 

R 
P P 

T T 

A 

!  

x!  A 

d 
1.2 m 
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______________________________________________________________________________________ 
4.14 (CONT.) 
 
     ( a ) Equation (4.8a): 

  2
16

])595,32(4)6.249,123[( 22
2

)10(260 !+= R  

 or NR 932=  
 
     ( b ) Equation (4.9a): 

  2
1

])595,32(3)6.249,123[(10130 226 !+=" R  
 or NR 959=  
______________________________________________________________________________________ 
SOLUTION (4.15) 
 
 Referring to Appendix B, 
  MPaMPaMPa 96.7244.144.197 321 !=!== """  
 Applying Eq. (4.4b): 
  2222 )4.19796.72()96.7244.14()44.144.197(2 !!++!++=yp"  

 or MPayp 4.246=!  
        Hence, 
  MPayp 2.142)577.0(4.346 ==!  
 Thus, 
  MPay 38.3940 2.142

140 ==!  

  MPax 23.4950 2.142
140 ==!  

______________________________________________________________________________________ 
SOLUTION (4.16) 
 
 Stresses are 
  pp

t
pr 50005.0

)25.0(
1 ===!  

  pt
pr 2522 ==!  

 
     ( a ) Applying Eq. (4.5a), 
  2222 )280()25(1250)50( =+! ppp  
 or MPap 466.6=  
     ( b ) Using Eq. (4.2a), 
  280050 =!p  
 or 
  MPap 6.5=  
______________________________________________________________________________________ 
SOLUTION (4.17) 
 
 We have MPaallyp 33.68)( 2.1

82 ==! . 
Referring to Appendix B: 

  MPaMPaMPa 17.12533.044.63 321 !=== """  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
4.17 (CONT.) 
 
     ( a ) Using Eq. (4.1), 
  :33.686.7517.1244.63 >=+=yp!    Failure occurs 
     ( b ) Applying Eq. (4.4b) 
  2222 )44.6317.12()17.12533.0()533.044.63(2 !!+++!=yp"  

 or :33.6813.70 >=yp!   Failure occurs 
______________________________________________________________________________________
SOLUTION (4.18) 
 
 Referring to Appendix B: 
  MPaMPaMPa 468.115.464.162 321 === !!!  
     ( a ) Equation (4.1) yields 
  86.1468.14.162

300 == !n  
     ( b ) Equation (4.4b) gives 

  222

2

2
13

2
32

2
21

2

)932.160()682.44()25.116(
)300(2

)()()(

22
++!+!+!

==
""""""

" ypn  

 or 09.2=n  
______________________________________________________________________________________ 
SOLUTION (4.19) 
 
 Referring to Appendix B: 
  MPaMPaMPa 7.1113.422.156 321 === !!!  
 
     ( a ) Equation (4.1) gives 
  52.17.112.156

220 == !n  
     ( b ) Equation (4.4b) yields 

  222

2

2
13

2
32

2
21

2

)5.144()43.30()07.114(
)220(2

)()()(

22
!++!+!+!

==
""""""

" ypn  

 or 
  67.1=n  
______________________________________________________________________________________ 
SOLUTION (4.20)         
       32J r t!"  

       
65(10 )(105)
10

pr
t!" = =  

            52.5 MPa=  

       26.25
2a
pr MPa
t

! = =  

 
3

3

50 10 (0.21) 144.4
2 (0.105) (0.01)

Tc MPa
J

!
"

#
= $ = $ = $  

 2 2
1,2

26.25 52.5 26.25 52.5( ) ( 144.4)
2 2

!
+ "

= ± + " 39.4 145= ±  

                       (CONT.) 
______________________________________________________________________________________ 

!"  
 

a!  
 !  
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______________________________________________________________________________________ 
4.20 (CONT.) 
 
 1 2184.4 105.6MPa MPa! != = "  

 Thus, 1
250; 184.4 , 1.4u n

n n
!

! = = =  

 and 2
' 520; 105.6 , 4.9u n
n n
!

!
"

= " = =  

______________________________________________________________________________________ 
SOLUTION (4.21) 
 
 0 : 150(2)(1) (1.2) 0A BM R= ! =" ,           250BR kN=  

 0 : 50y AF R kN= =!  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
3 3

max 2 2

3 3 130 10 97.5 10
2 2 2
V
A b b

!
" "

= = =  

 And max 1 2! " "= = #  
 Thus, 

  
3

6
max 2

97.5 10
; 120 10 , 28.5all b mm

b
! "

#
= = # =  

 Use a 30 mm by 60 mm rectangular beam. 
______________________________________________________________________________________ 
SOLUTION (4.22) 
 
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

A 

B 

0 -420 
12 4!! "=  1!  

260 
!  

!  

0.8 m 
 
 
 

  

B 

V, kN 

x 

2b A 

120 

250 kN 

150 kN/m 

b 

y 

1.2 m 
z 

C 

50 

50 kN 

-130 
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______________________________________________________________________________________ 
4.22 (CONT.) 
 
     ( a ) Upon following the procedure described in Sec. 4.11, Mohr’s circle is constructed as shown  
 in the sketch above. 
 
        The circle representing the given loading is then drawn by a trial and error procedure, 
 as is indicated by the dashed lines. From the diagram, we measure the following values: 
  MPaMPa 30877 21 !== ""  
 
     ( b ) Applying Eq. (4.12a), 
  1'

21 =!
uu "

"
"
"  

 or 
  1420

4
260

11 =! ! ""  
 Solving, 
  MPaMPa 30075 21 !== ""  
______________________________________________________________________________________ 
SOLUTION (4.23) 
 
 Principal stresses are 

  2
1

]200)[( 22
2
180

2
180

2,1 +±= !"  

 Or MPaMPa 3.309,3.129 21 !== ""  
 
     ( a ) Equation (4.11a): 
  MPa2901 <!  

 But since 
  :2902 MPa>!  failure occurs 
 
     ( b ) Equation (4.12a): 
  1650

3.309
290
3.129 =! !  

 gives 1922.0476.0446.0 <=+  
 Thus, no fracture 
 Note that Coulomb-Mohr theory is the most reliable when uu !! >>' , as in this example. 
______________________________________________________________________________________ 
SOLUTION (4.24) 
 
 rt

P
t
pr

x !" 22 +=  

        MPa46.46)005.0)(125.0(2
)10(45

)5(2
125)10(8.2 36

=+= !  

 MPat
pr

y 705
125)10(8.2 6

===!  

 MPa
tr

Tr 89.63
)005.0)(125.0(2

)10(36.31
2 2

3

3 ===
!!

"  

 Thus, 

  2
1

])89.63()7046.46([)7046.46( 22
4
1

2
1

2,1 +!±+="  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
4.24 (CONT.) 
 
 or MPaMPa 74.62.123 21 !== ""  
 
     ( a ) Equation (4.12a), 
  1500

74.6
210
2.123 =! !  

 gives 16.0013.0587.0 <=+  
 Thus,    no fracture 
 
    ( b ) Equations (4.11a) shows 
  ,2102.123 <   no fracture 
  ,21014.6 <   no fracture 
______________________________________________________________________________________ 
SOLUTION (4.25) 
 
 State of stress is represented by Mohr’s circle shown below. 
 
 
 
 
 
 
 
 
 
 
 
 
 From the circle, we obtain 

  uu !!" 2
12

8
32

8
5 )()( =#=  

 and o
p 57.26tan' 83

211
2
1 == !"  

 Orientation of the fracture plane is shown below. 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (4.26) 
 
 Principal stresses are 

2
1

)]150()90[()20200( 22
2
1

2,1 +±+=!    
 or 
  MPaMPa 9.649.284 21 !== ""  
 
     ( a )  47.1,9.284 420 == nn  

  47.6,9.64 420 == nn  
                       (CONT.) 
______________________________________________________________________________________ 

!  

u!4
3  

O 

),( 43 !" u  
   !  

!  
C 

u!8
3  

u!8
5  

u!  

'2 p!  

T 
P P 

T 'p!  

Fracture surface 
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______________________________________________________________________________________ 
4.26 (CONT.) 
 
     ( b ) Equation (4.12a): n

1
900
9.64

420
9.284 =! !  

 Solving, 33.1=n  
______________________________________________________________________________________ 
SOLUTION (4.27) 
 
 Uniform shear stress !  acts on a typical element as shown. 
 
 
 
 
 
 
     ( a )  u!! =1           or          u!! =3  

  uutd
P tdP !"!" == ,  

     ( b ) 

  uu

u

uu
!" !

!
!
!

!
! =+=# )1(;1 ''

31  

 or )'1( uu

utdP !!
!

+=  

______________________________________________________________________________________ 
SOLUTION (4.28) 
 

 Table 4.3: MPammMPaK ypc 444100023 == !  
 Note that the values of crack length a and plate thickness t satisfy Table 4.3. 
 Table 4.2: 37.12.0125

25 === !w
a  

 Equation (4.18), with n=1: 

  MPa
a

K
all

c 91.59
)25()37.1(

100023 ===
!!"

#  

 Therefore 
  kNwtP allall 2.187)25125(91.59)( =!== "  
 Note, the nominal stress at fracture: 

  MPaMPaawt
P 4446.93)25125(20

)10(2.187
)(

3

<=== !!"  
______________________________________________________________________________________ 
SOLUTION (4.29) 
 
 We have 001.05005.0 ==wa  and 1=!  by Table 4.2. From Table 4.3: 

  ksimMPaK ypc 150359 == !  

     ( a ) mMPaaK 7.30)03.0()100)(1( === !!"#  

 92.17.30
59 === K

Kcn  
 
     ( b ) Using Eq. (4.18) with :1=n  

  MPa
a

Kc 2.192
)03.0()1(

59 ===
!!"

#  

 This is well below the yield strength. 
______________________________________________________________________________________ 

dtP !" =  

!"" =#= 31  
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______________________________________________________________________________________ 
SOLUTION (4.30) 
 

 By Table 4.3: mmMPaKc 100066=  and  .1149 MPayp =!  Table 4.2: 

  02.115.065
10 === !w

a  
 We have 

  MPa
an

Kc 9.165
)10()2.2)(02.1(

100066 ===
!!"

#  

 Thus 

  mmt w
P

req 27.9)9.165)(65(2
)10(200

2

3

=== !    
 A thickness of 9.3 mm should be used. Note that both values of a and t satisfy Table 4.3. 
 
______________________________________________________________________________________ 
SOLUTION (4.31) 
 
 Refer to Example 4.5. We now have 2.040

8 ==w
a . 

 Table 4.2: 06.137.1 == ba !!  

 Table 4.3: MPammMPaK ypc 1503100059 == !  

        Equation (a) of Example 4.5, with :17.0 PM =  
  PPP 000,7106.1)37.1( 2)04.0)(01.0(

)17.0(6
)01.0)(04.0( =+=!"  

 By Eq. (4.18): 

  
)008.0(8.1
)10(100059 6

000,71;
!!

"# == P
an

Kc  

 from which 
  kNP 09.92=  
 The nominal stress at fracture: 

  )008.004.0)(01.0(
)10(09.92

)(

3

!! == awt
P"  

       MPaMPa 15038.287 <=  
 
______________________________________________________________________________________ 
SOLUTION (4.32) 
 

 From Table 4.3: K MPa mmc = 23 1000  and 444yp MPa! =  

 Case B of Table 4.2: a w = =016 112. , .!  
 
 By Eq.(4.18), with :1=n   

23 1000
1.12 (24)

74.79cK
a

MPa
! " "

# = = =  

 
 It follows that 
  ( ) 74.79(150 30) 337P wt kN!= = " =  
 Then 

3337(10 )
( ) (0.15 0.024)(0.03) 89.15P
w a t MPa! " "= = =  

      89.15 ypMPa != <  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (4.33) 
 
 Case A of Table 4.2 and Table 4.3: 

  K MPa mmc = 59 1000      1503yp MPa! =  

  01.1=!      (assumed) 
 
 By Eq.(4.18): 

  59 1000
(2)(1.01) (6)

213cK
ypn a

MPa
! " "

# #= = = <  

 

     ( a )  213(10)
30, 71fp r t

ft rp MPa!! = = = =  
 

     ( b )  1
2 2, (71) 35.5fp r

ft p MPa! = = =  
 
______________________________________________________________________________________ 
SOLUTION (4.34) 
 

 Table 4.3: 31 392c ypK MPa m MPa!= =  

 Case D of Table 4.2: 0.4 1.32a
w != " =  

 
        Using Eq.(4.18) with 1=n   and ! = 6 2M tw : 

  2 2
66 6

0.03(0.12)
; 31(10 ) 1.32 (0.048)M M

c tw
K a! " "= =  

 
 Solving 

4.35M kN m= !  
 
 
______________________________________________________________________________________ 
SOLUTION (4.35) 
 

  MPam 48
)10(25
)10(120
4

3

== !"  

 and 1;1
)10(700
)10(48

)10(240
1200

6

6

6 =+=+ A

f

m

cr

a F
!
!

!
!  

 or kNFA 3.186=  
______________________________________________________________________________________ 
SOLUTION (4.36) 
 
  eaaa p !!! ="=" 01531  

  emmm p !!! ="=" 0931  
 Then, 
  1

)10(300
9

)10(250
15

66 =+ pp  

 or 
  MPap 11.11=  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (4.37) 
 
 We have 

  )(1 um

a
cr !!

!! "=         (a) 

 where, 

  A
FF

aA
FF

m 22
minmaxminmax , !+ == ""      (b) 

        Substituting Eqs. (b) into (a): 
  ]2)([1

2)(
minmax

minmax

uAFF
AFF

cr !! +"
"=  

 Solving, 

  )]1)(([ minmax2
1

max
1

u

cr

cr
FFFA !

!
! "+"=  

______________________________________________________________________________________ 
SOLUTION (4.38) 
 
 We have .am !! =  Using Table 4.4: 

  15.110505.1510 =+ mm !!  

 from which .8.228 MPam =!  
 
 At the fixed end: 
  mNPLM !=== 5.0)05.0(10max  
        Hence, 

  mNM MM
ma !== ± 25.02

)(
,

minmax  
 and 

  )10(8.228 6300
005.0

)25.0(66
222 =====
ttbt

M
ma

m!!  
 Solving, 
  mmt 145.1=  
______________________________________________________________________________________ 
SOLUTION (4.39) 
 
 We have .ma !! =  From Table 4.4: 

  15.215005.2740 =+ mm !!  
 or   

.2.198 MPam =!  
 

 At the center of the beam: 
  mNPLM !=== 625.0)125.0)(20)(25.0(4max  
 
        Hence, 
  mNM MM

ma !== ± 3125.02
)(

,
minmax  

 and  

  )10(2.198 65.187
01.0

)3125.0(66
222 =====
ttbt

M
ma

m!!  
 Solving, 
  mmt 973.0=  
______________________________________________________________________________________ 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 4–16 
 

______________________________________________________________________________________ 
SOLUTION (4.40) 
 
  0,, 3

4
minmax ==== ar

M
mI

Mc !!!!
"

 

  3,0, minmax r
Tr

amJ
Tr

!
"""" ====  

 and 
  0,, ====== yzxzzyxyx !!""!!""  
 Equations (4.21) yield 

  emmmeaa !"!!" =+=+ 222 3,30  
        Then, Soderberg relation becomes 

  

yp

mm

a
cr

!

"!

"! 22 3
1

3

+
#

=  

 or ammcr yp

cr !!"" "
" 33 22 ++=  

 or 

  3
2
1

33
3224 ])(3)[(
r
T

r
T

r
M

cr yp

cr

!!!"
"" ++=  

 Solving this expression for r, we obtain Eq. (P4.40). 
______________________________________________________________________________________ 
SOLUTION (4.41) 
 

 2
1

])[( 22
222,1 xyaaa

yaxayaxa !" """" +±= #+
 

             ][ 2
42

2

xya
xaxa !"" +±=  

             2
14

)]10(4[ 4
4
)10(81

2
900 +±=  

 or 
  MPaMPa aa 44.42,44.942 21 !== ""  
 Similarly, 
  MPaMPa mm 8.61,8.161 21 !== ""  
 Thus, 
  MPaaaea 88.98421 =!= """  

  MPammem 6.23321 =+= !!!  
 
     ( a ) Modified Goodman relation: 
  MPacr 1086)24006.223(1

88.984 == !"  

  0863.0
)1010ln(
)80024009.0ln(

83 !== "b  

 
  )10(89.2)(10 6587.11

24009.0
10863 == !
"crN   cycles 

 
     ( b ) Soderberg criterion: 
  MPacr 1145)16006.223(1

88.948 == !"  

  )10(57.1)(10 6587.11
24009.0

11453 == !
"crN   cycles 

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
4.41 (CONT.) 
 
     ( c ) The SAE criterion: 
  0596.0,1086 !== bMPacr"  

  )10(59.0)(1 6778.16
2400
1086 == !

crN   cycles 
 
     ( d ) Gerber criterion: 
  MPacr 51.9932)24006.223(1

88.948 ==
!

"  

  )10(12.8)(10 6587.11
24009.0
51.9933 == !

"crN   cycles 
______________________________________________________________________________________ 
SOLUTION (4.42) 
 
  MPaxa 7002)600800( =+=!  

  MPaxm 1002)600800( =!="  

  MPaya 4002)300500( =+=!  

  MPaym 1002)300500( =!="  

  MPaxya 1752)150200( =+=!  

  MPaxym 252)150200( =!="  
 
 Equations (4.21) give then 
  22222 )175(6700400)400700(2 +++!=ea"  

  22222 )25(6100100)100200(2 +++!=em"  

 or MPaMPa emea 97.108,61.679 == !!  
 
     ( a ) Modified Goodman criterion: 
  MPacr 27.729)160097.108(1

61.679 == !"  

  08509.0
)1010ln(

)16005.016009.0ln(
83 !== ""b  

  )10(97.2)(10 6752.11
16009.0
27.7293 == !

"crN   cycles 
 
     ( b ) Soderberg criterion: 
  MPacr 72.762)100097.108(1

61.679 == !"  

  )10(75.1)(10 6752.11
16009.0
72.7623 == !

"crN   cycles 
______________________________________________________________________________________ 
SOLUTION (4.43) 
 

 I
cMM

a 2
)( minmax !="  

 PLMI
cMM

m == + ,2
)( minmax!  

 Substituting these into Soderberg relation, we obtain 

  min1
1

)1(
2

max MM c
Icr

!
!

!
"

+
#

+ +=  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
4.43 (CONT.) 
 

 where 3
2==

yp

cr
!
!"  

 Thus, min1
1

)1(
2

max PP Lc
Icr

!
!

!
"

+
#

+ += )000,10(35
31

)2.1)(05.0)(35(12
)1.005.0)(10200(2 36

+= !!  

           kN7.182000667,16 =+=  
______________________________________________________________________________________ 
SOLUTION (4.44) 
 
 We have NmgW 8.78481.980 =!==  
 From Eq. (4.29); 

  A
Wh

st
)11( 2

max !" ++=  

        Solving, with ,AEWLst =!  we obtain 

  )2( max2
max WAh EW

L != ""       (a) 
 Substituting the given data: 

  mh 365.0)6.1569350250(
)8.784)(10105(2

)10350)(2(
9

6

=!"=
"

"  

______________________________________________________________________________________ 
SOLUTION (4.45) 
 
 Through the use of Eq. (4.29): 

  stW
Ah

A
W h

st
!" "

! 21]1[],11[ 22
max

max +=#++=  

 from which 

  WL
hAE

W
A

W
A 22 11max
2

22
max +=+! ""  

 Solving for W, we obtain Eq. (P4.45). 
______________________________________________________________________________________ 
SOLUTION (4.46) 
 
 The kinetic energy is 

  mNE g
rW

k !=== " 4300)81.9(2
)35.0()602240(1090

2

2222 #$  

 But !TEk 2
1=  where L

GJT !=  
 Thus, 

  JGLEk2=!        (a) 
 Substituting the data given: 

  orad 76.408309.0][ 2
1

49 )0625.0()10(5.80
2)4300(5.12 === !

"
#  

 Introducing 
  rG

L
GJ
L

r
J

GJ
TL !!" ===  

 into Eq. (a), we obtain 

  ALGEk4=!  where 2cA !=  
 Substituting the numerical values, 

  MPa3.274][ 2
1

4

9

)5.1()0625.0(
4300)105.80(4 == !

"
#  

 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (4.47) 
 
 
 
 
 
 
 
 
 We have  IPLcIMcyp ==!  
 from which 

  kNP Lc
Iyp 86.4)025.0(2.1

)1205.0)(10(280 46

=== !
 

 
        End deflection is 

  mm86.2649

3

)05.0)(10200(3
)12()2.1(4860

max ==
!

"  

 But 
  )02686.0)(4860()02686.075.0( 2

1=+W  
 Solving, 
  NW 02.84=  
 
 
         End of Chapter 4 
 

W 

0.75 m   

1.2 m 
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CHAPTER 5  
 
SOLUTION (5.1) 
 
 
 
 
 
 
 
 
 
 
 
 
 1513515150

)2135(15)[15135(5.7)15150(
21

2211
!+!

+!+!
+
+ == AA

zAzAz  

 or mmyz 43==  
 Then, 
  3

12
123

12
1 )135)(15()5.35)(15150()15)(150( +!+=yI  

            2)5.39)(15135( !+  

 or 46 )10(11.9 mmII zy ==  

  )5.39)(5.35)(15135()5.35)(32)(15150( !+""!=yzI  

                46 )10(4.5 mm=  
        We have the moment components: 
  mkNMM zy !"="== 125.10)9.0(25.11,0  
 Thus, 
  MPaAx 35)(

)10]()4.5()11.9[(
)043.0)(11.9(10125)107.0)(4.5(10125

622 !== !!

+!"  

 Equation (5.15) gives 
  593.0tan 11.9

4.5 ==!  
 or 
  o66.30=!  
______________________________________________________________________________________ 
SOLUTION (5.2) 
 
 
 
 
 
 
 
 
 
 
 463

12
13

12
1 104.6)80)(150( mmhbI y !===  

                       (CONT.) 
______________________________________________________________________________________ 

o8.63=!  

150 mm 

80 mm 
A 

N.A
 C z 

y 1 kN 30o 

y  

z  

A 

1A  

2A  

!  

N.A. 
15 mm 

15 mm 

135 mm 

150 mm 

Y 

C 

y 
Z 

z 
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______________________________________________________________________________________ 
5.2 (CONT.) 
 
 463

12
13

12
1 105.22)150)(80( mmbhI z !===  

 mNLPM y !== 600)sin( "  

 mNLPM z !== 2.039,1)cos( "  

 mmzmmy dd 4075 =!=  
  
     ( a ) Equation (5.15) with :0=yzI  

  o
I
I

M
M

I
I

y

z

z

y

y

z 8.63tantan =!== "#"  

     ( b ) Thus, maximum tensile stress is at point A. 
 Equation (5.16) gives 
  MPa25.1366 104.6

)075.0(2.039,1
105.22

)04.0(600
max =!= !! "

!

"
#  

______________________________________________________________________________________ 
SOLUTION (5.3) 
 
 463

12
13

12
1 1033.3)100)(40( mmhbI y !===  

 463
12
13

12
1 10533.0)40)(100( mmbhI z !===  

 
mNMM o

oy !=== 725)25(cos800cos"   

mNMM o
oz !=== 1.338)25(sin800sin"  

     ( a ) Equation (5.15) with :0=yzI  

  o
I
I

M
M

I
I

y

z

z

y

y

z 9.18cottan =!== "#"  

     ( b ) There, maximum compressive stress is at A. 
 
 
 
 
 
 
 
 Equation (5.16) results in 
  MPa57.23

)10(533.0
)02.0(1.338

)10(33.3
)05.0(725

max 66 !=!= !!

!"  

______________________________________________________________________________________ 
SOLUTION (5.4) 
 
 44

12
7682

12
830 )10(85]34240[2 33 mmI y =+!+= !!  

 44
12
8762

12
830 )10(2.21]19240[2 33 mmI z =+!+= !!  

 44 )10(310)34)(19(2400[)]34)(19(2400[ mmI yz !=+!++!+=  
 Using Eq. (5.14): 
  yMzM oo ]855.131[)]31(5.12.21[ !+"="+  
                       (CONT.) 
______________________________________________________________________________________ 

o9.18=!  

100 mm 

A 
N.A
 

C z 

y mN !800  
25o 

40 mm 
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______________________________________________________________________________________ 
5.4 (CONT.) 
 
 or yz 81.3!=  
 Thus, point A is the farthest from the N.A., as shown. 
 
 
 
 
 
 
 
 
        Hence, Eq. (5.13) gives 
  oAx M82 10])31(2.2185[

)034.0)](85(5.131[03.0)]31(5.12.21[6 )10(80)( !!!"

!+!!!+==#  

 from which 
  mNMo != 8.266  
______________________________________________________________________________________
SOLUTION (5.5) 
 
 Bending moment at the midspan is 
  mkNM z !"=""= 48)2(24)4(24  
 
 From Fig. 5.4 and Example 5.1: 
  0105.0 == DE zmz  

  mymy DE 045.0045.0 !=!=  

  46 )10(596.11 mII zy
!==  

  46 )10(79.6 mI yz
!!=  

 
        Then, Eq. (5.13) with :0=M  
  MPaDx 4.283)( 622 10])79.6()596.11[(

)045.0)(596.11)(48000(0 !== !!

!!!"  

 Similarly, 
  MPaEx 8.103)( 622 10])79.6()596.11[(

)]045.0(596.11)105.0(79.6[48000 == !!

!!!!"  

______________________________________________________________________________________ 
SOLUTION (5.6) 
 
 
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

80 mm 
60 mm 

20 mm z 

y 
A 

20 mm 

z  

oforAN 15.. =!  
oforAN 30.. =!  

C 

z 
C 

A 

y 

N.A. 

Y 

Y 
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______________________________________________________________________________________ 
5.6 (CONT.) 
 
  mmz 14.2720602080

)50(2060)10(2080 == !+!
!+!  

  2
12
60202

12
2080 )86.22(6020)14.17(8020 33

!++!+= !!
yI  

        45 )10(1048.15 mm=  

  452
12
3020

12
2080 )10(933.8])25(3020[2 33 mmIz =!++= !!  

 Due to the symmetry .0=yzI  

 
     ( a ) We have 
  PMM zy

o 5.100 ===!  

 Equation (5.13) is thus, 

  
)10(933.8
)04.0(5.15.1

2.1
)10(290

7

6

!== P
I
Py
z

 

 or kNP 6.3=  
 
     ( b ) Now we have o15=!  and 
  PPM o

z 4489.115cos5.1 ==  

  PPM o
y 3882.015sin5.1 ==  

 Equation (5.14): 
  yPzP )1048.15(4489.1)933.8(3882.0 =  
 from which 
  yz 3105.6=  
 The farthest point from the N.A. is A. Equation (5.13): 

  7

6

10)1048.15(933.8
04.0)1048.15(4889.1)02714.0)(933.8(3882.0

2.1
)10(290)( !

!!== PP
Ax"  

 
 Solving, kNP 36.3=  
______________________________________________________________________________________ 
SOLUTION (5.7) 
 
 Given o30=!  and 
  PPM o

z 299.130cos5.1 ==  

  PPM o
y 75.030sin5.1 ==  

 The area properties are already found in Solution of Prob. 5.6. 
 Equation (5.14) gives 
  yPzP )1048.15(299.1)933.8(75.0 =  
 or yz 9287.2=  
 
        As before, the maximum stress occurs at A. Equation (5.13): 

  7

6

10)1048.15(933.8
04.0)1048.15(299.1)02714.0)(933.8(75.0

2.1
)10(290)( !

!!== PP
Ax"  

Solving, 
  kNP 37.3=  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (5.8) 
 
 
 
 
 
 
 
 
 
 We have 0=yM      and     PLM z =  
 Equation (5.14) becomes 
  yIzI yyz =      or     ythzth 3

3
23 =!  

 or 
  2

3zy !=  
 Point A is the farthest from the N.A. Thus, with 
  2

t
A hy !!=      and     2

t
Az !=  

        Equation (5.13) yields 

  2333

333

)()38)(32(
)2()32()2([)(

ththth
thhthtthPL

Ax !!

!!!!!="  

 or 
  max7

)25.2(3
3)( !! == +

th
htPL

Ax  
______________________________________________________________________________________ 
SOLUTION (5.9) 
 

      46
36

)90(80
36 )10(62.1

33 mmI bh
y ===  

      46
48

)80(90
48 )10(96.0

33 mmI hb
z ===  

 
mkNM o

y !"="= 026.120sin)10(3 3  

mkNM o
z !== 819.220cos)10(3 3  

 
     ( a ) Equation (5.15): 
  oo 17.12)]20tan([tan 62.1

96.01 !=!= !"  
 
     ( b ) Point A is the farthest from the N.A. Equation (5.16): 
  MPaA 5.136

)10(96.0
)04.0(2819

)10(62.1
)03.0(1026

66 =!= !!

!!!"  

______________________________________________________________________________________ 
SOLUTION (5.10) 
 
     ( a ) 3

6
3

53
2

42

2 xycyxcxyc
yx !!!==
"
#"$  

 3
53

2
322

2 xycxycxc
xy !!==
"
#"$  

 4
4

22
5

2
2

2
21

6432 yyxcyxc ccc
yxxy ++++=!= ""
#"$  

                       (CONT.) 
______________________________________________________________________________________ 

z C 

A 

y 

N.A
 

!  

90 mm 
30 mm 

A 
N.A
 

z 

y 

yM  

zM  
80 mm C 
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______________________________________________________________________________________ 
5.10 (CONT.) 
 
 and xycxyc

yxyx 56 4,6,0 22

4

4

4

4

4
!=!==

""
#"

"
#"

"
#"  

 Thus, 086 56
4 =+=!" xycxyc  

 or 
  086 56 =+ cc         (a) 

 At :0:2 == yhy !  

  01222

3
53 =!! hchcc        (b) 

        At ::2 Ltpxhy y !=!= "  

  Lt
pxyc xycc !=!+ )( 3

2
32

3
5  

 or 

  Lt
phchcc !=++ 1222

3
53        (c) 

 Adding Eqs. (b) and (c), 
  Lt

pc 22 !=  
 Substituting this into Eq. (b): 

  Lt
phchc
2122

3
53 !=+        (d) 

        On :0,2 =±= xy
hy !  

  04
64

22
4

2
8

2
21

6543 =!!!!! hxhhxc cccc  
 or 

  0)()( 6481
2

42

4
6

2
4

2
53 =++++ hchchcc cx      (e) 

 This is of form ,0=+! CBA where CBA ,,  are independent. Thus, 

  042

2
53 =+ hcc         (f) 

  06481

2
6

2
4 =++ hchcc        (g) 

 
 Multiply Eq. (f) by h  and subtract it from Eq. (d) to find 
  Lt

pc 3
5 !=  

 Then, Eqs. (g) and (a) give 
  

Lth
p

htL
p cc 3

4
62

3
3 , ==  

        On :0:0 == Vx  

  0)(2
2

4
6

2
42

2
421 =!!!= "" !!

h

h

h

h
tdyctdy ycyc

xy#  

 or 0)()( 32062441
42
=++ hh ccc       (h) 

 Subtracting Eq. (h) from (g), together with the value of 6c  already obtained, we have 

  htL
pc 5
3

4 !=  

        Finally, substitute 4c and 6c  into Eq. (g) to determine 

  tL
phc 801 =  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
5.10 (CONT.) 
 
 The stress function is thus, 

  ][ 3

5

3

33333

51041280 h
xy

h
yx

h
xy

h
yxxh

Lt
p xy !++!!="  

 and the stresses are 
  ][ 3432

5
3

33 xyyxxy
hhhLt

p
x !+="  

  ][ 32
2
3

2 3 xyxy
hh

x
Lt
p

y +!!="  

  ][ 3

4

3

3222 3
10
3

4
3

80 h
y

h
yx

h
y

h
xh

Lt
p

xy !++!="  
 

     ( b )  2

2

3

2

12
)2)(6(

Lth
px

th
hLpx

I
Mc

x ===!  

 
     ( c ) The maximum stresses are 

  ]20006[)( 2

340
10. h

y
th
p

elastx yy !+="  

  )(100)( 3

3

10
)10(

. t
p

th
hp

elemx ==!  

  )(8.99)( . t
p

elastx =!   at 2
hy ±=  

 Thus, 
  .. )(998.0)( elemxelastx !! =  
______________________________________________________________________________________ 
SOLUTION (5.11) 
 
     ( a ) We can show that given !  satisfies .04 =!"  From Eqs. (3.13): 
  }]tan78.0[2{ 22

21
43.0 yx

xy
x
yp

x +

! !!="      (a) 

  }2]tan78.0[2{ 22
21

43.0 yx
xy

x
yp

y +

! +!!="     (b) 

  22

22
43.0 yx

yp
xy +

!="        (c) 

        To test which stress is maximum we rewrite y!  in the form: 

  }]tan78.0[2{ 2222

22 2)(21
43.0 yx

xy
yx
yx

x
yp

y ++

+! +!!="  

         }]tan78.0[2{ 22

2

22
)(221

43.0 yx
yx

yx
xy

x
yp

+

!

+

! !!!=  

 
 Comparing this with Eq. (a), noting ,0)()(2 222 >+! yxyx  we conclude that .yx !! >  

 When ,0=y  Eqs. (a) to (c) yield 43.0,43.0,63.3 ppp xyyx !=!== "##  

        Maximum stress occurs at :0=y  

  MPax 26.7)2(63.3max, ==!  
 

     ( b ) MPap
x

px
I
Mc

elemx

x

63)(
3

)(
. 3

2
2

2
1

====!  

 Thus, 
  .. )(21.1)( elemxelastx !! =  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (5.12) 
 

  3
2

1 == c
c

top

bottom
!
!   

 and mmc 5.221 =  

  mmc 5.672 =  
       Thus 

  
!
!==

i

ii

A

yAcy 1  

      mmb
b 5.22)15)(15()90)(15(

)5.7)(15)(15()45)(90)(15( == !+
!+  

      mmb
b 5.22)15)(15(350,1

)5.112)(15(750,60 == !+
!+  

 Solving, 
  mmb 150=  
______________________________________________________________________________________ 
SOLUTION (5.13) 
 
 ht

pL
tth

hthpL
Ib
VQ

4
3

)12(
)4)(2(

2max 3 ===!  

 2

2

3

2

4
3

12
2

8max th
pL

th
hpL

I
Mc ===!  

 
 
 
 
 
 
 Thus, 

  h
L=

max

max
!
"  

 from which 

  mL h 8.17.0
)15.0(4.8

max

max === !
"  

 Then, 

  8.1
)15.005.0(700

3
4)(

3
4 max !== L

thp "  

      mkN != 88.3  
______________________________________________________________________________________ 
SOLUTION (5.14) 
 
  
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

b 

1cy =  

c2 
90 mm 15 mm 

15 mm 
y 

z C 

L 

p t 

h 

22502 != P
AR  67502 += P

BR  

4500 P 

V(N) 

)( mN !  
M 

22502 +
P  

4500 

0.75P-3375 

6750 

x 

x 
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______________________________________________________________________________________ 
5.14 (CONT.) 
 
 We have 

  46
12

)2.0(15.0
12

)25.0(2.0 )10(417.160
33

mI !=!=  

 Then, )10(7.0 6== Ib
VQ!  

     )2)(05.005.01.01125.0025.02.0(
)05.0(10417.160

)2250)2(
6 !!+!!= "!

+P  

 Solving, 
  kNP 32.9=  
        Similarly, 
  610417.160

)125.0)(337575.0(6 )10(7 !"

!=== P
I
Mc#  

 or kNP 478.16=  

 Thus, kNPall 32.9=  
______________________________________________________________________________________ 
SOLUTION (5.15) 
 
  150all MPa! =  
 and 

  
3

31 ( 2 )( 2 )
12 12z
bhI b t h t= ! ! !  

          
3 3

6 4

1 1(120)(170) (100)(150)
12 12
21.005(10 ) mm

= !

=

 

     (a) Therefore 

  ,all
z

Mc
I

! =  

 or 
6

621.005(10 )150(10 ) 37.1
0.085all

IM kN m
c
!

"

= = = #  

     (b) 9 6

1 37,100 0.0252
(70 10 )(21.005)(10 )x

M
r EI !
= = =

"
 

 39.68xr m=  
 
______________________________________________________________________________________
SOLUTION (5.16) 
 

 4 4 4 41 ( ) (60 40 )
64 64

I D d !
= " = " 3 4510.509(10 ) mm=  

 
     (a) 30 0.03Ay mm m= =  

 9

(600)(0.03) 35.3
510.509(10 )

A
A
My MPa
I

!
"

= = =  

                       (CONT.) 
______________________________________________________________________________________ 

y 

M 

z 

b 

t 

t 

t 

h 

t 

C 
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______________________________________________________________________________________ 
5.16 (CONT.) 
 
     (b) 20 0.02By mm m= =  

 9

(600)(0.02) 23.5
510.509(10 )

B
B

My MPa
I

!
"

= = =  

 

     (c) 
1

x

M
r EI
=  

     9 9

600
70(10 )(510.509 10 )!

=
"

 

    0.0168=  
 
 59.56xr m=  
 
 Hence, 

 
59.56 205.48
0.29

x
z

r
r m

!
= " = " = "  

 
______________________________________________________________________________________ 
SOLUTION (5.17) 
 

 1 2 2

1 2

2
2

i i

i

A y A y A yy
A A A

+
= =

+
!
!

 

    
2(150 25)(75) (350 25)(137.5)

2(150 25) (350 25)
! + !

=
! + !

 

   108.65 mm=  

 So 1 108.65c mm=   and  2 41.35c mm=  

 3 212[ (25)(150) (25 150)(33.65) ]
12zI = + ! +  

   3 2 6 41 (350)(25) (350 25)(28.85) 30.29(10 )
12

mm+ ! =  

 
1 1 (2.4) 1.2
2 2zM M PL P P= = = =  

 
 Therefore 

 61
6

1.2 (0.10865); 60(10 ) , 14.4
30.29(10 )t

z

Mc P P MPa
I

!
"

= = =  

 62
6

1.2 (0.04153)60(10 ) , 36.6
30.29(10 )c

z

Mc P P kN
I

!
"

= = =  

 
 Hence 14.4allP kN=  
______________________________________________________________________________________ 

y 

M 
z 

B 

A 

C 

d 
D 

y 

z 
y  

25 

25 
25 

c1 
 

C 150 mm 
c2 
 

A2 A1 

350 mm 
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______________________________________________________________________________________ 
SOLUTION (5.18) 
 

 2 2
max

1 1
(12)(3) 13.5

8 8
M pL kN m= = = !  

 3 6 41 (80)(120) 11.52 10
12

I mm= = !  

 
3 3

6

13.5 10 (45 10 ) 52.7
11.52 10nom

Mc
MPa

I
!

"

"

# #
= = =

#
 

 
95 1.8
52.7

all

nom

K
!
!

= = =  

 Use Fig. D.3.     For 
1201.8, 1.33:
90

DK
d

= = =  

  0.14r
d
=  

 Thus, 
  min 0.14(90) 12.6r mm= =  
______________________________________________________________________________________ 
SOLUTION (5.19) 
 
     (a) 
 
 
 
 
 
 
 
 
 
 
 
 

 max
3 3 2 3
2 2 4
V pL pL
A bh bh

! = = =        (1) 

 
2 2

max 3 2

8( 2) 3
12 4

Mc pL h pL
I bh bh

! = = =       (2) 

 Thus, 
  Lh=maxmax !"        (3) 
 
 For example, if hL 10= , the above ratio is .101  
 
     (b) From Eq. (3), we have: 

  
90.16( ) 1.029
1.4

all

all

L h m!
"

= = =  

                       (CONT.) 
______________________________________________________________________________________ 

p 

pL/2 pL/2 L 

pL/2 

x 

Mmax= pL2/8 

V, kN 

x 

b 

M 
kN !m 

h 

-pL/2 
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______________________________________________________________________________________ 
5.19 (CONT.) 
 
 Equation (1) gives then 

  64 4 0.05 0.16 (1.4 10 ) 10.34
3 3 1.029all all
bhp kN m
L
!

"
= = " =  

______________________________________________________________________________________ 
SOLUTION (5.20) 
 
 
 
 
 PM 3=  
 20== ts EEn  

 46
12

)300)(520( )10(1170
3

mmIt ==  
 
 
 
 
 
 
 The allowable stress in the transformed section is 
  MPaMPa 7620

12 <=  
        Thus, the stress in the steel is the controlling stress. Hence, 

  c
ItPM max

maxmax 3 !==  

              )15.0(
)10(1170)10(6 66 !

=  

 or kNP 6.15max =  
______________________________________________________________________________________ 
SOLUTION (5.21) 
 
 
 
 
 
  

 mkNM pL !=== " 508
)4(1025

8max

232

 

 462
12

)10(12603
12
1 )10(64.1010])155)(10)(1260([2)300)(180(

3

mmIt =++=  
 
 
 
 
 
 
 

 MPa
tI
Mc

w 4.7
)10(64.1010
)15.0(1050

max, 6

3

=== !

"#  

 MPa
tI
Mc

a 4.55
)10(64.1010
)16.0(105077

max, 6

3

=== !

""#  

______________________________________________________________________________________ 

3 m P 

60 60 
20 

300 mm 

y  =150 

400 

z 

60 y 60 

C 

4 m 

25 kN/m 

10 

10 

180 mm 

300 mm z 

y 

C 

180 mm 

z 
y 

C 

180x7=1260 mm 
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______________________________________________________________________________________ 
SOLUTION (5.22) 
 
 Equation (5.54) becomes 
  0)1200)(500)(()1200)()(()( 300

20
300
202 =!+ kdkd  

 or 0)10(40180)( 32 =!+ kdkd  
 Solving, 
  mmkd 164=  
 Hence, 
  mmkd 336500 =!  
        From Eqs. (e) of Example 5.5: 
  ))(( 32

1 kd
cc dbkdM != "  

          )5.0)(164.03.0)(1012( 3
164.06

2
1 !""=  

          mkN != 5.89  

 and )( 3
kd

sss dAM != "  

          )445.0)(101200)(10(150 66 !"=  
          mkN != 9.81  
 Thus, 
  MPaMall 9.81=  
______________________________________________________________________________________ 
SOLUTION (5.23) 
 
 
 
 
 
 
 
 
 
 
 The stresses in concrete and the equivalent of the steel (Fig. 514b) have the values shown in  
 the preceding figure. From the similarity of !ECD and !EAB we find 
  15

5
5)880(

51 == +d
c  

 or 
  15

5
15
5

1 == dc  
        Equation (d) of Example 5.5: 
  ssc Abc !! =)( 12

1  

  sA80300))(5( 3
500

2
1 =  

 or 21563 mmAs =  
 Then, we have from Eq. (e) of Example 5.5, 
  )( 3

1c
ss dAM != "  

        )5.0)(101563)(10(80 9
5.066 !"= !  

        mkN != 6.55  
______________________________________________________________________________________ 

5 
E 

c1=kd 
C 

D 

B A 

80/8 

d 
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______________________________________________________________________________________ 
SOLUTION (5.24) 
 
 The shearing stress at a distance s is given by 

  !==
"

##$
0

)(cos tRdR
z

y

z

zy
I
V

bI
QV

 

      !" sin2
Rt
Vy=  

 
        This shows that 0=!  at the free ends and max!  at the neutral axis, same as for a  
 rectangular section. The shearing stress produces the following twisting moment about O: 
 

  !! ==
"

"
# #$

0

sin2 )(RtdRRdAT Rt
Vy  

       !
yRV4=  

 By applying the principle of moment at O: .MeVy = Thus, 

  !
Re 4=  

 
______________________________________________________________________________________ 
SOLUTION (5.25) 
 
 Shearing stress in the web is neglected. Moment of the forces about S: 
  

1

2

2

1;2211 V
V

e
eeVeV ==       (a) 

 Let 1M  and 2M  be bending moments on flanges 1 and 2, respectively. 
 
 Curvature-moment are related by 
  

2

2

21

1

1

11 , EI
M

rEI
M

r ==        (b) 
 
        By assuming ,21 rr =  we have 

  
2

2

1

1

2

2

1

1 ; I
dM

I
dM

EI
M

EI
M ==  

 
 Introducing ,VdxdM != Eq. (c) gives 

  
2

1

2

1
I
I

V
V =  

 Equation (a) now becomes 
  

1

2

2

1
I
I

e
e =  

 
 Since 

1

2

1

1 ][; )(21 I
I

eh
ehee ==+ !  

 Thus, 
  )(1 21

2
II
hIe +=  

 where 

  122121
2

3
21

3
1 tbtb II ==  

 
 
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (5.26) 
 
 
 
 
 
 
 
 
 
 Location of centroid C (Fig. a): 
  mmz 481.61255.92505.9755.15

)5.62(1255.90)5.37(755.15 == !+!+!
!++"!  

  mmy 339.1241255.92505.9755.15
)125(1255.90)250(755.15 !== "+"+"

!"++!"  
 Moment of inertia: 
  23

12
1 )98.43)(755.15()75)(5.15( !+=yI  

            23
12
1 )48.6)(5.9(250)5.9)(250( ++  

            23
12
1 )01.56)(125(5.9)125)(5.9( ++  

        46 )10(18.8 mm=  
 
  23

12
1 )6.125)(5.1575()5.15)(75( !+=zI  

            23
12
1 )65.0)(2505.9()250)(5.9( !++  

            23
12
1 )3.124)(5.9125()5.9)(125( !++  

        46 )10(10.49 mm=  
 
  )98.43)(125)(755.15( !!"=yzI  

            )48.6)(65.0)(2505.9( !!"+  
            )56)(3.124)(1255.9( !+  

        46 )10(70.14 mm=  
 
  o

p 85.17][tan 1.4918.8
)7.14(21

2
1 =!= !

!"  
 Then, 
  46

2
1.4918.8

2
1.4918.86

' )10(45.3]7.35sin7.147.35cos[10 mmI oo
y =!+= !+  

 Similarly, we compute 
  46

'1 )10(85.53 mmII z ==  

  46
'2 )10(45.3 mmII y ==  

 
 From geometry of section (Fig. b): 
  mmBCmmHB 05.3957.144 ==  
 Thus, 

  ]85.17sin1445.0([ 2'

' os
tI

V
xz st

z

y !=="  
                       (CONT.) 
______________________________________________________________________________________ 

z  
C 

A1 

y
 

Fig. (a) 

A2 

A3 

z 

Y 
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______________________________________________________________________________________ 
5.26 (CONT.) 
 
        Shear force due to 'yV  (Fig. b): 

  !! "== "#

075.0

0 2101.54

)0155.0(

01 ]85.17sin1445.0[ 2

6
' dsstdsF osVs

xz
y$ '1108.0 yV=  

 We write 
  )1108.0(25.025.0 '1'' yzy VFeV ==!  

 or mmmez 7.270277.0' ==  
 
        Shear force due to 'zV . Now assume that the  

direction of 1F  shown in the figure is reversed. Then, 

  ! "=
075.0

0 21 ]85.17cos03905.0[ 2

'

' dssF os
I
tV
y

z  

        '1928.0 zV=  
 We write 
  )1928.0(25.0 ''' zyz VeV =!  
 or 
  mmmey 2.480482.0' ==  
______________________________________________________________________________________ 
SOLUTION (5.27) 
 
 
 
 
 
 
 
 
 
 We have 2

03
1

02
13

06
1' LpLxpxpMEIv +!==  

 Integrating 

  13
2

4
4

24

2
00' cxxxEIv LpLp

L
p o ++!=  

 .0;0)0(' 1 == cv  
 

  xxxEIv LpLp
L
p o

3
2

4
4

24

2
00' +!=       (a) 

 Integrating 

  2
2

6
3

12
5

120

2
00 cxxxEIv LpLp

EIL
p o ++!=  

 .0;0)0( 2 == cv  
 

     ( a ) )2010( 23325
120

0 xLxLxv EIL
p +!=  

     ( b ) Let x=L in this equation: EI
Lp

Bv 120
11 4

0=  

     ( c ) Let x=L in Eq. ( a ): EI
Lp

B 8

3
0=!  

______________________________________________________________________________________ 

C 

A 

Figure (b) 

F1 
s 

z 
z’ 

y y’ 
ez’ 

ey’ 
S 

Vz’ 

Vy’ 

2
s  

H 

B 

144.57 

17.85o 

M  
3

2
0Lp

AM =  

xp L
x )( 02

1  3
x  

x 

2
0Lp

AR =  

L
xp0  
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______________________________________________________________________________________ 
SOLUTION (5.28) 
 
 pEIv =''''           1''' cpxEIv +=  

 21
2

2
1'' cxcpxEIv ++=  

 32
2

12
13

6
1' cxcxcpxEIv +++=  

 43
2

22
13

16
14

24
1 cxcxcxcpxEIv ++++=  

 
 Boundary conditions: 
  0;0)0( 4 == cEIv  

  0;0)0('' 2 == cEIv  

  0;0)( 3624

2
1

3

=++= cLEIv LcpL      (a) 

32696

2
1

33

)(' cEILEIv LcpL
EI
pL ++=!=  

 or 

296
17

3

2
1

3 LcpLc !!=        (b) 
 

 Substituting Eq. (b) into (a), we obtain reaction at right end: 
  Rc pL =!= 32

13
1  

 
______________________________________________________________________________________ 
SOLUTION (5.29) 
 
 
 
 
 
 
 
 
 Segment AD: 
  xRMEIv AA !=''1           1

2
2
1

1 ' cxRxMEIv AA +!=  

  21
3

6
12

2
1

1 cxcxRxMEIv AA ++!=      (a) 
 
 Segment BD: 
  )(''2 cxPxRMEIv AA !+!=  

  3
2

2
12

2
1

2 )(' ccxPxRxMEIv AA +!+!=  

  43
3

6
13

6
12

2
1

2 )( cxccxPxRxMEIv AA ++!+!=    (b) 
 
        Boundary conditions: 
  0;0)0( 21 == cv  

  0;0)0(' 11 == cv  
 
 
                       (CONT.) 
______________________________________________________________________________________ 

P 

AM  
BM  

x 

b=L-c c 

A B 
L RA RB 

y 
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______________________________________________________________________________________ 
5.29 (CONT.) 
 
  0);()( 4321 =+= ccccvcv  

  0,0);(')(' 4321 === cccvcv  
 
 and 
  2

2
12

2
1

2 0)(' PbLRLMLv AA +!==      (c) 

  3
6
13

6
12

2
1

2 0)( PbLRLMLv AA +!==      (d) 
 
 Solving Eqs.(c) and (d), 

  )2()3( 3

2

3

3 )( LcbcR
L
cLP

L
Pb

A +=+= !  
 Substituting of this into Eq. (c) gives 

  2

2

2

2 )(
L
cLPc

L
Pcb

AM
!==  

 
        Thus, introducing the values of ,, AA RM  and 04321 ==== cccc  into Eqs. (a) and (b) 
 we obtain the deflections. 
 
 For :0 cx !!  

  )23(3

22

6
)(

1 LxcxcLv
EIL

xcLP !!= !  
 
 For :Lxc !!  

  3
66

)(
2 )()23(3

22

cxLxcxcLv EI
P

EIL
xcLP !+!!= !  

 
______________________________________________________________________________________ 
SOLUTION (5.30) 
 
 
 
 
 
 
 The reactions are statically indeterminate. We have 
  0'' MLRxRMEIv BB +!==  

  10
2

2
1' cxMLxRxREIv BB ++!=  

  .0;0)0(' 1 == cv  
 
  2

2
02

12
2
13

6
1 cxMLxRxREIv BB ++!=  

  0;0)0( 2 == cv  

  L
M

BRLv 2
3 0;0)( ==  

 
 The preceding equation gives 

  EIL
LxxMv 4
)(20 !=  

______________________________________________________________________________________ 

M  0M  
x 

B 
L-x RB y 

A 
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______________________________________________________________________________________ 
SOLUTION (5.31) 
 
 
 
 
 
 
 
     ( a ) Static equilibrium gives 
  PhMMPPP =+== 2121  
 Equation (5.9): 
  r

IE
r
IE MM 2211

21 ==  
 Interface strains must be the same: 
  

{ { r
h

hE
P

Eqfrom
bending

todue

r
h

force
axial
todue

hE
P

increase
temp

todue

TT 2
2

)9.5.(

2

.

1 2

2

1

1 !!"=++" ##
321

 

 
 This yields an expression for the interface curvature: 
  )114(

)(121 12
nnh
T

r ++
!"= ##           where .21 EEn =  

 
     ( b ) At the interface 
  121 )(1

ypr
hE

h
P !! =+=  

  222 )(2
ypr

hE
h
P !! "=""=  

     ( c ) Summing these equations. 
  r

EEh
ypyp 2

)(
21

21)()( !!=! ""  
 It follows that 

  )114(
)(24

2
)()( 12

21

21

nnh
Th

EE
ypyp

++
!"

"

" = ##$$
 

 from which 

  
21

21

12

)()(
)(6

114
EE

nn ypypT !

!

!
++=" ##
$$  

______________________________________________________________________________________ 
SOLUTION (5.32) 
 
  Case B 
 
 
 
 
 
 
 
 
 insideoutside QQQ !=  

      ])[()( 2
1

2
2
22

1
2

2 ythyh tbb !!!!= !  

      2
1

322
2
1 tytthbtbht !++!=  

                       (CONT.) 
______________________________________________________________________________________ 

y1 

b 

t h 

h 

C z 

y A* 

M1 
M2 

P1 

P2 
2h 

1 
2 

r 

Fig. (a) Bent beam 
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______________________________________________________________________________________ 
5.32 (CONT.) 
 

 != dA
width
Q

I
A

22 )(
"  

      
!"

!
#
$

!%

!
&
'

+= ( (
)

)

)+)+))+))+
]2[2

0 1

)2
2

(

1

)2
2

(
2

22
1

322
2

2

22
1

32
2

2

2

th h

th b

tythtthbtbht

b

tythtbtthbht

I
A bdytdy  

 or )(21 th
b

A
A
web !+=="  

 where 
  2442)22)(2(2 tthbtthtbbhA !+=!!!=  

  244)22(2 thttthAweb !=!=  

  3
3
23

3
2 ))(2( thtbbhI !!!=  

 
 
  Case B 
 
 
 
 
 
 
 
 )]([)( 12

1
11 ythytythQ !!+!!=  

      2
1222

2
2

232 ybhtht tbttth !!++!=  
 

!"

!
#
$

!%

!
&
'

+= ( (
)

)

+))+++)))+
][2

0 1

)
2222

(

1

)
2222

(
2

2
32

1
22

2

2

2
32

1
22

2

2

th h

th b

ttybtbhhtbht

t

tbybtbhhtbht

I
A bdytdy*  

 or th
b

A
A
web !+== 1"  

 where 
  2222)22(2 tthbttthbtA !+=!+=  

  222)22( thttthAweb !=!=  

  ])([2)22( 2
2

3
12
13

12
1 thbtbtthtI !++!=  

 
 
 Note: For thin-walled sections flange and web thicknesses are small with compared with 
 to unity and their products are neglected. 
 
  Case C 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

y1 

b 

t h 

h 

t 

z 

y A* 

O 
r 
!/2 

A* 
2cos !ry =  

z 

2sin !r  
y 
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______________________________________________________________________________________ 
5.32 (CONT.) 
 
 We write )sin(2

2
!! "= rA =area of segment 

  !!! ! drddA r )cos1()cos1( 2
22

2
2

"="=  

  ! ! "==
* *

)cos1()cos( 2
22

2A A
drrydAQ ###  

       ! "=
#

## #
0 2

3
2

3 )cos(cos dr )]2(cossinsin2[ 2
2

23
2

2
3 +!= """r  

       ]cossin[sin 2
2

22
3

3
2 !!! "= r  

 

  != dA
width
Q

I
A

2

2

2 )(
"  

       ! "=
"#

$
$

$$$#

$
2

0 2
22

)
2

sin2(

)]
2

cos
2

sin
2

(sin
3
2
[

)cos1(
2

2
3

2 dr
r

r

I
A  

 Since, 16
22 82rIrA !! ==  

 We have, after simplification: 

  9
10

2

0

3
2

2
9

16 )cos1)(( 6

6 =!= "
#

$
#

$% dr
r

 

  Case D 
 
 
 
 
 
 
 12 QQQ !=  

      ]cossin[sin]cossin[sin 2
2

22
2
`13

2
2

2
22

2
23

2 !!!""" ###= rr  

 ])cos1()cos1([
2

0 2
22

1
)
2

sin2(

2

0 2
22

2
)
2

sin2( 2
1

2
1

2
2

2
2

2 !! """=
# $

$

#
%

% $%& drdr
r

Q

r

Q
I
A  

 Letting 
  )(),( 4

1
4
216

22
1

2
2

2 rrIrrA !=!= ""  
 after integration, we obtain 
  2=!  
______________________________________________________________________________________ 
SOLUTION (5.33) 
 
 Since stress is symmetrical, Eq. (3.40) reduces to 
  0))(( 32

2

23

3

4

4

2

2

2

2 11211 =+!+=++ "
#"

"
#"

"
#"

"
#"

"
#"

"
#"

"
"

"
"

rrrrrrrrrrrrr
 

 The given !  satisfies this equation. Equations (3.32) lead to 
  CrB

r
A

rrr 2)ln21(2
1 +!++== "

#"$  

  CrB
r
A

r
2)ln23()( 22

2
+!++"==

#
$#

%&  

 
 The constants A, B, and C are determined from the boundary conditions (b) and (d) 
 of Sec. 5.13. In so doing, we arrive at the solution given by Eq. (5.67). 
______________________________________________________________________________________ 

y 

z 

!/2 "/2 

r1 r2 
O 
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______________________________________________________________________________________ 
SOLUTION (5.34) 
 
 
 
 
 
 
 
 
 
 
  mmz AA

zAzA 14.16)(
)(

21

2211 == +
+  

 We have 
  136.14 120 166i or mm r mm r mm= = =  

  126 166
30 6

120 126

420 134.7045 , 1.4355
dA dr dr
r r r

AR mm e r R mm= = = = ! =
+"# # #

 

 We have PPM 14.166)14.1612030( !=++!=  
 
        Outer Edge. Applying Eq. (5.73), 
  2

166.14 (134.7045 166)
420 420(1.4355)(166)80 PN P

mm
!! = +  

 or 1.614 allP kN P= =  
 Inner Edge. Using Eq. (5.73), 
  2

166.14 (134.7045 126)
420 420(1.4355)(126)80 PN P

mm
!= +  

 Solving, 
  3.73P kN=  
______________________________________________________________________________________ 
SOLUTION (5.35) 
 
 
 
 
 
 
 
 
     ( a ) Equation (5.66) yields 
  082.0ln4)1( 2.0

1.02
2.0
1.02

2.0
1.0

2

2

2

2
=!!=N  

  mkNPRM !="== 5.1015.0)10(70 3  
 Thus, from Eq. (5.67): 
  ]ln)11()1ln1)(1[()( 1.0

2.0
2.0
1.0

)082.0()2.0(05.0
)500,10(4

2

2

2 +!+!=A"#  

               MPa163=  

  ]2ln)1()2ln1)(1[()( 2

2

2

2

2 2.0
1.0

2.0
1.0

)082.0()2.0(05.0
)500,10(4 +!+!=B"#  

               MPa103=  
                       (CONT.) 
______________________________________________________________________________________ 

B A 
M 

P 

Figure (a) 

46 mm 
6 mm 

z  

6 mm 

A1 

A2 

y 

z 30 mm 
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______________________________________________________________________________________ 
5.35 (CONT.) 
        Referring to Fig. (a), 
  MPaA

P
A 177163)( 5

70
max !=!!=!= "##  

  MPaA
P

B 8914103)(min =!=!= "##  
     ( b ) We have  
  100 , 200 , 100 ln 2 144.2695i or mm r mm R= = = =  

  25000 , 5.7305A mm e= =  
 Thus, 

  ( )( ) [1 ] 176.2i

i

r R rP
A A er MPa!"

#= # + = #  

  ( )( ) [1 ] 88.1o

o

r R rP
B A er MPa!"

#= # + =  

______________________________________________________________________________________ 
SOLUTION (5.36) 
 
 20 2(60 10) 20 2400A b b= + ! = +  

 We have 60Ar mm=  and 140Br mm= . Applying Eq. (5.70): 

  
( )( ) ( )( )A B

A B
A B

M R r M R r
Aer Aer

! !
" " " "

" = = = "  

 from which 
  ( ) ( )B A A Br R r r R r! = ! ! ,          140( 60) 60( 140)R R! = ! !  

 or 134R mm=  

 Then 
AR dA
r

=

!"
 

 or 
80 140

60 80

2(10)84 bdr drA
r r

! "= +# $% &' '
8 1484 ln 20ln
6 8

b! "= +# $% &
 

      24.1653 1880.3091b= +  
 Hence 20 2400 24.1653 1880.3091b b+ = +  
 or 124.8b mm=  
______________________________________________________________________________________ 
SOLUTION (5.37) 
 

 We have 
1 10 25
2

c d mm r b c mm= = = + =  

 2 21 [ ]
2

R r r c= + !      (by Table 5.2) 

    2 21 [25 25 10 ] 23.9564
2

mm= + ! =  

 
 1.0436e r R mm= ! =  

 2 2 2(10) 314.16A c mm! != = =  
                       (CONT.) 
______________________________________________________________________________________ 

A O 

b 

P 

P 

a 

M=-P(a+ r ) 
r
 

 B 
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______________________________________________________________________________________ 
5.37 (CONT.) 
 
     (a) From Eq.(5.74): 

   
( ) ( )( )[1 ]A A

A
A A

M R r a r R rP P
A Aer A er

!
" + "

= " = +  

      
800 (50)(23.9564 15)[1 ] 75.4
314.16 (1.0436)(15)

MPa!
= + =  

 
     (b) Using Eq.(5.74): 

 
( ) ( )( )[1B B

B
B B

M R r a r R rP P
A Aer A er

!
" + "

= " = +  

      
800 50(29.1421 35)[1 ] 34.2
314.16 1.0436(35)

MPa!
= + = !  

 
______________________________________________________________________________________ 
SOLUTION (5.38) 
 
 Locate centroid : 
 

      1 1 2 2

1 2

A r A rr
A A
+

=
+

 

         
(5625)(150) (3750)(200) 170

5625 3750
mm+

= =
+

 

      21 (50 75)(150) 9375
2

A mm= + =  

 

 

2
1 2

1 2 1 2

1 ( )
2

( ) ln ( )o
o i

i

h b b
R

rb r b r h b b
r

+
=

! ! !
 

    
2(0.5)(150) (75 50) 158.916525[(75)(250) (50)(100)]ln (150)(75 50)
10

mm+
= =

! ! !
 

 11.0825e r R mm= ! =  
 
     (a) Use Eq.(5.75a), 

 
( ) ( )( ) [1 ]A A

A
A A

M R r r R rP P
A Aer A er!"

# #
= # # = # +  

      
350(10 ) (170)(158.9175 100)1

9375 (11.0825)(100)
! "#

= # +$ %
& '

 

      53.5 MPa= !  
                       (CONT.) 
______________________________________________________________________________________ 

C 50 mm O A1 
 A2 

r  

150 mm 

75 mm 

100 mm 

A 
O 

P 

P 
M=P r  

r
 

 B 
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______________________________________________________________________________________ 
5.38 (CONT.) 
 
     (b) From Eq.(5.75b): 

  
( )( ) [1 ]B

B
B

r R rP
A er!"

#
= # +  

       
350(10 ) (170)(158.9175 250)1 24.5

9375 11.0825(250)
ksi! "#

= # + = #$ %
& '

 

______________________________________________________________________________________ 
SOLUTION (5.39) 
 

 
1
2

A bh=  

 The section width w varies linearly with r. Thus 
  0 1w c c r= +   (1) 
 Since 

  
( )

0 ( )
i

o

w b at r r
w at r r
= =

= =
 (2) 

 Substituting Eq.(1) into Eq.(2); 

  1 0
obrb

c c
h h

= ! =  

 Then 

  0 1o

i

r

A r

c c rdA w
dr dr

r r r
+

= =! !  

 Inserting 1c  and 0c  into this, after integrating and rearranging, 
 we have 

  ( ln 1)o o

i

r rdA
b

r h r
= !"  

 Therefore 

  
1
2

ln 1o o

i

A h
R

dA r r
r h r

= =
!"

 

______________________________________________________________________________________
SOLUTION (5.40) 
 
 2A c!=  
 Through use of the polar coordinates we write: 
  2 sin cosw c r r c! != = "  
  sindr c d! !=  
  2 22 sindA wdr c d! != =  
 

 
2 2

0

2 sin
cos

dA c d
r r c

! "
"

"
=

#$ $  

                       (CONT.) 
______________________________________________________________________________________ 

! 
w 

O 

dr 

r  

 c 

ccos! 

r 

C 

w O 

dr 

b 

ri 
 r" 

h 

r 
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______________________________________________________________________________________ 
5.40 (CONT.) 
 

         
2 2 2 2 2 2 2

0 0

(1 cos ) cos ( )
2 2

cos cos
c r c r c
r c r c

! !" "
" #

$ $ $ $
= =

$ $% %  

         2 2

0 0
2 ( cos ) 2( )

cos
dr c d r c

r c
! ! "

" "
"

= + # #
#$ $  

         

2 2

2 2 1
0 0 2 2

0

tan2 22 2 sin 2( ) tan
r c

r c r c
r cr c

!

! !

"

" " #
#

= + # #
+#

 

 This gives 

  2 22 ( )dA r r c
r

!= " "#  

 Hence, it can be shown that 

  2 21 ( )
2

AR r r cdA
r

= = + +

!
 

______________________________________________________________________________________ 
SOLUTION (5.41) 
 

 1 2
1 ( )
2

A b b h= +  

 The section width w varies 
 linearly with r as  
  0 1w c c r= +   (1) 
 We have 

  1

2

( )
( )

i

o

w b at r r
w b at r r
= =

= =
 (2) 

 Introduce Eq.(1) into Eq.(2), then solve for 0c  and 1c  

  1 2 1 2
0 1

o ir b rb b b
c c

h h
! !

= = !   (3) 

        Then, we write 

   0 1
0 1ln ( )o o

i i

r r
o

o ir r
i

c c r rdA w
dr dr c c r r

r r r r
+

= = = + !" " "  

 This gives, substituting Eqs.(3): 

  1 2
1 2ln ( )o i o

i

r b rb rdA
b b

r h r
!

= ! !"  

 Hence 

  

2
1 2

1 2 1 2

1 ( )
2

( ) ln ( )o
o i

i

h b bA
R

dA rr b rb b b
r r

+
= =

! ! !"
 

______________________________________________________________________________________ 

w 

dr 

b2 O b1 
 

 r" 
r 

h ri 
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______________________________________________________________________________________ 
SOLUTION (5.42) 
 
 
 
 
 
 
 
 
 
 
 We have 
 mmz AA

zAzA 5.12)(
)(

21

2211 == +
+           

 252.5 0.0008 40 80i or mm A m r mm r mm= = = =  
 

 50 80 2(5)50
40 50

800 50.4502 , 2.0498
dA drdr
r r r

AR mm e r R mm= = = = ! =
+"# # #

 

 mNPM !=++= 5.337)0125.004.006.0(  
 
        Inner Edge. Using Eq. (5.73), 

  
3

6
337.5(50.4502 40)103000

0.0008 0.0008(2.0498)(40)10
( )A!"

#

#

#= # #  

               MPa5.57!=  
 
 Outer Edge. Applying Eq. (5.73), 

  
3

6
337.5(50.4502 80)103000

0.0008 0.0008(2.0498)(80)10
( )B!"

#

#

#= # #  

               74.6 MPa=  
______________________________________________________________________________________ 
SOLUTION (5.43) 
 
 Using Eq. (P5.44), at section A-B of Fig. P5.43: 
  0.182 0.182(0.75 ) 0.136M Pr b P Pb= ! = ! = !  
 
     ( a ) Equation (5.66) yields, 
  082.0)2)(ln(4)1( 2

4
12

4
1 =!!=N  

 Point A. Applying Eq. (5.67), 
  bt

P
Ntb
M

A +!"+"= ]2ln2)1ln1)(1[()( 4
14

2#$  

               bt
P

tb
Pb +!= ! ]3863.1[ 43)082.0(
)136.0(4

2  

               btP22.5=  
 
 Point B. Using Eq. (5.67), 
  bt

P
tb

Pb
B +!+= ! ]2ln)2ln1([)( 4

5
4
3

)082.0(
)136.0(4

2"#  

               btP68.1!=  
                       (CONT.) 
______________________________________________________________________________________ 

B A 
M 

P 

P 

z  

A1 
C 

A2 

A2 

z 
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______________________________________________________________________________________ 
5.43 (CONT.) 
 
     ( b ) We have 0.75 , 0.5 ,ir b r b= =  and or b= . Thus, 2( ) ln 2 0.7213bR b= =  

 Points A and B. Apply Eq. (5.74) with 2PP =  and :136.0 PbM !=  

  ( ) 4.2 5.2P P
A bt bt P bt!" = + =  

  ( ) 2.64 1.64P P
B bt bt P bt!" = # = #  

 
     ( c )  )()()( 2, I

Mc
A
P

BA ±=!"  

 Here  964
3tbb Ic ==  

 Thus, btPbt
P

bt
P

tb
bPb

bt
P

A 26.426.3)(
96

)4(136.0
2 =+=+=!"  

 and btPbt
P

bt
P

B 26.226.3)( !=!="#  
 
        Comparing the result, we observe the following differences: 
 At the point A: 
  Elasticity vs. hyperbolic  0.4 % 
  Elasticity vs. linear  18 % 
 
 At the point B: 
  Elasticity vs. hyperbolic  2.4 % 
  Elasticity vs. Linear  34.5 % 
______________________________________________________________________________________ 
SOLUTION (5.44) 
 From the condition of symmetry, the distribution of stress in any quadrant is known to be 
 the same as the other. 
 
 
 
 
 
 
 
 
 
 At any angle ,!  the bending moment referring to this figure is expressed as follows 
  1

2 (1 cos )aM M Pr! != " "       (a) 
 
 The problem is statically indeterminate and value of aM  is found first. Note that shear 

component of the load will be omitted in our solution. 
 
Applying Castigliano’s theorem, we have: 

! "
"

"
" =

2

0
14

#

$
$ dsM
aa M

M
EIM

U  

2
4

20
0 [ (1 cos )]Pr

aEI M rd
!

" "= # #$  

  4
2 2 20 [ ( 1)]Pr

aEI M! != " "  
                       (CONT.) 
______________________________________________________________________________________ 

O 

r  
! 

!cos2
P  

aM  
P/2 
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______________________________________________________________________________________ 
5.44 (CONT.) 
 
 solving, 
  1 1

2( ) 0.182aM Pr Pr!= " =  
 
        Then, Eq. (a) becomes 
  1

20.182 (1 cos )M Pr Pr! != " "      (b) 
 Therefore stress at any point of a section, using Eq. (5.74), is expressed in the form 

  cos
2 ( )MP R r

A A er
!!

!"
#= # +  

 Here, the moment !M is given by Eq. (b). 
 
______________________________________________________________________________________ 
SOLUTION (5.45) 
 
     ( a ) Using Eq. (P5.44) at 4!" =  (Fig. P5.44): 

  mNPPPM !=""= 00533.0)cos1)(5.1()5.1(182.0 42
1 #

$  
 We have 

  2
2
1

1000.05(0.1) 0.005 144.2695
lnln o

i

r
r

h
A m R= = = = =  

 and 
  150 144.2695 5.7355e r R mm= ! = ! =  

 At inner fiber, 0.1 :ir m= !  

  ( 2)cos( 4) 0.00533 144.2695 100
4 0.005 0.005 5.7355(0.1)( ) [ ] 182.3P P P Pa!

" !# $ $= $ = $  
     ( b ) 
 
 
 
 
 
 
 
 
 
 At :0o=!  
  2182.0 PNPRM !== ""  
 
 At any angle: 
  0.182 0.5 (1 cos ) 0.318 0.5 cosM Pr Pr Pr Pr! ! != " " = " +  

  ( 2) 0.636 cosM
P r r! !"

" = # +  

  !! !
! cos,cos )2(2 "="= #

#
P
NPN  

  !! !
! sin,sin )2(2 "="= #

#
P
VPV  

 
                       (CONT.) 
______________________________________________________________________________________ 

O 
! 

N! 
M! 
V! 

P/2 
(M!)!=0 
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______________________________________________________________________________________ 
5.46 (CONT.) 
 
 Based on the symmetry of the ring, we have 

  
2

( 2) ( 2) ( 2)0
2 ]N N M M V V

AE P EI P AG P rd! ! ! ! ! !
" #$ !% % %

% % %= + +&  

 
 Substituting the values of ,, !! NM  and ,!V  this expression becomes 

  
22 2 2 2

2 20
2 [ cos ( 0.636 cos ) sin ]P Pr P

P AE EI AG rd
!

"# $ $ $ $= + % + +&  

         
32 2sin 21

2 2 4 2 40 0
2[ sin 2 0.904 1.27sinPr Pr

AE EI
! !" "" " "= + + # +  

   
21

2 2 4 0
sin 2 ]Pr

AG
!" # #+ $  

 from which 

  
3

2 4 2 2 22[ ( ) (0.15) ( )]Pr Pr Pr
P AE EI AG

! " !# = + +  
 
        For the given rectangular cross section: 
  20.15 0.005r m A m= =  

  EEG 4.02.1 5
2

5
6 ====!  

  463
12
1 )10(17.4)1.0)(05.0( mI !==  

 
 The deflection is therefore 

  ][2 8
)15.0(

)005.0(4.0
2.1

)1017.4(2
)15.0()15.0(

)8(005.0
)15.0(

6

3 !!" P
EE

P
E

P
P ++= #$

 

 This results in 
  mEPP 65.215=!  
 
 
         End of Chapter 5 
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CHAPTER 6  
 
SOLUTION (6.1) 

      
4 4( )

2

all
Tc

c b
!

"
=

#
 

      or 
3

6
4 4

2(3 10 )(0.035)100(10 )
[(0.035) ]b!
"

=
#

 

 or 6 6 4100(10 )[1.5(10 ) ] 66.845b! ! =  
 Solving, 
  0.0302 30.2b m mm= =  
______________________________________________________________________________________ 
SOLUTION (6.2) 
 
 
 
 
 
 
 

 max 4 4 4

( 2) ( 2)
32 ( ) 32i

T d T D
d D D

!
" "

= =
#

 

 or 

  3 3 423[1 ( ) ]
25

d D= !  

  3 3(40) (0.2836)D=  
  60.9D mm=  
______________________________________________________________________________________ 
SOLUTION (6.3) 
 
 
 
 
 
 
 
 

 max 3
4 4 3

16 ( 2) 16
1( ) (1 )

32 16i

T T D T
d D D D

!
"" "

= = =
# #

 

 or 3 3 15( ), 1.0217
16

d D D d= =  

 Thus 

  
60 58.7

1.0217 1.0217
Dd mm= = =  

______________________________________________________________________________________ 

c 
b. 

d=40 mm DDi 25
23=  

D 

25
Dt =  

2
D

iD =  

D 
d 
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______________________________________________________________________________________ 
SOLUTION (6.4) 
 
 Apply the method of sections between the change of load points: 
  0.5CDT kN m= !   1.5BCT kN m= !   

  2ABT kN m= !   

 Therefore, 3
max 2 :T c! "=  

 
3

3

2(2 10 ) 81.5
(0.025)AB MPa!

"
#

= =  

 
3

3

2(1.5 10 ) 119.4
(0.02)BC MPa!

"
#

= =  

 
3

3

2(0.5 10 ) 94.3
(0.015)CD MPa!

"
#

= =   

______________________________________________________________________________________ 
SOLUTION (6.5) 
 
 We have, applying the method of sections: 
  0.5CDT kN m= !   1.5BCT kN m= !   

  2ABT kN m= !   
 Hence, 

  max 4 4

2
( )
Tc
c b

!
"

=
#

 

 gives, 

 
3

4 4

2(2 10 )(0.025) 82.4
[(0.025) (0.008) ]AB MPa!

"
#

= =
$

 

 
3

4 4

2(1.5 10 )(0.02) 122.5
[(0.02) (0.008) ]BC MPa!

"
#

= =
$

 

 
3

4 4

2(0.5 10 )(0.015) 102.6
[(0.015) (0.008) ]CD MPa!

"
#

= =
$

 

______________________________________________________________________________________ 
SOLUTION (6.6) 
 
 1 2BC ABT kN m T kN m= ! = !  

 Then,  3
max 2T c! "=  yields 

 
3

3

2(1 10 ) 79.58
(0.02)BC MPa!

"
#

= =    

 
3

3

2(2 10 ) 81.49
(0.025)AB MPa!

"
#

= =  

 Therefore, 
  max( ) 1.6(81.49)B ABK! != =  

   130.4 MPa=  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (6.7) 
 
 We have 
  4BCT kN m= !   4ABT kN m= !   
 Then 
  ( )C TL GJ! ="  yields 

  
3

4
9 4

4(10 ) 0.35 0.7 1 0.35 0.7[ ] ( )3(0.05) 3.5 6.25 150(28 10 ) (0.1)
2 2

C! " "
= # = #

$
 

       34.67 10 0.27orad!= " =  
 
______________________________________________________________________________________ 
SOLUTION (6.8) 
 
 50 90 140o! = + =  

 4 4 6 4[(0.05) (0.045) ] 3.376 10
2

J m! "= " = #  

 From Eq. (6.5a) at 140o! = : 
  ' sin 280 0.985o

x! " "= = #  

  6
6

(0.05)120 10 0.985 0.985
3.376 10

Tc T
J !

" = =
"

 

 or 8.23T kN m= !  
 Similarly, Eq. (6.5b): 
  ' ' cos 280 0.174o

x y! ! != =  
 gives 

  6
6

(0.05)50 10 0.174 , 19.4
3.376 10
T T kN m

!
" = = #

"
 

 Thus, 
  8.23allT kN m= !  
______________________________________________________________________________________ 
SOLUTION (6.9) 
 
 From solution of Prob. 6.8: 
 6 43.376 10J m!= "  

 From Equations (6.5) at 35 90 125o! = + = , 
  ' sin 250 0.94o

x! " "= = #  

  6
6

(0.05)120 (10 ) 0.94 0.94
3.376 10

Tc T
J !

" = =
"

 

 or  8.62T kN m= !  
 and 
  ' ' cos 250 0.342o

x y! ! != = "  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
6.9 (CONT.) 
 

  6
6

(0.05)50 10 0.342 , 9.87
3.376 10
T T kN m

!
" = = #

"
 

 Thus, 
8.62allT kN m= !  

______________________________________________________________________________________ 
SOLUTION (6.10) 
 
 
 
 
 
 
 
 Apply the method of sections: 
  2ABT kN m= !    1BCT kN m= !  
 Then, 

  
3 3
1

6

2 10
16 50 10all

dJ T
c

!
"

#
= = =

#
 

  1 0.05884 58.84d m mm= =  
 Also, 

( )TL GJ! =" : 
 or 

  
3

4 4
9 1

10 1(1) 2(2)0.02 [ ]
(0.04)(39 10 )

32
d!

= "
#

 

  4
1

476576.32 390625
d

= !  

 Solving 
  3

1 59.74 10 59.74d m mm!= " =  
 We therefore use 
  1 60d mm=  
______________________________________________________________________________________ 
SOLUTION (6.11) 
 
 
 
 
 
 
 
 Apply the method of sections: 
  1.5ABT kN m= !    0.5BCT kN m= !  
 
                       (CONT.) 
______________________________________________________________________________________ 

1 m 

2 kN !m 

A 
1 kN !m C B 

d1 

30 mm 3 kN !m 

2 m 

1 m 

1.5 kN !m 
A 

0.5 kN !m C B 
d1 

40 mm 2 kN m 

3 m 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 6–5 
 

______________________________________________________________________________________ 
6.11 (CONT.) 
 
 We have 

  
3 3
1

6

1.5 10
16 50 10all

dJ T
c

!
"

#
= = =

#
 

  3
1 53.46 10 53.5d m mm!= " =  

 Also,  
  ( )TL GJ! =" : 

 or 
3

4 4
9 1

10 0.5(1) 1.5(3)0.02 [ ]
(0.04)(40 10 )

32
d!

= "
#

 

  4
1

4.578539.82 195,312.5
d

= !  

 Solving 
  3

1 78.79 10 78.8d m mm!= " =  

 Use 1 78.8d mm=  
 
______________________________________________________________________________________ 
SOLUTION (6.12) 
 

     (a) 
60 11.2 0.02
50 50

D r
d d
= = = =  

 
 Figure D.4: 2.1K = . 

  
3

3 3

2 2(2 10 ) 81.5
(0.025)nom

T
MPa

c
!

" "
#

= = =  

  max 2.1(81.5) 171.2 MPa! = =  
 

     (b) 
5 0.1, 1.2; 1.33
50

r D K
d d
= = = =      (Fig. D.4) 

 max 1.33(81.5) 108.4 MPa! = =  
 
______________________________________________________________________________________ 
SOLUTION (6.13) 
 

 
10 1000.2 2.0; 1.25
50 50

r D K
d d
= = = = =   (from Fig. D.4) 

 For smaller part of the shaft, 2 25 :c d mm= =  

 max 3

16
( )all
TK
d

! !
"

= = ;     6
3

1680(10 ) 1.25[ ]
(0.05)
T

!
=  

 Solving 
  1.571T kN m= !  
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______________________________________________________________________________________ 
SOLUTION (6.14) 
 
 
 
 
 
 
 
     ( a ) For circular bar: 
  bG cb

T
cbG

T
c !"!

##
=== 34

22  
 
 For elliptical bar: 

  eba
Gba

Gba
baT

e T !! "
" 22

33

33

22

,)(
+

+ ==  

  22

3

2
202

ba
Gba

ab
T

e
e

+
== !

"
#  

        We have 

  
bGba
Gba

c

e

c

e

!

!
"
"

)(
2

22

2

+
=  

 Setting :ce !! =  

  
)(

2
22

2

ba
a

c

e

+
=!

!  

 Since ,2)(, 222 ababa <+>  and ,1>ce !!  or 

  ce !! >  
 

     ( b )  cc
Gb

c bGT c !"#" == ;2

4

 

  22

34 bGb
Gbc

ccT !"!" ==  

  22

2

22

33 2,
ba
Gba

eba
Gba

e
eeT
++

== !"! #  
        Rearranging, 

  
Gba
ba

e
e

2

22

2
)( += !"  

 Thus, 2

2ab
e

eT !"=  
 We obtain 

  
)2(
)2(

2

3

ab
b

T
T

e

c

e

c

!"

!"=  

 Setting abTT ecce == :!! , or 

  ce TT >  
______________________________________________________________________________________ 
SOLUTION (6.15) 
 
 We have .;)( 222222 bcaabc !==! ""  
 

     ( a )  c
bc

c
J

h
aaT 2

)( 44!== "##  

  2

3a
a
J

s
aaT !"" ==  

                       (CONT.) 
______________________________________________________________________________________ 

b b 
a 
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______________________________________________________________________________________ 
6.15 (CONT.) 
 

 Hence, 2322

44

3

44

)( bcc
bc

ca
bc

T
T
s

h

!

!! ==  

 For :4.1 ac =  

  16.23168.1
8416.2 ==

s

h
T
T  

 

     ( b ) ])[( 2
)( 44 bc

L
G

L
JG

h
aaT !== "##  

 ))(( 2
4a

L
G

s
aT !"=  

 Hence, 22

22

222

44

2

44

)( bc
bc

bc
bc

a
bc

T
T
s

h

!
+

!
!! ===  

 For :4.1 bc =  
  08.396.0

96.2 ==
s

h
T
T  

______________________________________________________________________________________ 
SOLUTION (6.16) 
 
 Use Eqs. (f) of Example 6.2: 
  

)32()20(2.0
)32()15(4.01

)(1
4

4

!

!
+

+ == T
bJaJ

T
A ab
T TT 6124.0)6328.01( == +  

  TTTT AB 3876.0=!=  
 
        Based on shear in segment AC: 
  )10(150 6

)02.0(
)6124.0(1616

33 ===
!!

" T
d
T

a
a

A           or          mNT != 7.384  

 Based on shear in segment CB: 
  )10(150 6

)015.0(
)3876.0(1616

33 ==
!!

T
d
T

b

B  

 or 
  allTmNT =!= 5.256  
______________________________________________________________________________________ 
SOLUTION (6.17) 
 
 Use Eqs. (f) of Example 6.2: 
  TT TT

A 8283.02074.01

)32()25(5.0
)32()15(8.01 4

4 === +
+

!

!
 

  TTTT AB 1717.0=!=  
 
        Based on shear in segment AC: 
  )10(70 6

)025.0(
)8283.0(1616

33 ==
!!

T
d
T

a

A  

 or allTmNT =!= 3.259  
 Based on shear in segment CB: 
  )10(70 6

)015.0(
)1717.0(1616

33 ==
!!

T
d
T

b

B  

 or 
  mNT != 2.270  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (6.18) 
 
 ]12)1(2)(2[ 22222

2

2 bxbyabak
x

!++!=
"
#"  

 ]12)1(2)(2[ 22222
2

2 bybxabak
y

!++!=
"
#"  

 Substituting these in Eq. (6.9): 
  

))(16()1(2 2222 yxbbba
Gk

++!+!
= "  

 In order k  be a constant: 0162 =+! bb .  Thus, 
  

)1(2 2 !
=

ba
Gk "  

______________________________________________________________________________________ 
SOLUTION (6.19) 
 
 ),(),(),( yxwwzxzvbyzu =!=!!= ""  

 0,0 =+==== !
!

!
!

y
u

x
v

xyzyx "###  

  )(),( axby y
w

yzx
w

xz !+=!!= "
"

"
" #$#$  

 Thus yx
w

xz byG !
"!

!
! =##= )]([ $%  

  xy
w

yz axG !
"!

!
! #=##= )]([ $%  

 
        Substituting these in Eqs. (6.6), (6.7), and (6.11), we obtain 

  !!"" GG
yxxy

yzxz 2,2 2

2

2

2
#=+#=#

$
%$

$
%$

$

$

$
$  

 and !! """= dxdybyaxT xzyz ])()[( ##  

       !!!! "
#"

"
#" $$$$= dxdybyax yx ])()([  

       !!"= dxdy2  

 We observe that characteristic equations remain unchanged. 
______________________________________________________________________________________ 
SOLUTION (6.20) 
 

  !! !! "
#"

"
#" $$=$= dxdyyxdxdyyxT yxxzyz )()( %%  

 Here 

  ][
2

1
!!!!! "##"#=# $

"$ dxdydyxddxxdy
x

x
x  

    !!! "+##= dxdydyxxc )( 12  

    !!!! "+#= dxdydxdyc  

        Note that dyxx )( 12 !  is area and equals !! dxdy . Similarly, 

  !!!!!! "+#=# $
"$ dxdydxdycdyydx y  

 Thus, 

  !! "#= dxdycT )(2  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (6.21) 
 
  !!

2cosTT =  
 Hence, 

  !! == """ " adTGJGJ
dzT 21 cos  

 This gives, at sections A and B: 

  
Gr

Ta
GJ
Ta

A d 42

2

0 2
2cos

2
1 )( =+= !

"
# ##  

  
Gr
Ta

GJ
Ta

B d 4
0

2cos == !
"

###  

______________________________________________________________________________________ 
SOLUTION (6.22) 
 
 
 
 
 
 
 From Table 6.2: 229.0,246.0 == !"  

  32 492.0 a
T

ab
T

r ==
!

"  

  3
2
c
T

J
Tc

c !
" ==  

 Thus, ac
c
T

a
T 684.0;33

2
492.0

==
!

 
 
        Similarly, 
  

Ga
T

Gaa
T

r 43 458.0)2(229.0
==!  

  
Gc
T

JG
T

c 4
2
!

" ==  
 Then, 
  

Gc
T

Ga
T

44
2

458.0 !
= ;          allcac == 736.0  

______________________________________________________________________________________ 
SOLUTION (6.23) 
 

  )](2)3()()3()[( 3
2

3
2

33
2

32

2 hxhyxxhyxxk hh
y

!+!!+++!+++=
"
#"  

  )](3)(3[ 332

2 hh
y

xxk +!+!=
"
#"  

 
 Substituting these in Eq. (6.9),  
  h

GkGkh 2;24 !! ="="  
 Thus, 
  ])3()([ 2

27
223

2
122

2
1 hxyxyxG h !!!+!=" #  

        Along the x axis ,0=xz!  due the symmetry. Equation (6.8) is therefore,  

for :0=y  

  )( 2
3
2

2
3 xhx
h
G

xyz !=!= "
#" $%  

                       (CONT.) 
______________________________________________________________________________________ 

c 
b=a 

2a 
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______________________________________________________________________________________ 
6.23 (CONT.) 
 

When 0:0 == yzx !  

  0:32 == yz
hx !  

  2max3 : hG
yz

hx !"" ==#=  
 
        Next, substitute the preceding value of !  into Eq. (6.11) to obtain 

  !!"= dxdyT 2  

       ! !
+"

"""+"=
3

0

3

0

2
27
223

2
122

2
13

2

])3()([4
h hy

h dxdyhxyxyxG#  

       315

4hG!=  

 This gives   4
15 3T
h G

! =  

 The shear stress is thus 

  33 2
315

)32(
20

max h
T

h
T ==!  

______________________________________________________________________________________ 
SOLUTION (6.24) 
 
 For a circular bar: 
  !! cCJGT ==  
 where 
  2

4Gr
cC !=         (a) 

 For an elliptical bar (from Example 6.3): 

  !
"

GH
ba
baT 233

22 )(2 #=#= +  

  !!"
eba

ba CGT ==
+ 22

33
 

 or GC
ba
ba

e 22

33

+
= !         (b) 

 For an equilateral bar (from Prob. 6.23): 
  t

hG CT !! ==
315

4
 

 or 315

4Gh
tC =         (c) 

 
        Bars have equal areas: 
  3

2 2,, h
tec AabArA === !!  

 Setting :tec AAA ==  

  2

4

3
224

!
hbar ==  

 Then, Eqs. (a), (b), and (c) give 

  22224

33 2
)(

2
ba
ab

bar
ba

C
C
c

e

++
=  

 and 

  15
322

315 4

4 !
!

==
Gr

Gh
C
C
c

t  

 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (6.25) 
 
 
 
 
 
 
 For the seamless tube, from GJT=1!  

  
Gddd

T
oio )1(

32
1 444 !
=

"
#  

 For the split tube, referring to Eq. (6.17): 
  

3)
2

)(
2

(

13
2 ioio ddddG

T
!+=

"
#  

        We have 

  
)(3
)(2
222

1

io

io

dd
dd

+

!="
"         (a) 

 For very thin tubes ,2 222
oio ddd !+  and Eq. (a) becomes 

  )(342

1

od
t=!

!  

______________________________________________________________________________________ 
SOLUTION (6.26) 
 
 Apply Eqs. (6.17) and (6.19): 
  MPa

bt
T 8.7622 )005.0(125.0

)80(33
max ===!  

  mrad
Gbt
T 192.0

)1080()005.0(125.0
)80(33

933 ===
!

"  

______________________________________________________________________________________ 
SOLUTION (6.27) 
 
 Referring to Table 6.1, we have 
  22 max ab

T
Gab

TLL
!"

#$% ===  

 Thus 
  !

"
#
$

bG
L=         (1) 

 For 231.0:5.11624 === !ba  and 196.0=!  
        Introducing given data into Eq. (1): 
  

)196.0)(1080)(024.0(
)231.0(4.0)180(5.1

9
max !

="
#  

 Solving, 
  MPa6.106max =!  
______________________________________________________________________________________ 
SOLUTION (6.28) 
 
 From Eq. (1) of solution of Prob. 6.27: 

  !
"

#
$ L
Gb max=         (a) 

 By Table 6.1: 208.0=!  and .141.0=!  
        Substituting the numerical values into Eq. (a), we obtain 

  mmb 1.10141.0
204.0

)180(25
2

)10(79
)10(120

9

6

== !  

______________________________________________________________________________________ 

di 

t 

di 

t 

do 
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______________________________________________________________________________________ 
SOLUTION (6.29) 
 
 Equation (6.20) yields 
  3

3
13

3
13

3
1 )4)(115()10)(100( +==! btJ e  

        44 )10(5787.3 mm=  
 Maximum shear stress occurs on the lower leg: 
  MPa

eJ
Tt 7.139

)10(5787.3
)1.0(500

max 8
1 === !"  

 Angle of twist per unit length is 
  

)10200)(10(5787.3
500

98 !"== GJ
T
e

#  

      mrad)10(86.69 3!= o00.4=  per meter 
______________________________________________________________________________________ 
SOLUTION (6.30) 
 
 Refer to Table 6.2. 

     ( a ) mNT a !=== " 22820
)1050()045.0(

20

63
max

3
2#  

 Also 

 2.46
)1805.1)(1080()045.0(

2.46

944
2 !" #== allGaT  

      allTmN =!= 186  
 
     ( b ) ][][ 4494

2

2
4
1

1max

)045.0(
5.1

)06.0(
5.2

1080
)186(2.462.46 +=+=

!a
L

a
L

G
T"  

     ]897.797,364235.901,192)[10(0742.1 7 += !  

     orad 44.306.0 ==    
______________________________________________________________________________________ 
SOLUTION (6.31) 
 
 Referring to Fig. P6.31, an expression for t  is written as 
  )1(0 b

ytt !=  
 Substitute this into the given stress function to obtain, 

  ])1([ 22
4

2
0 xG b

yt !!=" #  
 We have  

  ! !!!
"

""=#=
2

0

)1(

0

22
4

0 0
2 2

0 ])1([42
t b

b
ytt

x

dxdyxdxdyT  

       ! """+"""=
2

0
2332

3
222

4
0

000

2
0 )}1(])1()1()1([{4

t

t
x

t
xb

t
x

t
xt dxbxbbG

o
#  

        Let 2
)1()21( ,

0

otu
t
x xu !! ==  

  2
2 0

0
, dut

t
dx dxdu !=!=  

 Then, the preceding expression for the torque becomes 

  ! "=
1

0

3
3
22

8 )(4
3
0 duuuGT bt  

 Integrating, 
  123

0tGT !=  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (6.32) 
 
     ( a ) From Table 6.2: !!" CtGrT == )2( 3  

 or GtGrC )0025.0()02375.0(22 33 !! == G)10(1.2 7!=  

  TT
tr

T 860.112
)0025.0()02375.0(22max 22 ===

!!
"  

 
     ( b ) Equation (6.16): 

  GC GGbt )10(24.1 10
3

)0025.0)(02375.0(
3

33 !===  
 Equation (6.18): 
  TT

bt
T 526,210,2022 )0025.0)(02375.0(

33
max ===!  

 
     ( c ) From Table 6.2: for :, 1ttba ==  

  !! GtGT 0025.0)10(34.1)02375.0( 53 "==  

       !! CG == " )10(35.3 8  

  TT
ta

T 571,354
)0025.0()02375.0(22max 22 ===!  

______________________________________________________________________________________ 
SOLUTION (6.33) 
 
 Referring to Table 6.2: 
  3

20
a
T

A =! ;          3)05.0(
20

3
)2(420 T=  

 Solving, mkNT != 75.1  
 Also 

  mrad
Ga
T 1617.0

)1080)(1025.6(
)1075.1(2.462.46
96

3

4 ===
!!

!
"#  

______________________________________________________________________________________ 
SOLUTION (6.34) 
 
 For a thin-walled tube, letting 
  rrrr avgio =!! .  

  rtrrrrrrJ ioioio
rr io !!! 2))()(( 22

22
)( 44

="++== "  
 Equation (6.2): 
  Art

T
tr

T
J
T

22 3
!

"

!!# ===  

 Since !=r , we obtain Eq. (6.22): .2AtT=!  
______________________________________________________________________________________ 
SOLUTION (6.35) 
 
 For a regular hexagon, we can write 

  adsaA 63
2
33 ==  

 Equation (6.22), substituting the value of A, results in the shear stress 

  
ta

T
At
T

29
3

2 ==!  
 Angle of twist per unit length, using Eq. (6.23): 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
6.35 (CONT.) 
 
  

GtA
Ta

GA
a

22
3

2
)6( == !"  

 or 
  

tGa
T
39

2=!  
______________________________________________________________________________________ 
SOLUTION (6.36) 
 
 
 
 
 
 
 
 
 
 
 
 
 Given: 
  ,006.0,012.0 321 mttmt ===  

  GPaGmtt 28,01.054 ===  

  2
21 0625.0,5.56 mAAAmkNT ===!=  

  .25.054321 msssss =====  
 
 We write 
  3321112211 2222 !! tAtAhAhAT +=+=  
 or 
  )10(3.752 6

31 =+!!        (1) 
 
 The shear flow yields 
  2211 tt !! =         (2) 

  553322 ttt !!! +=        (3) 

  4433 tt !! =         (4) 
 Also, 
  1552211 22 AGsss !""" =++       (5) 

  2443355 22 AGsss !""" =++#      (6) 
 

       Simultaneous solution of Eqs. (1) through (6), after substitution of the given numerical  
values yields: 
 MPaMPa 2.381.19 21 == !!  

 MPaMPa 3.222.37 43 == !!           MPa62.05 =!  
 and 
  mrad)10(86.6 3!="  
 
______________________________________________________________________________________ 

0.25 0.25 

0.25 

t1 

t2 

t2 

t3 

t3 

t4 t5 
A1 A2 
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______________________________________________________________________________________ 
SOLUTION (6.37) 
 
 
 
 
 
 
 
 We have  

  .)10(0825.1 23
2

)60sin05.0)(05.0( mA
o !==  

 Then, 
  mNh A

T 209.475,18)0010825.0(2
40

2 ===  

  MPat
h 279.50035.0

209,475,18 ===!  
 

  ]05.005.005.0[
)0010825.0)(1028(2

)10(279.5
2 9

6

++==
!" dsGA

#$  

       mrad)10(063.13 3!=  
 
______________________________________________________________________________________ 
SOLUTION (6.38) 
 
 
 
 
 
 
 
 For circular tube: 
  Area enclosed by c, 2

1 cAm !=  

  Area of the section, ctA !21 =  

  Polar moment of inertia, tcJ 3
1 2!=  

 
For square tube: 

  Enclosed area by a, 2
2 aAm =  

  Area of the section, atA 42 =  

  Polar moment of inertia (from Table 6.2 with 1tt =  and ba = ): 

   taJ btat
batt 3
)(

2
2 1

22
1 == +  

 
        Then, 21 AA =  gives: 2ca !=  and hence, from Eq. (6.22) we obtain 

  785.02

2

1

2

2

1 ===
c
a

A
A
m

m

!"
"  

 
 Similarly, from :GJT=!  

  617.03

3

1

2

2

1

2
===

c
a

J
J

!"
"  

 
______________________________________________________________________________________ 

t=3.5 mm 
a a 

a=50 mm 

c 

1 t 
2 

t 
a 

a 
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______________________________________________________________________________________ 
SOLUTION (6.39) 
 
 
 
 
 
 
 We have 

  ms 2528.0]0375.025.0[ 2
122

1 =+=  

  ms 5025.0]05.05.0[ 2
122

2 =+=  

  msmsms 075.0,05.0,15.0 543 ===  
 and 
  223311 ttt !!! +=        (1) 

  44221155 , tttt !!!! ==                 (2,3) 

  222111 22 !! tAtAT +=        (4) 
 
 Using Eq. (6.23), 
  1331155 22 AGsss !""" =++       (5) 

  2334422 22 AGsss !""" =#+       (6) 
 
        Given: ,28,00075.0,0005.0 35421 GPaGmtmtttt ======  and 

            .4 mkNT !=  
 The cell areas are calculated as  
  2

2
2

1 05.0028125.0 mAmA ==  
 
 Substituting the numerical values and solving Eqs. (1) through (6): 
  MPaMPa 593.0,6.50 351 === !!!  

  mradMPa 0194.0,88.5042 === !""  
______________________________________________________________________________________ 
SOLUTION (6.40) 
 
     ( a ) We have cs !! =  and Eq. (6.37) becomes 

  
c

cc

s

ss
G
RP

G
RP 33

= ;          
)10(41
)05.0(

)10(79
)062.0(

9

3

9

3
cs PP =   

 Solving, 
  cs PP 011.1=  
        Assume that copper controls 
  3

16
d
RP

c
cc

!
" = ;          3)01.0(

)05.0(166 )10(300
!
cP=  

 from which 
  NPc 1.1178=  
 Then, 
  NPs 4.1188=  
                       (CONT.) 
______________________________________________________________________________________ 

A1 A2 

t1 t2 

t3 

t2 t1 

t5 
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______________________________________________________________________________________ 
6.40 (CONT.) 
 
 Check the assumption: 
  MPas 25.3753)01.0(

)062.0)(4.1188(16 ==
!

"  

 Since ,500 MPas <! the assumption is correct. 
 Thus, the total force is 
  NPPP sct 5.2366=+=  
 
     ( b ) For the condition specified, 

  
c

c

s

s
k
P

k
P =  

 from which 

  011.1
c

s

c

s
P
P

k
k =  

 
 
         End of Chapter 6 
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CHAPTER 7  
 
SOLUTION (7.1) 
 

Refer to Fig. 7.2 and Eq. (7.10): 
 )64( 11019

1
44

4 wwww
hx

w ++!=
"
"  

 )464( 1240210
1
44

4 wwwww
hy

w +!+!=
"
"  

 )]2(2[ 043218765
1
422

4 wwwwwwwww
hyx

w +!!!!++!=
""

"  

 Substituting these into :4w!  
  )(2)(820 876543210

44 wwwwwwwwwwh +++!+++!="  

       1211109 wwww !!!+  
______________________________________________________________________________________ 
SOLUTION (7.2) 
 
 
 
 
 
 
 
 
 
 
 
 Only a quarter of the section need be considered. Using the symmetry the nodal points are 
 labeled as shown in the preceding figure, and 0=!  at the boundary. The finite difference 
 equations for the nodes 1 through 8 are, respectively: 
        2

321 2224 hG!"=#+#+#"      (1) 

               2
421 224 hG!"=#+#"#      (2) 

  2
5431 224 hG!"=#+#+#"#      (3) 

  2
6432 24 hG!"=#+#"#+#      (4) 

  2
7653 224 hG!"=#+#+#"#      (5) 

  2
8654 24 hG!"=#+#"#+#      (6) 

                2
875 224 hG!"=#+#"#      (7) 

                2
876 24 hG!"=#"#+#      (8) 

 Solving, 
  2

2
2

1 708.2587.3 hGhG !! ="="  

  2
4

2
3 622.2467.3 hGhG !! ="="  

  2
6

2
5 313.2037.3 hGhG !! ="="  

  2
8

2
7 592.1055.2 hGhG !! ="="  

                       (CONT.) 
______________________________________________________________________________________ 

2a 

4a 

y 

x 

h=a/2 

1 

2 

3 

4 

5 

6 

7 

8 
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______________________________________________________________________________________ 
7.2 (CONT.) 
 
 Tables of differences are in P7.2a and P7.2b. 
 
 Table P7.2a 
 (when y=b, ;1!=!    y=h,   ,2!=! etc.) 

 2222 hGhGhGy !!! ""#  

 

02
708.2708.2

828.1380.0587.30

h
h !

!!

 

 
 Table P7.2b 
 (when x=0, ;1!=!    x=h,   ,3!=! etc.) 

 24232222 hGhGhGhGhGx !!!!! """"#  

 

04
055.2055.23

074.1982.0037.32
522.0552.0430.0467.3

28.0242.0310.0120.0587.30

h
h
h
h

!

!!

!!!

!!!!

 

 
 We have 

  ]263[]2[ 2
62 3

0
3

2
0

2
0 hxhxhx

hhhx +!+!+= "#"##"
$
"$  

            ]622184[ 3223
24 4

0
4

hxhhxx
h

!+!+ "#  

  )50()26()7()( 3
24

2
624 4

0
4

3
0

3

2
0

2
0 hhh

hhhhhxx
!"!"!""!

=#
!# +++=  

 
        Using Table P7.2b, we obtain .418.1)( 4 aGhxx !"==#

$#  That is 

  aGax !" 418.1)( 2 #=±=  
 Similarly, using Table P7.2a: 

  aGhy
hhhyy !811.1)2()( 2
0

2
0

22 "="+= #$$#
=%

#%  

  aGhy !" 811.1)( 2 #=±=  

 Hence, the error using this method is %63.2100]86.1)811.186.1([ =!  
______________________________________________________________________________________ 
SOLUTION (7.3) 
 
 Equation (7.19) is applied at points b, c, d, respectively: 
           22857.4178.12 hGbgc !"=#"#+#  

  22857.4178.1 hGcdfb !"=#"#+#+#  

   22714.5178.1178.1 hGdec !"=#"#+#  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
7.3 (CONT.) 
 
 Similarly, Eq. (7.16) is applied at points e, f, and g, respectively: 
 
            2242 hGefd !"=#"#+#  

  2242 hGfegc !"=#"#+#+#  

          22422 hGgfb !"=#"#+#  

 
 In matrix form these equations are written as: 
 

  

!
!
!
!

"

!!
!
!

#

$

!
!
!
!

%

!!
!
!

&

'

(

(

(

(

(

(

)
)
)
)
)
)
)

*

+

,
,
,
,
,
,
,

-

.

/

/

/

/

/

/

g

f

e

d

c

b

178.10002857.4
0178.101857.41
00178.1714.5178.10
014200
141020
420002

 

 
       { }1,1,1,1,1,12 2hG!"=  
 
 Solution is 
 
  22 487.1612.1 hGhG cb !! ="="  

  22 547.1975.0 hGhG ed !! ="="  

  22 424.2236.2 hGhG gf !! ="="  
 
        The finite differences are then 
  2547.1 hGBe !="#"=$  

  22 858.02 hGBef !"=#+#"#=$  

  23 357.033 hGBefg !="#"+"#"=$  

  24 232.0464 hGBBfgf !"=#+#"#+#"#=$  

  25 018.0510105 hGBefgfe !"=#"#+#"#+#"#=$  

  26 036.061520156 hGBefgfeB !="+"#"+"#"+"#"=$  

 
 Hence, 
  2

65432
1 )()( 65432 hGhBxB !" #####

$
%$ &+&+&#==  

        hG!)547.1( 6
036.0

5
018.0

4
232.0

3
357.0

2
858.0 ""+++=  

 or 
  !!" GhGB 0107.0144.2 ==  
 
______________________________________________________________________________________ 

o  
o  

o  
o  o  

o  
o  o  
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______________________________________________________________________________________ 
SOLUTION (7.4) 
 
 Applying Eq. (7.16) at points b, c, e, f, and g, we obtain 

2242 hGbcg !"=#"#+#           224 hGcfdb !"=#"#+#+#  

  2242 hGefd !"=#"#+#           2242 hGfceg !"=#"#+#+#  

  22422 hGgbf !"=#"#+#  

 
 At point d, we apply Eq. (7.19): 

2277.5308.1 hGdec !"=#"#+#  
 
 Solving these equations, we have 
  22 000.2238.2 hGhG cb !! ="="           2096.1 hGd !="  

2715.1 hGe !="          22 953.2667.2 hGhG gf !! ="="  
 
        The finite differences are the computed as shown in Table P7.4a. 
 Thus, 
  2

432
1 )()( 432 hGhAxA !" ###

$
%$ &+&#==  

        hG!)238.2( 4
0186.0

3
093.0

2
523.1 +++=  

        !! GhG 0129.0035.3 ==  
 
 Table P7.4a 
 24232222 hGhGhGhGhGy !!!!! """"#  

 

04
238.2238.23

523.1715.0953.22
003.0430.1715.0238.2

019.0093.0523.1238.200

h
h
h
h

!

!!

!!

!!

 

 
 Alternatively, we construct the table as shown in Fig. P7.4b: 
 
 Table P7.4b 
 2222 hGhGhGy !!! ""#  

 

02
238.2238.2

523.1715.0953.20

h
h !

!!

 

 
        Then we obtain, 

  hGhhhyyA !" )]523.1(715.0[)( 2
3

2
3

2
0

2
0 ##=+== $%%$

=&
$&  

        hG!0.3=  
 
 This result is approximately the same as calculated before. Clearly now computation involved 
 are reduced considerably. 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (7.5) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Applying Eq. (7.16) at nodes in to 6, we obtain 

  

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(=

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

)

)

)

)

)

)

*
*
*
*
*
*
*

+

,

-
-
-
-
-
-
-

.

/

(

(

(

(

(

(

1
1
1
1
1
1

2

420200
141020
014002
100420
010141
001014

2

6

5

4

3

2

1

hG0  

 
 Solving, 
  2

2
2

1 206.2551.1 hGhG !! ="="         2
3 387.2 hG!="  

2
4 997.1 hG!="         2

6
2

5 137.3887.2 hGhG !! ="="  
 
 Then, the differences are as shown in Table P7.5. 
 
 Table P7.5 
 24232222 hGhGhGhGhGx !!!!! """"#  

 

04
387.2387.23

637.175.0137.32
137.050.175.0387.2

274.0137.0637.1387.200

h
h
h
h

!

!!

!!

!!

 

 
        At point A, we have 

  2
4320

1
0 )()( 0

4
0

3
0

2

hGhxx !"#"#"#
=$

"$ %+%#"=  
 Substituting the first row of Table P7.5: 
        hGAx !)387.2()( 4

274.0
3
137.0

2
637.1 +++="

#"  
 or 
        max83.0)( !" ==#

$# aGAx  

 This differs 2.12 % from the exact solution aG!848.0  (Table 6.2) 
______________________________________________________________________________________ 

1.5a 

b=a y 

x 

h=a/4 
1 

2 

3 

4 

5 

6 
A 
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______________________________________________________________________________________ 
SOLUTION (7.6) 
 
 
 
 
 
 
 
 
 Boundary conditions yield, 
  0;0)0( 0 == vv      and     11

' ;0)0( !== vvv  
 
 Apply Eq. (7.22) at nodes 0, 1, and 2, respectively: 

  PLvvvv EI
h

EI
PLh

412
)(

001
22

;2 ==+!!  

  PLvvvv EI
h

EI
PLh

6
5

22
)32(

012
22

;2 ==+!  

  EI
PLhvvv 2

)3(
123

2

2 =+!        (a) 
 
 Substituting 1v  and 2v  into Eq. (a) we obtain 

  EI
PLv 3

32
7

3 =  
______________________________________________________________________________________ 
SOLUTION (7.7) 
 
 
 
 
 
 
 
 
 
 
 
 

 Let 20 hC EI
M!=  040 == vv  

 
 Applying Eq. (7.22) at 1, 2, 3: 
 
  41234012 22 CC vvvvvv =+!=+!        4234 2 Cvvv =+!  
 Solving, 
  CvCvCv 8

3
32

1
28

3
1 !=!=!=  

 
     ( a ) 0)( 132

1
3 =!== vvhC ""  

 

     ( b ) EI
LM

C vv
2

0
36
1

2 ==  
 
 Results are the same as the exact solutions. 
______________________________________________________________________________________ 

o  o  

x 
v1 v2 

v3 

v-1 PL 
y 
O 

P L/2 L/2 P 

Mo 
M 

3Mo/4 Mo/2 Mo/4 x 

C 1 2 3 4 

RA 

Mo 

O 

B 
L/2 L/2 

A 
RB 

h=L/4 
3EI EI 

y 
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______________________________________________________________________________________ 
SOLUTION (7.8) 
 
 Let .)( 4hEIpC =  We have 84 Lah ==  and .080 == vv  
 
 
 
 
 
 
 
 Apply Eq. (7.23) at 1 through 7: 
                      Cvvv =+! 123 54       (1) 

           Cvvvv =!+! 1234 464       (2) 

  Cvvvvv =+!+! 12345 464       (3) 

  5.123456 464 Cvvvvv =+!+!      (4) 

  234567 464 Cvvvvv =+!+!       (5) 

       24567 464 Cvvvv =+!+!       (6) 

                       2567 45 Cvvv =+!       (7) 
 
 Solving, 

  EI
pa

EI
pL

C vv
44

1546.000966.04 ===  
 Note: 
  EIpav exactC 325)( 4=  
 
______________________________________________________________________________________ 
SOLUTION (7.9) 
 
  
 

Let EILpN 4
0=  

 
 
 Boundary conditions at A: 
  11;0)0(' !== vvv  

  0;0)0( 0 == vv  

  08;0)0('''' 212 =+!= !vvvv  
 
 Apply Eq. (7.23) at 1 through 4: 
                      Nvvv 5

321 )25.0(47 =+!  

       Nvvvv 9
4321 )5.0(464 =+!+!  

  Nvvvvv 10
54321 )5.0(3464 =+!+!  

  Nvvvvv 4
65432 )25.0(464 =+!+!  

                       (CONT.) 
______________________________________________________________________________________ 

 
6 1 2 3 4 0 

po/4 

5 h=L/4 

L 

-2 

y 

-1 A 
B x 

po/2 
3po/4 

po 

6 1 2 3 4 7 
O 

5 h 
L=2a 

8 
2EI EI 

y 

-1 -7 

p 

C 
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______________________________________________________________________________________ 
7.9 (CONT.) 
 
 Boundary conditions at B: 
  022;0)(''' 6532 =+!+!= vvvvLv  

  02;0)('' 543 =+!= vvvLv  
 
        The foregoing six equations are solved to yield 
  NvNv 035156.0010742.0 21 ==  

  NvNv 099609.0066406.0 43 ==  

  NvNv 167969.0132812.0 25 ==  
 The error is therefore 
  100091667.0

091667.0099609.0 !"  %7.8= . 
______________________________________________________________________________________ 
SOLUTION (7.10) 
 
 
 
 
 
 
 
 
 Application of Eq. (7.22) at points 1 through 5 gives, respectively: 
  2

9012 2 hvvv EI
PL!=+!  

  2
9
2

123 2 hvvv EI
PL!=+!  

  2
234 2 hvvv EI

PL!=+!       (a) 

  2
345 2 hvvv EI

PL!=+!  

  2
456 2 hvvv EI

PL!=+!  
 
        The boundary conditions are .060 == vv  Then Eqs. (a) may be represented  

in matrix form as 

  C

v
v
v
v
v

!
!
!

"

!!
!

#

$

!
!
!

%

!!
!

&

'

=

!
!
!

"

!!
!

#

$

!
!
!

%

!!
!

&

'

(
(
(
(
(
(

)

*

+
+
+
+
+
+

,

-

.

.

.

.

.

1
2
3
4
2

21000
12100
01210
00121
00012

5

4

3

2

1

  

 
 where .6483 EIPLC != Solving the foregoing;  ,33.11,67.6 21 !=!= vCv  

 ,33.5,67.9 54 CvCv !=!=  and ,123 Cv !=  or 

  EI
PLv 301852.03 =  

 Note: The exact value of the deflection at the center (see Table D.4) is .01775.0 3 EIPL  
______________________________________________________________________________________ 

P 
6 1 2 3 4 0 5 

h=L/6 

L/3 

2P/3 

A B 
x 

P/3 L 

v3 

Figure (a) 
y 
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______________________________________________________________________________________ 
SOLUTION (7.11) 
 
 
 
 
 
 
 
 
 We observe that because of symmetry only half of the beam span need be considered  

as shown in Fig. (a). From the boundary conditions 0)0()0( " == vv  (Fig. 7.6) and 
symmetry: 

 
  311140 0 vvvvvv =!=== !    (a) 
 By Eq. (7.23) at points 1 and 2, 
  0464 10123 =+!+! !vvvvv   

  EI
phvvvvv
4

01234 464 =+!+!  
 
        Substituting Eqs. (a) into Eqs. (b), we obtain 
  046 21 =! vv  

  EI
phvv
4

21 34 =+!  
 
 Solving the above and setting 4Lh =  yields EIpLv 4

1 0039.0=  and 

  EI
pLvv
4

0059.0max2 ==  
______________________________________________________________________________________ 
SOLUTION (7.12) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Equation (7.22) is applied at nodes 1, 2, 3, respectively: 
  2;020 2121 vvvv ==+!  

  32;02 32321 vvvvv ==+!  

  )2)((02 2
32 PaEIhvv =+!  

 or EIPahv 83 2
3 !=  

                       (CONT.) 
______________________________________________________________________________________ 

(b) 

6 1 2 3 
4 0 

5 
h=a/2 

A 
B x 

V 

M 

P P 

P 

P 

Pa 

x 

x 

y 

1 
2 

3 -1 

h=L/4 n=4 n=0 

Figure (a) y 

x 

p 
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______________________________________________________________________________________ 
7.12 (CONT.) 
 
 Thus, 
  EI

Pa
EI
Pa

B vv 33 0625.016
1

2 !=!==  
 and 
  EIPav 323

1 !=  
        Slop at A is then 
  EI

Pa
h
v

h
vv

A 162
2111 !=== !!"  

 
 We have EIPavB

308333.0=  as exact solution. Error is thus 

  %2510008333.0
0625.008333.0 =!"  

 
______________________________________________________________________________________ 
SOLUTION (7.13) 
 
 Boundary conditions yield 
  0;0)0( 0 == vv  

  11;0)0(' !== vvv  
 and 
  234 20)('' vvvLv +!==  

 or 234 2 vvv !=         (1) 

  1245 220)(''' vvvvLv !+!==  
 or 
  1235 44 vvvv +!=        (2) 
 
        Apply Eq. (7.23) at points 1, 2, and 3, with 00 =v  and :11 != vv  

                      EI
pLvvv 162123

4

74 =+!      (3) 

           EI
pLvvvv 811234

4

464 =!!!      (4) 

  EI
pLvvvvv 8112345

4

464 =+!+!      (5) 
 
 Solving Eqs. (1) to (6), 
  EIpLv 547 4

3 =  

 and 74214 3231 vvvv ==  
______________________________________________________________________________________ 
SOLUTION (7.14) 
 
 11

44 !=== vvEIphCLh  
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

1 2 3 -1 B -3 A 
y 

p 
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______________________________________________________________________________________ 
7.14 (CONT.) 
 
 Apply Eq. (7.22) at 1, 2, 3: 
  CvvvCvvv =!+!=+! 123123 4474  

  Cvvv =+! 123 45  

 Solving, EI
ph

EI
ph vv

44

36364.190909.0 31 ==  

  EI
phvv
4

68182.1max2 ==  

       != EI
pL400657.0  

  h
v

hB vv 3)( 352
1

max !=!== ""  

        EI
pL302131.0!=  

______________________________________________________________________________________ 
SOLUTION (7.15) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 3111 , vvvv == ! (due to symmetry), 53 vv =  

EILCvv 16,0 3
40 === . 

        Apply Eq.(7.22) at 1through 4: 
 
  CMvvv PL )(2 8012 +!=+!       (1) 

  CMvvv PL )(2 4123 +!=+!       (2) 
 
  CMvvv PLPL )(2 8

3
4234 +!=+!      (3) 

 
  CMvvv PLPL )(2 24345 +!=+!      (4) 
 Equations (4), (3), (2) lead to 
  MCv =32  

  CMv PL )2( 82 !=  

  Cv PLM )( 22
9

1 !=  
 Then, Eq. (1) gives 
  PLM 8

1=  

 Note:  PLMexact 8
1=  

______________________________________________________________________________________ 

o  

o  

o  

1 2 3 4 
B A 

y 
P 

0 
RA=P/2 RB=P/2 

P 
MA=M M 

Mp 

L/2 L/2 

PL/4  PL/2 

x 

MR 

-PL/8 
-PL/4 -3PL/8 -PL/2 

RA 
MM 

M 

x 

x 
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______________________________________________________________________________________ 
SOLUTION (7.16) 
 
 
 
 
 
 
 
 
 
 
 Boundary conditions are 040 == vv and from symmetry .31 vv =  
 Then, using Eq. (7.23) at nodes 1 and 2: 

  EI
phvvvv
4

3211 46 =+!+  

  EI
phvvv
4

321 464 =!+!  
 Solving, 

  EI
pLL

EI
P

EI
phv

44

00391.0)( 4
42 ===  

 The exact solution is 

  EI
pLv
4

002604.02 =  
        The slope is zero at nodes 0, 2, and 4. Thus, 

  EI
pL

Lh
vv 4
02

2
4)0039.0(

231 === !""  

   EI
pL3078.0=  

 
______________________________________________________________________________________ 
SOLUTION (7.17) 

 
 

       
4 913.5(10 )(69 10 )
1.7

AE
L

! "
=  

                     654.79 10 N m= !  
 
 
 
 

 cos150 3 2 sin150 1 2o oc s= = ! = =  
 
     (a) Equation (7.38): 
 

  6

3 4 3 4 3 4 3 4

3 4 1 4 3 4 1 4
[ ] 54.79 10

3 4 3 4 3 4 3 4

3 4 1 4 3 4 1 4

ek

! "# #
$ %
# #$ %

= & $ %
# # #$ %

$ %# #' (

 

                       (CONT.) 
______________________________________________________________________________________ 

x 
1 2 3 0 

y 

h=L/4 

L 

p 

  F41 
 

1 

4 

  F41 
 

x 

1 
150o 

L=1.7 m 
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______________________________________________________________________________________ 
7.17 (CONT.) 
 
 or 

  

0.75 0.433 0.75 0.433
0.433 0.25 0.433 0.25

[ ] 54.79
0.75 0.433 0.75 0.433
0.433 0.25 0.433 0.75

ek MN m

! !" #
$ %! !$ %=
$ %! ! !
$ %

! !& '

 

 
 
     (b) Equation (7.39) with i=4 and j=1: 

  6 3
41

2 1.13 154.79(10 ) (10 )
1.5 1.22 2

F !" # +$ %
= ! & '( )

! +* +, -
 

 or 1 41 73.14F F kN= = !  
 
     (c) Then { } [ ]{ }e eT! != , give 
 

 

4

4

1

1

0.866 0.5 0 0 1.1 0.35
0.5 0.866 0 0 1.2 1.59
0 0 0.866 0.5 2 0.98
0 0 0.5 0.866 1.5 0.3

u
v

mm
u
v

! !" # $ % " # " #
& & ' ( & & & &! ! !& & & & & &' (= =) * ) * ) *' (! !& & & & & &' (& & & & & &! ! !+ , - . - .- .

 

  
______________________________________________________________________________________ 
SOLUTION (7.18) 
 
 We have 

  1 2 3
2 3( ) ( ) ( )AE AE AE AE AE AE

L L L L L L
= = =  

 
 Equation (7.25a): 

  1 2 3

1 1 2 2 3 3
[ ] [ ] [ ]

1 1 2 2 3 3
AE AE AEk k k
L L L

! ! !" # " # " #
= = =$ % $ % $ %! ! !& ' & ' & '

 

 
  
     (a) System stiffness matrix, 1 2 3[ ] [ ] [ ] [ ]k k k k= + +  is order of 4 4! . Thus 

      1 2 3 4u u u u  

  

1 1 0 0
1 3 2 0

[ ]
0 2 5 3
0 0 3 3

AEK
L

!" #
$ %! !$ %=
$ %! !
$ %

!& '

 

 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
7.18 (CONT.) 
 
     (b)   

       

1 1

2 2

3 3

4 4

1 1 0 0
1 3 2 0
0 2 5 3
0 0 3 3

x

x

x

x

F u
F uAE
F uL
F u

!" # " #$ %
& & & &' (! !& & & &' (=) * ) *' (! !& & & &' (& & & &!+ , - .- .

    (1) 

 
 Boundary conditions are 1 4 0u u= = . We have 3xF P= ! . Thus 
 

  2

3

0 3 2
2 5

uAE
uP L

! " #" # $ %
=& ' & '( )! !* + , - * +

 

 Solving 

  2 3
2 3
11 11
PL PLu u
AE AE

= ! = !  

 
     (c) Equations (1) : 

  

1

2

3

4

1 1 0 0 0 2 11
1 3 2 0 2 11 0
0 2 5 3 3 11
0 0 3 3 0 9 11

x

x

x

x

F P
F PAE L
F P PL AE
F P

!" # $ % " # " #
& & ' ( & & & &! ! !& & & & & &' (= =) * ) * ) *' (! ! ! !& & & & & &' (& & & & & &!+ , - . - .- .

 

 
 The reactions are 

  1 4
2 9
11 11

R P R P= ! = !  

 
______________________________________________________________________________________ 
SOLUTION (7.19) 
 
 We have 

  1,2
(2 ) 6( )
3

AE A E AE
L L L

= =  

  3
2 ( ) 6( )
3

AE A E AE
L L L

= =  

 
 There are four displacement components ( 1 2 3 4, , ,u u u u ) and so the order of the  

system matrix is 4x4. Using Eq. (7.25a): 
 

  1 2 3

1 16[ ] [ ] [ ]
1 1

AEk k k
L

!" #
= = = $ %!& '

 

 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
7.19 (CONT.) 
 
     (a)          1 2 3 4 1 2 3 4u u u u u u u u  

  

1 1 0 0 1 1 0 0
1 (1 1) 1 0 1 2 1 06 6[ ]
0 1 (1 1) 1 0 1 2 1
0 0 1 1 0 0 1 1

AE AEK
L L

! !" # " #
$ % $ %! + ! ! !$ % $ %= =
$ % $ %! + ! ! !
$ % $ %

! !& ' & '

 

     (b) 

  

1 1

2 2

3 3

4 4

1 1 0 0
1 2 1 0
0 1 2 1
0 0 1 1

x

x

x

x

F u
F uAE
F uL
F u

!" # " #$ %
& & & &' (! !& & & &' (=) * ) *' (! !& & & &' (& & & &!+ , - .- .

    (1) 

 
 Boundary conditions are 1 4 0u u= =  and 3xF P= . Equation (1) is then 

  2

3

0 2 1
1 2

uAE
uP L

! " #" # $ %
=& ' & '( )!* + , - * +

 

 Solving 

  2 39 18
PL PLu u
AE AE

= =  

 
     (c) Equations (1) result in 

  

1

2

3

4

1 1 0 0 0 2 3
1 2 1 0 96
0 1 2 1 18 0
0 0 1 1 0 3

x

x

x

x

F P
F PL AE PAE L
F PL AEL AE
F P

! !" # $ % " # " #
& & ' ( & & & &! !& & & & & &' (= =) * ) * ) *' (! !& & & & & &' (& & & & & &! !+ , - . - .- .

 

 
 The reactions are 

  1 4
2 1
3 3

R P R P= ! = !  

 
______________________________________________________________________________________ 
SOLUTION (7.20) 
 

  1 2 3
4( ) ( ) ( ) 0.8
5

AE AE AE AE AE AE AE
L L L L L L L

= = = =  

 
 Equation (7.25a): 

  1 2 3

1 1 0.8 0.8
[ ] [ ] [ ]

1 1 0.8 0.8
AE AEk k k
L L

! !" # " #
= = =$ % $ %! !& ' & '

 

 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
7.20 (CONT.) 
     (a) System matrix, 1 2 3[ ] [ ] [ ] [ ]k k k k= + + , is then 

  

1 1 0 0
1 (1 1) 1 0

[ ]
0 1 (1 0.8) 0.8
0 0 0.8 0.8

AEK
L

!" #
$ %! + !$ %=
$ %! + !
$ %

!& '

 

 
     (b)                                              1 2 3 4u u u u  

  

1 1

2 2

3 3

4 4

1 1 0 0
1 2 1 0
0 1 1.8 0.8
0 0 0.8 0.8

x

x

x

x

F u
F uAE
F uL
F u

!" # " #$ %
& & & &' (! !& & & &' (=) * ) *' (! !& & & &' (& & & &!+ , - .- .

    (1) 

 
 Boundary conditions are 1 4 0u u= = , We have 3xF P= .  Thus 

  2

3

0 2 1
1 1.8

uAE
uP L

! " #" # $ %
=& ' & '( )!* + , - * +

 

 Solving 

  2 32.6 1.3
PL PLu u
AE AE

= ! =  

 
     (c) Equations (1) yield 

  

1

2

3

4

1 1 0 0 0 2.6
1 2 1 0 2.6 0
0 1 1.8 0.8 1.3
0 0 0.8 0.8 0 1.6 2.6

x

x

x

x

F P
F PAE L
F P PL AE
F P

! !" # $ % " # " #
& & ' ( & & & &! !& & & & & &' (= =) * ) * ) *' (! !& & & & & &' (& & & & & &! !+ , - . - .- .

 

 
 The reactions are 

  1 4
1 0.8
2.6 1.3

R P R P= ! = !  

______________________________________________________________________________________ 
SOLUTION (7.21) 
 

Table P7.21  Data for the truss of Fig P7.21 

 

2 2( )
1 7.5 36.9 0.8 0.6 0.639 0.48 0.36
2 6 0 1 0 1 0 0
3 4.5 90 0 1 0 0 1
4 4.5 0 1 0 1 0 0

5 4.5 2 135 0.707 0.707 0.5 0.5 0.5

o

o

o

o

o

Element Length m c s c cs s!

" "
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______________________________________________________________________________________ 
7.21 (CONT.) 
                1 1 2 2u v u v  

 1

0.639 0.48 0.639 0.48
0.48 0.361 0.48 0.361

[ ]
0.639 0.48 0.639 0.487.5
0.48 0.361 0.48 0.361

AEk

! !" #
$ %! !$ %=
$ %! !
$ %
! !& '

 

             u v u v1 1 3 3  

 

!
!
!
!

"

#

$
$
$
$

%

&

'

'

=

0000
0101
0000
0101

0.6
][ 2

AEk   

          2 2 3 3u v u v  

!
!
!
!

"

#

$
$
$
$

%

&

'

'
=

1010
0000
1010
0000

5.4
][ 3

AEk  

            u v u v3 3 4 4  

 

!
!
!
!

"

#

$
$
$
$

%

&

'

'

=

0000
0101
0000
0101

5.4
][ 4

AEk  

 
                  u v u v2 2 4 4  

 5

0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

[ ]
0.5 0.5 0.5 0.54.5 2
0.5 0.5 0.5 0.5

AEk

! !" #
$ %! !$ %=
$ %! !
$ %

! !& '

 

______________________________________________________________________________________ 
SOLUTION (7.22) 
 Table P7.22 Data for the truss of Fig.P7.22 
 

 

2 2( )
1 2.4 0 1 0 1 0 0
2 2.6 22.62 0.923 0.385 0.852 0.355 0.148
3 1.0 90 0 1 0 0 1
4 2.4 0 1 0 1 0 0
5 2.6 22.62 0.923 0.385 0.852 0.355 0.148

o

o

o

o

o

Element Length m c s c cs s!

"
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______________________________________________________________________________________ 
7.22 (CONT.) 
 
 
     ( a )   Use Eq.(7.38); 
 
           u v u vA A C C  

 1

1 0 1 0
0 0 0 0

[ ]
1 0 1 02.4
0 0 0 0

AEk

!" #
$ %
$ %=
$ %!
$ %
& '

       

 
 

  u v u vA A B B  

2

0.852 0.355 0.852 0.355
0.355 0.148 0.355 0.148

[ ]
0.852 0.355 0.852 0.3552.6
0.355 0.148 0.355 0.148

AEk

! !" #
$ %! !$ %=
$ %! !
$ %
! !& '

 

 
 
          u v u vB B C C  

 3

0 0 0 0
0 1 0 1

[ ]
0 0 0 01.0
0 1 0 1

AEk

! "
# $%# $=
# $
# $

%& '

 

 
          u v u vB B D D  

 4

1 0 1 0
0 0 0 0

[ ]
1 0 1 02.4
0 0 0 0

AEk

!" #
$ %
$ %=
$ %!
$ %
& '

 

 
    u v u vC C D D  

 5

0.852 0.355 0.852 0.355
0.355 0.148 0.355 0.148

[ ]
0.852 0.355 0.852 0.3552.6
0.355 0.148 0.355 0.148

AEk

! !" #
$ %! !$ %=
$ %! !
$ %
! !& '

 

 
 
 
 
                       (CONT.) 
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______________________________________________________________________________________ 
7.22 (CONT.) 
 
     ( b )   Global Stiffness Matrix [ ]K =  
    u v u v u v u vA A B B C C D D  

0.745 0.137 0.328 0.137 0.417 0 0 0
0.137 0.057 0.137 0.057 0 0 0 0
0.328 0.137 0.745 0.137 0 0 0.833 0
0.137 0.057 0.137 1.057 0 2 0 0
0.417 0 0 0 0.745 0.137 0.328 0.137
0 0 0 2 0.137 1.057 0.137 0.057
0 0 0.833 0 0.655 0.273 0.7

AE

! ! !

! ! !

! ! !

! ! !

! ! !

! ! !

! ! ! 45 0.137
0 0 0 0 0.137 0.057 0.137 0.057

" #
$ %
$ %
$ %
$ %
$ %
$ %
$ %
$ %
$ %
$ %

! !$ %& '

 

 

};]{[}{ !KF =  [ ]

R
R

P
R

K

u
v
u
v
u

Ax

Ay

Dy

B

B

C

C

D

0
0
0
0

0
0

0

!

"

#
#
#
#
#

$

#
#
#
#
#

%

&

#
#
#
#
#

'

#
#
#
#
#

=

!

"

#
#
#
#
#

$

#
#
#
#
#

%

&

#
#
#
#
#

'

#
#
#
#
#

 

______________________________________________________________________________________ 
SOLUTION (7.23) 
     (a) Element 1     2 2135 0.5 0.5 0.5o c cs s! = = = " =  

 Equation (7.38):           1 1 2 2u v u v  

  1

0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

[ ]
0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

AEk
L

! !" #
$ %! !$ %=
$ %! !
$ %

! !& '

 

 
 Element 2     2 2180 1.0 0 0o c cs s! = = = =  

          3311 vuvu  

  2

1 0 1 0
0 0 0 0

[ ]
1 0 1 0
0 0 0 0

AEk
L

!" #
$ %
$ %=
$ %!
$ %
& '
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______________________________________________________________________________________ 
7.23 (CONT.) 
 
 Element 3     2 2270 0 0 1.0o c cs s! = = = =  

       1 1 4 4u v u v  

  3

0 0 0 0
0 1.0 0 1.0

[ ] '
0 0 0 0
0 1.0 0 1.0

k k

! "
# $%# $=
# $
# $

%& '

 

 where 'k kL AE=  
 
     (b) System matrix is 8x8. Superposition. [ ] [ ]K k=!  results in 

            44332211 vuvuvuvu  

1.5 0.5 0.5 0.5 1 0 0 0
0.5 0.5 0.5 0.5 0 0 0 '
0.5 0.5 0.5 0.5 0 0 0 0
0.5 0.5 0.5 0.5 0 0 0 0

[ ]
1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 ' 0 0 0 0 0 '

k

AEK
L

k k

! ! !" #
$ %! ! !$ %
$ %! !
$ %

! !$ %=
$ %!
$ %
$ %
$ %
$ %

!$ %& '

 

 
 where 'k kL AE= . 
 
     (c) Boundary conditions are 
  2 2 3 3 4 4 0u v u v u v= = = = = =  
 Therefore 

[ ]

1

2

2

2

3

3

4

4

0

0
0
0
0
0
0

x

y

x

y

x

y

u
P u
F
F

K
F
F
F
F

! " ! "
# # # #$# # # #
# # # #
# # # #
# # # #

=% & % &
# # # #
# # # #
# # # #
# # # #
# # # #' (' (

 

 
 The total 7 7!  stiffness matrix can be reduced to a 7 4!  matrix by using the  following 
 antisymmetrical conditions: 
  1 5 2 4, ,u u u u= ! = ! and 2 1v v=  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (7.24) 
 
 Table P7.24 Data for the truss of Fig.P7.24 

 

2 2( )
1 5 53.13 0.6 0.8 0.36 0.48 0.64
2 4 180 1 0 1 0 0

o

o

Element Length m c s c cs s!

"

 

     ( a ) Use Eq.(7.38): 
   u v u v1 1 2 2  

 

!
!
!
!

"

#

$
$
$
$

%

&

''

''

''

''

=

64.048.064.048.0
48.036.048.036.0
64.048.064.048.0
48.036.048.036.0

5
][ 1

AEk  

           u v u v2 2 3 3  

 

!
!
!
!

"

#

$
$
$
$

%

&

'

'

=

0000
0101
0000
0101

4
][ 2

AEk  

 
     ( b )    Global Stiffness Matrix 
               u v u v u v1 1 2 2 3 3  

!
!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$
$

%

&

'

''

'''

''

''

=

000000
025.0025.000
00128.0096.0128.0096.0
025.0096.0322.0096.0072.0
00128.0096.0128.0096.0
00096.0072.0096.0072.0

][ AEK  

 
     ( c ) 

 2

2

0 0.322 0.096
6000 0.093 0.128

u
AE

v
! "! " # $

=% & % &' ()* + , - * +
 

 

 2 3
6

2

4 3 0 0.91 (10 )
3 10.063 6000 3.0210(10 )

u
m

v
!!" # $ % " # " #

= =& ' & ' & '( )! ! !* + , - , -, -
 

 
     ( d ) 

 
1

2
1

2
3

0.072 0.096 4.5024
0.096 0.128 6.0032
0.25 0 4.5

x

y

x

R
u

R AE kN
v

R

! !" # $ % " #
" #& & & &' (= ! ! =) * ) * ) *' ( + ,& & & &' (! !+ , - . + ,
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______________________________________________________________________________________ 
7.24 (CONT.) 
 
     ( e ) Use Eq.(7.39) 

 [ ] [ ]2 6)
12

2

0.0018
0.6 0.8 20(10 0.6 0.8 75 ( )

0.00604
u

F AE kN C
v
! " ! "

= = = #$ % $ %
#& '& '

 

 

 [ ] [ ]2 6)
23

2

0.0018
1 0 20(10 1 0 36 ( )

0.00604
u

F AE kN T
v
! !" # " #

= ! = ! =$ % $ %
! & '& '

 

 
______________________________________________________________________________________ 
SOLUTION (7.25) 
 
 We have 4 2105 10 10E GPa A m!= = "  
 
 Table P7.25 Data for the truss of Fig.P7.25 

 

100109042
64.048.036.08.06.013.5351

)( 22

o

o

scscscmLengthElement !
 

 
     ( a ) Apply Eq.(7.38): 
   u v u v1 1 2 2  

 

!
!
!
!

"

#

$
$
$
$

%

&

''

''

''

''

=

64.048.064.048.0
48.036.048.036.0
64.048.064.048.0
48.036.048.036.0

5
][ 1

AEk  

 
          u v u v1 1 3 3  

 

!
!
!
!

"

#

$
$
$
$

%

&

'

'
=

1010
0000
1010
0000

4
][ 2

AEk  

 
     ( b )  Global Stiffness Matrix 
               u v u v u v1 1 2 2 3 3  

 

!
!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$
$

%

&

'

''

''

'''

''

=

625.2000625.20
000000
00344.1008.1344.1008.1
00008.1756.0008.1756.0
625.20344.1008.1969.3008.1
00008.1756.0008.1756.0

10][ 7K  
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______________________________________________________________________________________ 
7.25 (CONT.) 
     ( c ) 

 1 7

1

0.0150.756 1.008
10

10,000 1.008 3.969
xF

v
!" #" # $ %

=& ' & '( )
* + , - * +

 

 
 3 7 7

110 10 (1.008 10 )( 0.015) 3.696 10 v! = ! " + !  or      1 0.0044v m=  

 7 7
1 1(0.756 10 )( 0.015) 1.008 10xF v= ! " + !         or    1 69.4xF kN= !   

 
     ( d )   Support reactions: 

 

2

2 7

3

3

0.756 1.008 69
1.008 1.344 0.015 92.1

10
0 0 0.0044 0
0 2.625 115.5

x

y

x

y

F
F

kN
F
F

! !" # $ % " #
& & ' ( & &! ! !" #& & & &' (= =) * ) * ) *' ( + ,& & & &' (& & & &! !- . + ,+ ,

 

______________________________________________________________________________________ 
SOLUTION (7.26) 
 
 Equation (7.38): 

  
2 2

3

2 2

12 6 12 6
6 4 6 2

[ ] [ ]
12 6 12 6
6 2 6 4

L L
L L L LEIk K

L LL
L L L L

!" #
$ %!$ %= =
$ %! ! !
$ %

!& '

 

 
     (a) Boundary conditions are 2 2 0v != = . Equation (7.45a) becomes 

  1
22

1

12 6
0 6 4

vP LEI
L LL !

" # $# $ % &
=' ( ' () *

+ , - . + ,
 

 Solving, 
2 3

1 12 3
PL PLv
EI EI

! = = "  

     (b) Equation (7.45a): 

  

3
1

2 2 2
1

3
2

2 2
2

12 6 12 6 3
6 4 6 2 2
12 6 12 6 0
6 2 6 4 0

y

y

F L L PL EI
M L L L L PL EIEI
F L LL
M L L L L

! " #!" # $ %
& && & ' (!& & & &' (=) * ) *' (! ! !& & & &' (& & & &!+ ,- . - .

 

 Solving 

  

1

1

2

2

0
y

y

F P
M
F P
M PL

!" # " #
$ $ $ $
$ $ $ $

=% & % &
$ $ $ $
$ $ $ $!' (' (

 

 where    2 2yF R P= = . 

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (7.27) 
 
 Due to the symmetry only one-half of the beam need be considered. Referring to  

Case 3 of Table D.5, equivalent nodal forces obtained (see Fig. a). 
 

      Boundary conditions are 1 2 0v != =  

      We have 2
1 48M pL= !  and  

        2 4yF pL= !  
      Equation (7.45a), with element  

of length 1 2L L= . 
 
 

  
22

11 1
3

21 1

4 648
6 124
L LpL EI

vL LpL
!" #$ % & $ %

=' ( ' () *
&& + ,+ , - .

2
11

3
21

38
3 12
L LEI

vL L
!" #$ % &

= ' () *
$ + ,- .

 

 Inverting 

  
2 23

1

2

12 3 48
24 3 1 4

L L pLL
v EI L pL
! " # $ %$ %

=& ' & '( )
*+ , - . + ,

 

 or 
3

1
4

2

24
5 384
pL EI

v pL EI
! " #$" #

=% & % &
$' ( ' (

 

 This is the exact solution (See Table D.4) 
______________________________________________________________________________________ 
SOLUTION (7.28) 
 
 Due to symmetry, only one-half of the beam need be considered.     

      
2 2

1 3

2 2

12 6 12 6
6 4 6 2

[ ]
12 6 12 6
6 2 6 4

L L
L L L LEIk

L LL
L L L L

!" #
$ %!$ %=
$ %! ! !
$ %

!& '

 

 

      
3

2 3

0 0 0 0
0 0 0

[ ]
0 0 0 0
0 0 0 0

kL EIEIk
L

! "
# $
# $=
# $
# $
% &

 

 Therefore 

  

2 2

3
3

2 2

12 6 12 6
6 4 6 2

[ ]
12 6 12 6

6 2 6 4

L L
L L L L

EIK kLL L L
EI

L L L L

!" #
$ %!$ %

= $ %
! ! + !$ %
$ %

!$ %& '

 

                       (CONT.) 
______________________________________________________________________________________ 

1 

2 

L  

1 

P/2 

k/2 

2 

pL/4 

pL2/48 
pL2/48 
 

1 2 

pL/4 
 

1 2
LL =  

1 

Figure (a) Equivalent  
nodal forces 
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______________________________________________________________________________________ 
7.28 (CONT.) 
 
     (a) Boundary conditions are 1 0v =  and 2 0.! =  Equation (7.45a) 

 with 2 2yF P= !  and 1 0 :M =   

  

2

13
3

2

4 60
2 6 12

L L
EI

kL vP L L
EI

!
" #$

% &% & ' (=) * ) *' ($ $ ++ , + ,' (- .

 

 Introduce the data and solve: 
  2 17.9338 2.9752v mm rad!= " = "  
     (b)  

  

1 2 2

33
3

2

2 22

12 6 12 6 0
6 4 6 20 2.9752

(10 )
7.933812 6 12 6
06 2 6 4

y

y

L LF
L L L L

EI
kLF L L L
EIM L L L L

!

!" #
$ % $ %& '!( ( ( (& ' !( ( ( (

= & ') * ) *
!! ! + !& '( ( ( (

& '( ( ( (+ ,+ , !& '- .

 

 or 

  
1

2

2

5.20
3.80
20.8

y

y

F kN
F kN
M kN m

! " ! "
# # # #

= $% & % &
# # # #$ '( ) ( )

 

 200(7.9338) 1.587 ( )springF kN C= =  

 From symmetry: 1 3 5.20y yF F kN= = !  
______________________________________________________________________________________ 
SOLUTION (7.29) 
 
        Boundary conditions are 
         1 10 0v != =  
        We have 

        2 1 8
PLM M= ! =  

        1 2 2y y
PF F= = !  

 
 Equation (7.45a) reduces to 

1
23

2

2 12 6
8 6 4

vP LEI
PL L LL !

" " # $# $ % &
=' ( ' () *"+ , - . + ,

 

 
 Inverting 

  
2

2

2

23
86 3 6

v PL LL
PLEI L!

"# $% & % &
=' ( ' () *

+ ,+ , - .

3

2

5 48
8

PL EI
PL EI

! "#
= $ %

#& '
 

 
______________________________________________________________________________________ 

P/2 

PL/8 
 

PL/8 
 1 2 

P/4 
 

L  

1 

Figure (a). Equivalent 
Nodal forces. 
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______________________________________________________________________________________ 
SOLUTION (7.30) 
 

 We have 1 3( )EI EI
L L

=      and      2 3 3

4( )
4

EI EI EI
L L L

= =  

 So, the stiffness materices 1 2[ ] [ ]k k+  and [ ]K  are the same as obtained in  
Example 7.10. 

 Boundary conditions are 1 10, 0,v != =  and 3 0.v =  Equation (f) of Example 7.10  
becomes 

  
2 2

2

3

28 18 30
18 51 39 3

276
30 39 111 0

v L P
L L L PL
EI

L L
!

!

" "# $ % & # $
' ' ' '( )= "* + * +( )
' ' ' '( )" ", - . / , -

 

           
3 3

8 2
84 21

276 69
48 12

PL PLL L
EI EI

L L

!" # " #
$ $ $ $

= =% & % &
$ $ $ $! !' ( ' (

 

 
 Substituting the given data:  

  
2 3 3

2 3

3

8 1.936
(30 10 )(1.2) 168 0.041
69(207 10 )(15)

96 0.023

v mm
rad
rad

!

!

" "# $ # $ # $
%& & & & & &

= =' ( ' ( ' (
%& & & & & &" ") * ) * ) *

 

______________________________________________________________________________________ 
SOLUTION (7.31) 
 
     (a) The three element stiffness are identical. Equation (7.46): 

  
2 2

1 2 3 3

2 2

12 6 12 6
6 4 6 2

[ ] [ ] [ ]
12 6 12 6
6 2 6 4

L L
L L L LEIk k k

L LL
L L L L

!" #
$ %!$ %= = =
$ %! ! !
$ %

!& '

 

 
     (b) The beam stiffness matrix, 1 2 3[ ] [ ] [ ] [ ]K k k k= + + , is assembled as 

       1 1 2 2 3 3 4 4v v v v! ! ! !  

2 2

2 2 2

3

2 2 2

2 2

12 6 12 6 0 0 0 0
6 4 6 2 0 0 0 0
12 6 24 0 12 6 0 0
6 2 0 8 6 2 0 0

[ ]
0 0 12 6 24 0 12 6
0 0 6 2 0 8 6 2
0 0 0 0 12 6 12 6
0 0 0 0 6 2 6 4

L L
L L L L

L L L
L L L L LEIK

L L LL
L L L L L

L L
L L L L

!" #
$ %!$ %
$ %! ! !
$ %

!$ %=
$ %! ! !
$ %

!$ %
$ %! ! !
$ %

!$ %& '
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______________________________________________________________________________________ 
7.31 (CONT.) 
 
 Boundary conditions are : 
  2 3 4 4 0v v v != = = =  
 
 System governing relations, from . (7.40): 

  

1

1

2

2 2

3

3 3

4

4

0
0

[ ]
0

0
0

y

y

y

P v

F
M

K
F
M
F
M

!

!

!

"# $ # $
% % % %
% % % %
% % % %
% % % %
% % % %

=& ' & '
% % % %
% % % %
% % % %
% % % %
% % % %( )( )

 

______________________________________________________________________________________ 
SOLUTION (7.32) 
 
     (a) Use Eq.(7.45a): 
         2211 !! vv  

 
2 2

1 3

2 2

12 6 12 6
6 4 6 2

[ ]
12 6 12 6
6 2 6 4

L L
L L L LEIk

L LL
L L L L

!" #
$ %!$ %=
$ %! ! !
$ %

!& '

 

 
          2 2 3 3v v! !  

 
2 2

2 3

2 2

12 6 12 6
6 4 6 2

[ ]
12 6 12 6
6 2 6 4

L L
L L L LEIk

L LL
L L L L

!" #
$ %!$ %=
$ %! ! !
$ %

!& '

 

 
     (b) Assemble the global stiffness matrix of the beam: 1 2[ ] [ ] [ ]K k k= + . Then, 
 

  

1 1
2 2

1 1

2 2
2 2 23

2 2

3 2
2 2

3 3

12 6 12 6 0 0
6 4 6 2 0 0
12 6 24 0 12 6
6 2 0 8 6 2
0 0 12 6 12 6
0 0 6 2 6 4

y

R vL L
M L L L L
R vL LEI
M L L L L LL
F vL L
M L L L L

!

!

!

"# $ # $% &
' ' ' '( )"' ' ' '( )
' ' ' '( )" " "' ' ' '

=* + * +( )
"' ' ' '( )

' ' ' '( )" " "
' ' ' '( )

"' ' ' ', -. / . /

  (1) 

                       (CONT.) 
______________________________________________________________________________________ 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 7–28 
 

______________________________________________________________________________________ 
7.32 (CONT.) 
 

(c) The boundary conditions are 1 10, 0,v != =  and 2 0v = , Hence 
 

 
3

2 2
33

2 2
2

12 6 6
0 6 4 2
0 6 2 8

P L L v
EI L L L
L

L L L
!

!

"# $ % & # $
' ' ' '( )=* + * +( )
' ' ' '( ), - . / , -

 

 
 Solving 

  
3 2 2

3 3 2
7 3, ,
12 4 4
PL PL PLv
EI EI EI

! != " = =  

 
     (d) Introducing these equations into Eq. (1), after multiplying : 

  3 3 2
5, 0,
2yF P M R P= ! = =  

  2 1 1
3 1, ,
2 2

M PL R P M PL= ! = ! =  

 
 
     (e) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (7.33) 
 

Table P7.33  Data for the truss of Fig P7.33 

 

Element Length m c s c cs s
o

o

o

o

o

( )
. . . . . . .

.

.
. . . . . .

! 2 2

1 75 369 08 0 6 0 639 0 48 036
2 6 0 1 0 1 0 0
3 45 90 0 1 0 0 1
4 45 0 1 0 1 0 0
5 45 2 135 0 707 0 707 05 05 05" "

 

                       (CONT.) 
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   y 
 

    M 
 

-3P/2 

x 

x 

P 
ki

 
1 2 3 

PL/2 

L 

P 

L 

PL 

+ 
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______________________________________________________________________________________ 
7.33 (CONT.) 
 
 
 Apply Eq.(7.38): 

u v u v1 1 2 2  

 

2

2

1

1

1

361.048.0361.048.0
48.0639.048.0639.0
361.048.0361.048.0
48.0639.048.0639.0

5.7
][

v
u
v
u

AEk

!
!
!
!

"

#

$
$
$
$

%

&

''

''

''

''

=  

 
 
             u v u v1 1 3 3  

 [ ]
.

k
AE

u
v
u
v

2

1

1

3

3

6 0

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

=

!

!

"

#

$
$
$
$

%

&

'
'
'
'

 

 
 
           u v u v2 2 3 3  

[ ]
.

k
AE

u
v
u
v

3

2

2

3

3

45

0 0 0 0
0 1 0 1
0 0 0 0
0 1 0 1

=
!

!

"

#

$
$
$
$

%

&

'
'
'
'

 

 
 

             u v u v3 3 4 4  

 [ ]
.

k
AE

u
v
u
v

4

3

3

4

4

45

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

=

!

!

"

#

$
$
$
$

%

&

'
'
'
'

 

 
 
                   u v u v2 2 4 4  

 

4

4

2

2

5

5.05.05.05.0
5.05.05.05.0
5.05.05.05.0
5.05.05.05.0

25.4
][

v
u
v
u

AEk

!
!
!
!

"

#

$
$
$
$

%

&

''

''

''

''

=  
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______________________________________________________________________________________ 
SOLUTION (7.34) 
 
 
 Table P7.34 Data for the truss of Fig.P7.34 
 

 

Element c s c cs s
o

o

o

o

o

! 2 2

1 0 1 0 1 0 0
2 60 05 0866 0 25 0 433 0 75
3 120 05 0866 0 25 0 433 0 75
4 0 1 0 1 0 0
5 60 05 0866 0 25 0 433 0 75

. . . . .
. . . . .

. . . . .

" "

 

 
 
     ( a ) Use Eq.(7.38): 
 
             u v u v1 1 4 4  

 [ ]k
AE
L

u
v
u
v

1

1

1

4

4

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

=

!

!

"

#

$
$
$
$

%

&

'
'
'
'

 

 
   u v u v1 1 2 2  

 [ ]

. . . .

. . . .

. . . .

. . . .

k
AE
L

u
v
u
v

2

1

1

2

2

0 25 0433 025 0433
0433 075 0433 075
025 0433 025 0433
0433 075 0433 075

=

! !

! !

! !

! !

"

#

$
$
$
$

%

&

'
'
'
'

 

 
   u v u v2 2 4 4   

 [ ]

. . . .

. . . .

. . . .

. . . .

k
AE
L

u
v
u
v

3

2

2

4

4

0 25 0 433 0 25 0 433
0 433 0 75 0 433 0 75
0 25 0 433 0 25 0 433
0 433 0 75 0 433 0 75

=

! !

! !

! !

! !

"

#

$
$
$
$

%

&

'
'
'
'

 

 
             u v u v2 2 3 3  

 [ ]k
AE
L

u
v
u
v

4

2

2

3

3

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

=

!

!

"

#

$
$
$
$

%

&

'
'
'
'
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______________________________________________________________________________________ 
7.34 (CONT.) 
 
 
               u v u v3 3 4 4  

[ ]

. . . .

. . . .

. . . .

. . . .

k
AE
L

u
v
u
v

5

3

3

4

4

0 25 0433 025 0433
0433 075 0433 075
025 0433 025 0433
0433 075 0433 075

=

! !

! !

! !

! !

"

#

$
$
$
$

%

&

'
'
'
'

 

 
     ( b ) Global Stiffness Matrix [ ]K =  
     u v u v u v u v1 1 2 2 3 3 4 4  

AE
L

125 0 433 0 25 0 433 0 0 1 0
0 433 0 75 0 433 0 75 0 0 0 0
0 25 0 433 15 0 1 0 0 25 0 433
0 433 0 75 0 15 0 0 0 433 0 75
0 0 1 0 125 0 433 0 25 0 433
0 0 0 0 0 433 0 75 0 433 0 75
1 0 0 25 0 433 0 25 0 433 15 0
0 0 0 433 0 75

. . . .

. . . .

. . . . .

. . . . .
. . . .
. . . .

. . . . .

. .

! ! !

! !

! ! ! !

! ! !

! ! !

! !

! ! ! !

! ! !

"

#

$
$
$
$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'
'
'
'0 433 0 75 0 15

1

1

2

2

3

3

4

4. . .

u
v
u
v
u
v
u
v

  

};]{[}{ !KF =  [ ]

R
R

P
Q

R
R

K

u
v
u
v

x

y

x

y

1

1

4

4

2

2

3

3

0

0

0
0

0
0

!

"

#
#
#
#
#

$

#
#
#
#
#

%

&

#
#
#
#
#

'

#
#
#
#
#

=

!

"

#
#
#
#
#

$

#
#
#
#
#

%

&

#
#
#
#
#

'

#
#
#
#
#

 

 
______________________________________________________________________________________ 
SOLUTION (7.35) 
 
 We have AE=30 MN. 
 
 Table P7.35 Data for the truss of Fig.P7.35 
 

 
Element Length c s c cs s

o

o

! 2 2

1 5 5313 0 6 08 036 0 48 0 64
2 4 0 1 0 1 0 0

. . . . . .  
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______________________________________________________________________________________ 
7.35 (CONT.) 
 
     ( a ) Use Eq.(7.38): 
   u v u v1 1 2 2  

 [ ]

. . . .

. . . .

. . . .

. . . .

k
AE

u
v
u
v

1

1

1

2

2

5

036 0 48 036 0 48
0 48 0 64 0 48 0 64
036 0 48 036 0 48
0 48 0 64 0 48 0 64

=

! !

! !

! !

! !

"

#

$
$
$
$

%

&

'
'
'
'

 

 
 
              u v u v2 2 3 3  

 [ ]k
AE

u
v
u
v

2

2

2

3

3

4

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

=

!

!

"

#

$
$
$
$

%

&

'
'
'
'

 

 
     ( b ) Global Stiffness Matrix 
               u v u v u v1 1 2 2 3 3  

 [ ]

. . . .

. . . .

. . . . .

. . . .
. .

K AE

u
v
u
v
u
v

=

! !

! !

! ! !

! !

!

"

#

$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'

0 072 0 096 0 072 0 096 0 0
0 096 0128 0 096 0128 0 0
0 072 0 096 0322 0 096 0 25 0
0 096 0128 0 096 0128 0 0
0 0 0 250 0 0 25 0
0 0 0 0 0 0

1

1

2

2

3

3

 

 
     ( c ) Boundary Conditions: .03311 ==== vuvu  
 

 
F
F AE

u
v

x

y

2

2

2

2

0322 0 096
0 096 0128

!
"
#

$
%
&
=

'

(
)

*

+
,
!
"
#

$
%
&

. .

. .
 

 

 
u
v AE

m2

2

1 4 3
3 10 063

0
10 000

0 0010
0 0039

!
"
#

$
%
&
=

'

'

(

)
*

+

,
- '

!
"
#

$
%
&
=

'

!
"
#

$
%
&. ,

.
.

 

 
     ( d ) 

 NAE

F
F
F
F

y

x

y

x

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(
=

"
#
$

%
&
'

(
)
)
)
)

*

+

,
,
,
,

-

.

(

((

((

=

!
!

"

!
!

#

$

!
!

%

!
!

&

'

0
7500
10176
7632

0039.0
0010.0

00
0250.0
128.0096.0
096.0072.0

3

3

1

1
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______________________________________________________________________________________ 
7.35 (CONT.) 
 
     ( e ) Use Eq.(7.39) 
 

 [ ]12

0.001
0.6 0.8 15.12 ( )

0.00395
AEF kN C! "

= = #$ %
#& '

 

 

 [ ]23

0.001
1 0 7.5 ( )

0.00394
AEF kN C

!" #
= = !$ %

& '
 

 
______________________________________________________________________________________ 
SOLUTIONS (7.36 through 7.39) 
 
 It is important to take into account any condition of symmetry which may exist.  Use a two-
dimensional finite element program or ANSYS. 
 
 
______________________________________________________________________________________ 
SOLUTION (7.40) 
 
     ( a ) Refer to Fig. 7.25a: 

  6
)2(

1123
1

12
1 mjjm pppp

jj thththpQ +! =+=  
 

  6
)2(

1123
2

12
1 jmjm pppp

jm thththpQ +! =+=  
 
     ( b ) Refer to Fig. 7.25b: 
 
  )( 22

4
3
3 yh

th
P

It
PQ

xy !=="       (a) 

 
 Substituting Eq. (a) into the given expression for :mQ  
 

  ! ""= "

m

j
jm

y

y jh
P

yym dyyyyhQ ))(( 22
4
31
3  

         ])()([ 2

42

2

3

4234
31

m

j

m

j
jm

y

yh
yy

y

yh
y

jh
P

yy yy !+!!= !  

 
 This leads to the first of Eqs. (7.79). Similarly, 
 

  m

y

y xyj QdytQ m

j

!= " #        (b) 

 
 Substituting Eq. (a) and mQ (from the first of Eqs. 7.79), Eq. (b) leads to the second of 
 Eqs. (7.79). 
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______________________________________________________________________________________ 
SOLUTION (7.41) 
 
 
 
 
 
 
 
 
 
 Body force effects: 
  },,,,,{}{ 3213213

1
yyyxxx

b
a QQQQQQAtQ =  

             N}077.0,077.0,077.0,0,0,0){3.04(31 !!!"=  
 or 
  NQ b

a }0,0308.0,0308.0,0308.0,0308.0,0,0,0,0{}{ !!!!=  
 Similarly, 
  NQ b

b }0308.0,0308.0,0308.0,0,0,0,0,0{}{ !!!=  
 Hence, 
  b

b
b
a

b QQQ }{}{}{ +=  
 or 
  NQ b }0308.0,0616.0,0616.0,0308.0,0,0,0,0{}{ !!!!=  
 
 Effect of shear force, P: 
 From Case Study 7.1, 
  NQ P }2500,2500,0,0,0,0{}{ !!=  
 
 Surface traction effects, p: 
 Total load N840700)3.04( =! is equally divided between nodes 3 and 4. Thus, 

  NQ P }420,420,0,0,0,0,0,0{}{ !!=  
 
 Thermal strain effects: 
 We have µ! 60050)10(12 6

0 == "  and 
 

  

!
!
!

"

#

$
$
$

%

&

=

321321

321

321

000
000

2
1][

bbbaaa
aaa

bbb

A
B a  

 

            

!
!
!

"

#

$
$
$

%

&

''

'

'

=

022404
404000
000022

8
1

 

 Hence, 
  )}(]{[][}{ 0 AtDBQ T

a
t
a !=  

                       (CONT.) 
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1 2 

3 
4 

Qy3 Qy4 

P=5 kN 

x 
(b) 

(a) 

4 cm 

1 cm 

1 cm 
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______________________________________________________________________________________ 
7.41 (CONT.) 
 

            )2.1(
0

600
600

35.000
013.0
03.01

91.0
)10(2

040
200
240
400
002
402

8
1 7

!
"

!
#

$

!
%

!
&

'

(
(
(

)

*

+
+
+

,

-

(
(
(
(
(
(
(

)

*

+
+
+
+
+
+
+

,

-

..

..

= µ

µ

 

 
 After multiplication, this gives 
  NQ t

a }7.10285,0,7.10285,0,85.5142,85.5142{}{ !!=  
 or 
  NQ t

a }0,7.10285,0,7.10285,0,0,85.5142,85.5142{}{ !!=  
        Similarly, 

  

!
!
!

"

#

$
$
$

%

&

=

342342

342

342

000
000

2
1][

bbbaaa
aaa

bbb

A
B b  

 

            

!
!
!

"

#

$
$
$

%

&

''

'

'

=

220044
044000
000220

8
1

 

 Thus, 
  )}(]{[][}{ 0 AtDBQ T

a
t !=  

            N}0,7.10285,7.10285,85.5142,85.5142,0{ !!=  

 or NQ t
b }7.10285,0,7.10285,0,85.5142,85.5142,0,0{}{ !!=  

 Hence, 
  t

b
t
a

t QQQ }{}{}{ +=  

 or ,7.10285,85.5142,85.5142,85.5142,85.5142{}{ !!!=tQ  
                N}7.10285,7.10285,7.10285!  
 
 The system nodal force matrix: 
  tpPb QQQQQ }{}{}{}{}{ +++=  
                  ,7.10285,85.5142,85.5142,85.5142,85.5142{ !!!=  
   N}67.7365,64.986,76.12785!  
 
 System equation: 
  },0,,0,,0,,0]{[}{ 4242 vvuuKQ =  
 where 
  ][K  is given by Eq. (n) of Case Study 7.1. 
                       (CONT.) 
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______________________________________________________________________________________ 
7.41 (CONT.) 
        Since we have only 4 unknown quantities 4242 ,,, vvuu  (and 8 equations are available), 

 there are redundant equations. Examination of these system of equations shows that: 
  ][K  is reduced by crossing out; row 1 and column 1 for ,01 =u  row 3 and 

 column 3 for ,03 =u row 5 and column 5 for ,01 =v  row 7 and column 7 for .03 =v  

 }{Q  is reduced by crossing out .,,, 3131 yyxx QQQQ  

for 
 03131 ==== vvuu  

 
        Thus, from the reduced equations, we obtain 

  

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(
)
)
)
)

*

+

,
,
,
,

-

.

(

(

((
=

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(

67.7365
76.12785
85.5142
85.5142

546.1373.1351.0247.0
373.1366.1256.0252.0
351.0256.0483.0180.0
247.0252.0180.0429.0

10 6

4

2

4

2

v
v
u
u

 

 or 

  cm

v
v
u
u

6

4

2

4

2

10

6702
7302
4098
1728

!

"
"
#

"
"
$

%

"
"
&

"
"
'

(

!

!
=

"
"
#

"
"
$

%

"
"
&

"
"
'

(

 

______________________________________________________________________________________ 
SOLUTION (7.42) 
 
 
 
 
 
 
 
 We have 

  3
)10(7
)10(1.2

6

7

==n  

  4.0
)10(7
)10(8.2

6

7

==m  

  

!
!
!

"

#

$
$
$

%

&

'
=

39.000
013.0
03.03

)1.0(31
)10(7][ 2

6

D  

 Then 
  16

])[72(
4
][* ][ D
A
DtD ==  

            

!
!
!

"

#

$
$
$

%

&

=

39.000
013.0
03.03

)10(13.0 6      (a) 

                       (CONT.) 
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1 

2 

3 

4 
P=4 kN 

x 
(b) 

(a) 

4 cm 

1 cm 

1 cm 

1000 N/cm 

500 N/cm 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 7–37 
 

______________________________________________________________________________________ 
7.42 (CONT.) 
 
 Element a: 
 Equations (7.68), with reference to the preceding figure yield 
  04 22 ==!== bbaa ii  

  20 33 ==== bbaa jj       (b) 

  24 11 !==== bbaa mm  
 
 Substituting Eqs. (a) and (b) into Eqs. (7.54), we obtain (in 610 ): 
 
  37.2]0)16(39.0)4(3[13.011, =++=uuk  

  81.0]0)16(39.00[13.012, !=+!+=uuk  

  56.1]00)4(3[13.013, !=++!=uuk  

  81.0]0)16(39.00[13.021, !=+!+=uuk  

  81.0]0)16(39.00[13.022, =+!+=uuk   

  0]000[13.023, =++=uuk  

  56.1]00)4(3[13.031, !=++!=uuk  

  0]000[13.032, =++=uuk   

  56.1]00)4(3[13.033, =++=uuk  
 
 Similarly, remaining matrices are determined. Stiffness matrix for the element a (in 610 ) is: 

 

!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$

%

&

''

''

'''

''

''

'''

=

20.0020.0041.041.0
008.208.231.0031.0
20.008.228.231.041.072.0
031.031.056.1056.1
41.0041.0081.081.0
41.031.072.056.181.037.2

][ ak  

 
 or 

 

!
!
!
!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$
$
$
$

%

&

''

''

'''

''

''

''

=

00000000
020.0020.00041.041.0
0008.208.2031.0031.0
020.008.228.2031.041.072.0
00000000
0031.031.0056.1056.1
041.0041.00081.081.0
041.031.072.0056.181.037.2

][ ak  
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7.42 (CONT.) 
 
 Element b: 
 Equations (7.68), referring to the preceding figure, now give 
  20 22 !==== bbaa ij  

  24 44 ==!== bbaa jj       (c) 

  04 33 ==== bbaa mm  
 
 Introducing Eqs. (a) and (c) into Eqs. (7.54), we obtain (in 610 ): 
 
  56.1]00)4(3[13.022, =++=uuk  

  0]000[13.023, =++=uuk  

  56.1]00)4(3[13.024, !=++!=uuk  
 
 The remaining terms are obtained in a like manner. The stiffness matrix for the  
 element b (in 610 ): 
 

 

!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$

%

&

'''

''

''

'''

''

''

=

28.208.22.072.041.031.0
08.208.2031.0031.0
2.002.041.041.00
72.031.041.037.281.056.1
41.0041.081.081.00
31.031.0056.1056.1

][ bk  

 
 or 

 

!
!
!
!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$
$
$
$

%

&

'''

''

''

'''

''

''

=

28.208.220.0072.041.031.00
08.208.20031.0031.00
20.0020.0041.041.000
00000000
72.031.041.0037.281.056.10
41.0041.0081.081.000
31.031.00056.1056.10
00000000

][ bk  

 
 The system matrix is found by addition of the matrices of the elements a and b: 
  ba kkK ][][][ +=  
 
 That is (in 610 ), 
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!
!
!
!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$
$
$
$

%

&

'''

'''

'''

'''

'''

'''

''

'''

=

28.208.220.0072.041.031.00
08.228.2020.031.0072.041.0
20.0028.208.241.072.0031.0
020.008.228.2031.041.072.0
72.031.041.0037.281.056.10
41.0072.031.081.037.2056.1
31.072.0041.056.1037.281.0
041.031.072.0056.181.037.2

][K  

 
 Nodal force matrix: 
 Equations (7.78) lead to  
 
  NQQ xj 6676

]1000)500(2[2
4 !=!== +    

  NQQ xm 8336
]500)1000(2[2

3 !=!== +  
 
 Due to the shear, we also have 
  NQNQ yy 2000,2000 43 !=!=  
 Thus, 
  NQ }2000,2000,0,0,667,833,0,0{}{ !!!!=  
 
 Nodal displacement equation: 
  },,0,0,,,0,0{}{ 4343 vvuu=!  
 
 The system equation: 
 The redundant equations are eliminated by crossing out the 1st, 2nd , 5th , and 6th rows 
 and columns. This leaves 
 

  

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(
(
(
(

)

*

+
+
+
+

,

-

..

.

..

.

=

!
!
"

!
!
#

$

!
!
%

!
!
&

'

.

.

.

.

4

3

4

3

6

28.208.272.041.0
08.228.231.00
72.031.037.281.0
41.0081.037.2

10

2000
2000
667
833

v
v
u
u

 

 
 Solving, 
  cmucmu 002324.0001226.0 43 !==  

  cmvcmv 013742.0013092.0 43 !=!=  
 
 Stress in element a: 
 The strain matrix is 
 
                       (CONT.) 
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!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(
(
(

)

*

+
+
+

,

-

=
!
"

!
#

$

!
%

!
&

'

m

j

i

m

j

i

mjimji

mji

mji

xy

y

x

v
v
v
u
u
u

bbbaaa
aaa

bbb

A
000

000

2
1

.

/

/

 

 

              

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(
)
)
)

*

+

,
,
,

-

.

((

(

(

=
(

0
092,13
0
0

1226
0

220404
404000
000220

8
10 6

 

              µ
!
"

!
#

$

!
%

!
&

'

(

=

3273
0
307

 

 Then, 

  a

axy

y

x

D }]{[ !

"

"

"

=
#
$

#
%

&

#
'

#
(

)

 

    6
9

10
3273
0
307

39.000
013.0
03.03

97.0
)10(70 !

"
#

"
$

%

"
&

"
'

(

!)
)
)

*

+

,
,
,

-

.

=  

    MPa}12.92,65.6,46.66{ !=  
 
 Stress in element b: 
 The strain matrix is 

              

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(

(

)
)
)

*

+

,
,
,

-

.

((

(

(

=
!
"

!
#

$

!
%

!
&

'
(

092,13
742,13
0
1226
2324
0

022440
440000
000022

8
10 6

bxy

y

x

/

0

0

 

             µ}1661,325,581{ !!=  
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 Thus, 
!
"

!
#

$

!
%

!
&

'

(

(

)
)
)

*

+

,
,
,

-

.

(

(

=
!
"

!
#

$

!
%

!
&

'

1661
325
581

166100
32513.0
5813.03

97.0
)10(70 3

bxy

y

x

/

0

0

 

   MPa}75.46,88.10,75.118{ !!=  
______________________________________________________________________________________ 
SOLUTION (7.43) 
 
 
 
 
 
 
 
 
 Stiffness matrix of element a: 
 
 Let .3,4,1 === mji  Then, 

  040 341 === xxx  

  141 341 ==!= yyy  
 
 Equations (7.68) give 
  011440 11 =!=!=!= ba  

  211000 44 =+==!= ba  

  211404 33 !=!!==!= ba  
 We have 

 

!
!
!

"

#

$
$
$

%

&

=

16.100
03.399.0
099.033.3

8
10][

6
*D  

 
 Equations (7.76) in 610  are thus, 
 
  32.28)]16(16.10[11, =+=uuk       08]000[14, =++=uuk  

  32.28]0)16(16.10[13, !=+!+=uuk      65.18]00)4(3.3[44, =++=uuk  

  65.18]00)4(3.3[43, !=++!=uuk      97.38]00)4(3.3[33, =++=uuk  

 
 These can be written as follows: 

  )10(
65.165.10
65.197.332.2
032.232.2

6

!
!
!

"

#

$
$
$

%

&

'

''

'

=uuk  

                       (CONT.) 
______________________________________________________________________________________ 

3 

1 

4 

2 

x 
(b) 

(a) 

4 cm 

1 cm 

1 cm 
0 

y 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 7–42 
 

______________________________________________________________________________________ 
7.43 (CONT.) 
 Similarly, we find submatrices vvk  and uvk . In so doing and after assembling these matrices, 

 we obtain the stiffness matrix for the element a (in 610 ): 

  

!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$

%

&

''

'''

''

''

'''

''

=

58.058.00016.116.1
58.018.76.699.015.216.1
06.66.699.099.00
099.099.065.165.10
16.115.299.065.197.332.2
16.116.10032.232.2

][ ak  

 
 Stiffness matrix for element b: 
 Let .4,2,1 === mji  Then, 

  211044 11 !=!!==!= ba  

  211440 22 =+=!=!= ba  

  011404 44 =+!==!= ba  
 
 Then, Eqs. (7.54) yield (in 610 ): 
  65.18]00)4(3.3[11, =++=uuk  

  65.18]00)4(3.3[12, !=++!=uuk  

  08]000[14, =++=uuk  

  97.38]0)16(16.1)4(3.3[22, =++=uuk  

  32.28]0)16(16.10[24, !=+!+=uuk   

  32.28]0)16(16.10[44, =++=uuk  

 or )10(
32.232.20
32.297.365.1
065.165.1

6

!
!
!

"

#

$
$
$

%

&

'

''

'

=uuk  

 
 Similarly, we obtain submatrices vvk  and uvk . In so doing and after assembling these matrices, 

 we determine the stiffness matrix for the element b (in 610 ): 
 

  

!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$

%

&

''

'''

''

''

'''

''

=

6.66.60099.099.0
6.618.758.016.115.299.0
058.058.016.116.10
016.116.132.232.20
99.015.216.132.297.365.1
99.099.00065.165.1

][ bk  
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7.43 (CONT.) 
 
        Prior to addition: the 2nd and 6th rows and columns of zeros are added to the  
 matrix ;][ ak  the 3rd and 7th rows and columns of zeros are added to the matrix .][ bk  
 
 The system matrix: 
 
  ba kkK ][][][ +=  
 
 is then (in 610 ): 
 

      

!
!
!
!
!
!
!
!
!
!

"

#

$
$
$
$
$
$
$
$
$
$

%

&

'''

'''

'''

'''

'''

'''

'''

'''

=

18.758.06.60016.199.015.2
58.018.706.699.015.2066.1
6.6018.758.016.1015.299.0
06.658.018.715.299.016.10
099.016.115.297.365.132.20
16.115.2099.065.197.3032.2
99.0015.216.132.2097.365.1
15.216.199.00032.265.197.3

][K  

 
 
 The force-displacement relation, Eq. (q) of Case Study 7.1 becomes 
 

  

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(
(
(
(

)

*

+
+
+
+

,

-

.

..

.

..

=

!
!
"

!
!
#

$

!
!
%

!
!
&

'

.

.

4

2

4

2

18.76.6099.0
6.618.716.115.2
016.197.332.2
99.015.232.297.3

5.2
2.1
0
0

v
v
u
u

 

   
 This yields 
 

  

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(

(
)
)
)
)

*

+

,
,
,
,

-

.

(((

((

(
=

!
!
"

!
!
#

$

!
!
%

!
!
&

'

(

5.2
5.2
0
0

136613737.2518.255
137315462479.357

7.2518.2464296.178
8.2259.3579.1792.483

10 6

4

2

4

2

v
v
u
u

 

  

            cm)10(

125.17
433

325.1246
35.1534

6!

"
"
#

"
"
$

%

"
"
&

"
"
'

(

!

!

=  
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 Stresses in element b: 

  

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(
(
(

)

*

+
+
+

,

-

=
!
"

!
#

$

!
%

!
&

'

4

2

1

4

2

1

421421

421

421

000
000

2
1

v
v
v
u
u
u

bbbaaa
aaa

bbb

A
bxy

y

x

.

/

/

 

              

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(

(

)
)
)

*

+

,
,
,

-

.

((

(

(

=
(

125.17
433
0
325.1246
35.1534

0

022440
440000
000022

8
10 6

 

              µ}1282,225,6.383{!=  
 Thus, 

  
!
"

!
#

$

!
%

!
&

'

(

(

)
)
)

*

+

,
,
,

-

.

=
!
"

!
#

$

!
%

!
&

'

1661
325
581

35.000
013.0
03.01

91.0
)10(200 3

bxy

y

x

/

0

0

 

   MPa}75.46,88.10,75.118{ !!=  
 
 Stresses in element a: 

  

!
!
!

"

!
!
!

#

$

!
!
!

%

!
!
!

&

'

(
(
(

)

*

+
+
+

,

-

..

.

.

=
!
"

!
#

$

!
%

!
&

'
.

125.17
0
0
325.1246
0
0

220044
044000
000220

8
10 6

axy

y

x

/

0

0

 

              µ}28.4,0,5.311{=  
 

  
!
"

!
#

$

!
%

!
&

'

(
(
(

)

*

+
+
+

,

-

=
!
"

!
#

$

!
%

!
&

'

28.4
0
5.311

35.000
013.0
03.01

91.0
)10(200 3

axy

y

x

.

/

/

 

   MPa}33.0,54.20,46.68{=  
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CHAPTER 8  
 
SOLUTION (8.1) 
 
     ( a ) From Eq. (8.13), we have 

  22

2

2

2

22

2
2

min, )1(
ab
a

ib
b

ab
pa pi

!!
=+="#  

  22

22

2

2

22

2

)1(max, ab
ba

ib
a

ab
pa pi

!
+

!
=+="#  

 Hence, 

  105.12

22

2

22

min,

max,

2
)1.1(

2
=== ++

a
aa

a
ba

!

!

"
"

 

 
     ( b ) Using Eq. (8.16), 
  22

2

0max, 2
ab

bp
!

!="#  

  22

22

0min, ab
bap

!
+!="#  

 Thus, 

  1.12

2

22

2

min,

max,

21.2
)21.1(22 ===

! a
a

ab
b

"

"

#
#

 

______________________________________________________________________________________ 
SOLUTION (8.2) 
 
 Equation (8.20): 

  1405625.022

2

22

2

6.01
6.0 ====
!! i
p

ab
ap

z pii"  
 or 
  MPapi 9.248=  
 Equation (8.13): 
  14012.222

22

22

22

6.01
6.01

max, ====
!
+

!
+

iiiab
ab ppp"#  

 or 
  MPapi 9.65=  
 Equation (8.10): 

  805625.122

2

22

2

6.01
1

max ====
!! iiab

bp ppi"  
 or 
  alli pMPap == 2.51  
______________________________________________________________________________________ 
SOLUTION (8.3) 
 
     ( a ) Initial maximum tangential stress, from Eq. (8.13), 
  in

n
ab
ab

i pp
1
1

2

2

22

22

!
+

!
+ =="#  

 or 
1
1

2

2

+
!=

n
n

ip "#  

 After boring, denoting the inner radius by ,xr  we have 

  222

222

2

2

222

222

1
1

x

x

x

x

ran
ran

n
n

ran
ran

ip !

+

+
!

!

+ ==+" ### $$$  

 or )()1())(1)(( 22222222
xx rannrann +!=!++" ### $$$  
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8.3 (CONT.) 
 
 or 222222 )1()1)(( annann !!! """ ##++$  

       ])1()1)([( 222
!!! """ #+++$= nnrx  

 This gives the new inner radius in the form 

  2
1

22

22222

][
2)1(

)1(2
nn
annan

xr
!!

!!

""

""

++#

+#+=  

     ( b ) 

  2
122

][ )4(2)5(1.0
)025.0(4)5(1.0)025.0)(4(2

!!

!!

""
""

+
+=xr  

       mmm 12.2702712.0 ==  
______________________________________________________________________________________ 
SOLUTION (8.4) 
 
 Using Eq. (8.13) 
  22

22

max, ab
ba

ip !
+="#  

  22

22

)6.0(
)6.0(

2
280 7

!

+=
b

b  

 Solving, .6308.0 mb =  Therefore, 
  mmabt 8.306008.630 =!=!=  
______________________________________________________________________________________ 
SOLUTION (8.5) 
 
 
 
 
 
 
 
 
 
     ( a ) Equation (8.13) and (8.16) give at r=a: 
  22

2

22

22 2, 21 ab
b

oab
ab

i pp
!!

+ !== "" ##  

 Then, ;21 !! "" =  22

2

22

22 2
ab

b
oab

ab
i pp

!!
+ =  

 or 

  6.122

2

22

2

4
)4(22 ===

++ aa
a

ba
b

p
p
o

i  

 
     ( b ) By neglecting the strain L!  in the longitudinal direction, 

  )(),( 2
1

21
1

1 oEiE pp !"#!"# $$$$ +=+=  
 Then, 
  21 !! "" =  
 gives 
  oi pp !"!" ## $=+ 21        (a) 
 But 
                       (CONT.) 
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8.5(CONT.) 
 

  66.122

22

22

221

4
4 ===
!
+

!
+

aa
aa

ab
ba

pi
"#  

 Hence, ip66.11 =!"         (b) 
 We also have 

  66.222

2

22

22

4
)4(22 ===

!! aa
a

ab
b

po
"#  

 or 
  op66.22 =!"         (c) 

 Substituting Eqs. (b) and (c) into (a) and letting :31=!  

  16.1=
o

i
p
p  

______________________________________________________________________________________ 
SOLUTION (8.6) 
 
 Equation (8.14), substituting the given data yields 

  )( 22

22
!+=

"
+
ab
ba

E
apiu  

      )3.0( 22

22

9

6

6.06308.0
6308.06.0

10200
)107(6.0 +=

!
+

"

"  

      mm426.0=  
______________________________________________________________________________________ 
SOLUTION (8.7) 
 
     ( a ) We have ,ru=!"  where u  is defined by Eq. (8.14). Thus, at r=a: 

  ][ 22

22

max, !"# +=
$
+
ab
ab

E
pi        (a) 

 
     ( b ) Introducing ,, r!!" and z!  from Eqs. (8.12), (8.13) and (8.20) into Hooke’s law 

  )]([1 zrE !!"!# $$ +%=  
 we have 

  ][ 22

22 )1(
max, !" !

# +=
$

$+

ab
ab

E
pi       (b) 

        Substituting the data, Eq. (a): 

  ][001.0 3
1

4
4

)10(200
)10(60

2

2

9

6

+=
!
+
a
a  

 Solving, .41.1 ma =  Then, 

  .59.041.12 reqtmt ==!=  
 Similarly, Eq. (b) yields 

  ][001.0 3
1

4
324

)10(200
)10(60

2

2

9

6

+=
!

+

a
a  

 or mtma 52.0;48.1 ==  
______________________________________________________________________________________ 
SOLUTION (8.8) 
 
 Equation (8.13) at r=a: 
  MPa65)60(22

22

05.025.0
05.025.0

max, ==
!
+

"#  
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______________________________________________________________________________________ 
8.8 (CONT.) 
 
 Equation (8.12) at r=a: 
  MPapir 60max, !=!="  
 Equation (8.10): 

  MPa5.6222

2

05.025.0
)25.0(60

max ==
!

"  

 Equation (8.20) with :0=op  

  MPaz 5.2205.025.0
)60(05.0 ==

!
"  

        Stress-strain relationship is given by 
  r

u
zrE =+!= )]([1 ""#"$ %%       (a) 

 Substituting Eqs. (8.12), (8.13), and (8.20), this expression results in at r=a: 
  ])1()21[( 22

)( 22 bau
abE

api !! ++"=
"

              (P8.8) 

 Introducing the given numerical values, we obtain 

  ])25.0(3.1)05.0(4.0[ 22
)05.025.0(1072

)1060(05.0
226

6

+=
!"

"u  

      mm0571.0=  
 The change in the internal diameter is therefore, 
  mmud 1142.02 ==!  
______________________________________________________________________________________ 
SOLUTION (8.9) 
 
 Equation (8.19): 

  MPa125
05.025.0
)60()25.0(2

max, 2

2

!=!=
!"#  

 Equation (8.15) at r=b: 
  MPapor 60max, !=!="  

 Equation (8.20) for :0=ip  

  MPaz 5.6222

2

05.025.0
)60(25.0 !=!=

!
"  

 Equation (8.9) at r=a and :0=ip  

  MPa
ab
bpo 5.6222

2

22

2

05.025.0
)25.0(60

max !=!=!=
!!

"  
        Substitution of Eqs. (8.15), (8.16), and (8.20), into Eq. (a) of Solution of 
 Prob. 8.8 leads to for r=a: 

  )2(
)( 22

2

!""=
"abE
bapou             (P8.9) 

      mm0738.0)3.02(
)05.025.0(1072
)25.0)(1060(05.0
229

2

!=!!=
!"

"  

 Thus, mmud 1476.02 !=="  
______________________________________________________________________________________ 
SOLUTION (8.10) 
 
 Given: 03.01.0 === amcmb  
  m0001.0)1.0(001.0 ==!  
 Using Eq. (8.23): 
                       (CONT.) 
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______________________________________________________________________________________ 
8.10 (CONT.) 
 

  )09.0(2
01.009.0

1.0
)0001.0(10200

2

9

2

22 !"! ==
c
bc

b
Ep #  

      MPa89.88=  

        Then, letting ,89.88 MPapp i ==  Eq. (8.8) gives at r=b: 

  2222

22 )(0
bc
pp

bc
pcpb oo

!

!

!

! +=="#  
 After substituting the numerical values, this equation results in  
  MPapo 38.49=  
______________________________________________________________________________________ 
SOLUTION (8.11) 
 
     ( a ) Using Eq. (8.18), 

  3
4

22

22max, ==
!
+
ab
ba

pi
"#  

 or ab 65.2=  
 Then, ata

ta
a
b 65.1;65.2 == +  

 Hence, 
  825.02

6.1
2 == a

a
a
t  

 
     ( b ) Neglect longitudinal strain and consider 
  MPapir 3.6=!="  

  MPa4.83
)3.6(4 ==!"  

 Therefore, for ma 075.0=  and :65.2 ab =  

  ][][)2( 3
1

3
4

)10(210
)075.0)(103.6(22

9

6

22

22
+=+==! "

#
+ $%
ab
ba

E
ap

d
iad  

         mm)10(4.7 3!=  
 Alternatively, use Eq. (8.14) and let .2ud =!  
______________________________________________________________________________________ 
SOLUTION (8.12) 
 
 Introducing various values of P, as given in Fig. 8.4, into Eqs. (a) and (8.21) of Sec. 8.3, 
 it is seen that !"   and S values as shown in the figure are found. 

        For example, let 1=P  or oi pp = . 
 Then, 
  irRiR

R
i pbpp !=+=

!
!

!
!

"" ## ;
)1(
112

1
1

22

2
 

 And 101
01 === +
+

o

iS
!

!

"
"  

 or 
  oi !! "" =      or     1=S  
______________________________________________________________________________________ 
SOLUTION (8.13) 
 
     ( a ) For ,0)([;0 =+!= Erzz "##$#%  using Eqs. (8.8), 
                       (CONT.) 
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______________________________________________________________________________________ 
8.13 (CONT.) 
 

  22

22 )(2)(
ab

pbpa
rz

oi

!

!=+= "
#$$"$  

 
     ( b ) Similarly, for :0=z!  

  
)(
)(2

22

22

)(
abE
pbpa

rEz
oi

!

!!=+!= "
#

" $$%  

______________________________________________________________________________________ 
SOLUTION (8.14) 
 
 At r=a: from Eq. (8.18), 
  iiaa

aa pp 3
5

4
4

max, 22

22
==

!
+

"#  
 and from Eq. (8.12), 
  .max, ir p!="  
        Energy of distortion theory: 

  ypip !="+"" 2
1

])1()1)(()[( 2
3
52

3
5  

 or ypip !429.0=  
 Maximum shearing stress theory: 
  ypii pp !="" )(3

5  

 or ypip !375.0=  
______________________________________________________________________________________ 
SOLUTION (8.15) 
 We have, at r=a: 
  iiaa

aa
iab

ab ppp 4
5

9
9

max, 22

22

22

22
===

!
+

!
+

"#  

  ir p!=max,"  

     ( a )  iu p45=!  
 or 
  MPapi 280)350(8.0 ==  

 And MPapp iiu 350, ==!  
 
     ( b ) Using Eq. (4.12a), 

  1630)350(4
5 =! ! ii pp   

 Solving, 
  MPapi 8.193=  
______________________________________________________________________________________ 
SOLUTION (8.16) 
 
 From Eq. (8.18) for r=a: 

  MPapi 31.3235 22

22

)05.0()25.0(
)05.0()25.0( ==

+

!  

 Total radial force on the contact surface is aLp!2  and total frictional force equals .2 µ!apL  
 
                       (CONT.) 
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______________________________________________________________________________________ 
8.16 (CONT.) 
 
 Hence, Torque )(2 aapLµ!=  

              )2.0)(1031.32)(05.0(2 63 != "  
              mkN != 073.5  
______________________________________________________________________________________ 
SOLUTION (8.17) 
 
 Let ,, 11 cs !!  and 22 , cs !!  be initial and final compressive and tensile strains in the  
 shaft and in the cylinder, respectively. 
        Also, let 11, p!"  and 22 , p!"  denote the initial and final maximum stresses 
 and contact pressures, respectively. Then, 
  2211 cscs !!!! +=+        (a) 
 Here, 
  13

2
11

1
1 )( ppp EEs =!= "#  

  13
7

3
1

11
1

1 )2()( 1 pp EE
p

Ec =+=+= !"# $  

  ])[( 222
1

2 a
p

Es
Lpp

!

""# +$=  

         ])1([ 2)05.0(
5.4

3
1

3
1

2
1

!
+"= pE  

         ][ 3
86.1909

23
21 += pE  

 
        From the condition of linearity, 

  2
2

222 2;
1

1

1

1

1

2

1

2 ppp p
p

pp
p ==== !

!

! "
!"

" "  

 and E
p

EEc ppp 3
7

22
1

22
1

2
2)2()( =+=+= !!"# $  

 Equation (a) is thus, 
  E

p
EE

p
E
p p 3

7
3
86.1909

23
21

3
7

3
2 211 )( ++=+  

 from which 
  62.63621 += pp  
 Hence, 
  kPappp 62.63612 !=!="  
______________________________________________________________________________________ 
SOLUTION (8.18) 
 
 From Eq. (8.22), 
  )()( 22

22

22

22

sab
ba

E
bp

bbc
cb

E
bp

sb
!!" #++=

#
+

#
+  

 or 
)]()([ 22

22

22

22 11
sab

ba
Ebbc

bc
E sb

b
p

!!
"

#++
=

#
+

#
+

 

 
        Substituting the given data, this gives MPap 01.9=  
 Stresses in the steel cylinder, using Eq. (8.16), 

  MPaar 03.24)( 22

26

)04.0()08.0(
)08.0)(1001.9(2 !=!=

!

"
=#$  

                       (CONT.) 
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______________________________________________________________________________________ 
8.18 (CONT.) 

  22

22

)04.0()08.0(
)04.0()08.0(6

08.0 )10(01.9)(
!

+
= !=r"#  

        MPa02.15!=  
 Stresses in the brass cylinder, from Eq. (8.13): 

  22

22

)08.0()14.0(
)08.0()14.0(6

08.0 )10(01.9)(
!

+
= =r"#  

       MPa75.17=  

  MPar 74.8)( 22

26

)08.0()14.0(
)08.0)(1001.9(2

14.0 ==
!

"
=#$  

______________________________________________________________________________________ 
SOLUTION (8.19) 
 
     ( a ) Using Eq. (P8.18), 

  

!
!
"

#

$
$
%

& '
+(
(
)

*
+
+
,

-
+

'

+

'

=
)10(200

29.0133.0
1.015.0
1.015.0

)10(72
11.0

)10)(25.0(

922

22

9

3

p  

       MPa49.56=  
 
     ( b ) From Eq. (8.14), for r=b: 

  
)1.015.0(1072
)1049.56)(15.0()1.0(2

)(
2

229

62

22

2

!"

"

!
==

abE
bpa iu  

      mm1883.0=  
  mmu 3766.02 ==!  
______________________________________________________________________________________ 
SOLUTION (8.20) 
 
     ( a ) Using Eq. (8.14), we have at r=a: 

  ])1()1[( 22
)( 22

0 ba
abE

pa
a !!" ++#=

#
 

 from which 

  
])1()1[(

)(
222

22
0

baa
abEp
!!

"

++#

#=       (P8.20) 

 
     ( b ) Substitution of Eq. (P8.20) into Eqs. (8.12) result in 

  )1( 2

2

22
0

)1()1( r
b

ba
E

r !=
++! ""

#$  

  )1( 2

2

22
0

)1()1( r
b

ba
E +=
++! ""

#
$%  

______________________________________________________________________________________ 
SOLUTION (8.21) 
 
 Equation (8.14) at r=b: 

  )()( 3
1

25.2
25.2

2 22

22

22

220 +=+==
!

+
!
+

bb
bb

E
bp

bc
cb

E
bpu "#  

 Solving, b
Ep 86.5

0!=  
 Then, Eq. (8.17) yields at r=b: 

  0)86.5(3
2 114.0)1( 0 !" ! ==#= E

bpu  

 Hence, 023.02 !==" ud  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.22) 
 
     ( a ) Intial difference in diameter: 
  )(2 21 !! +=" b  
 where, 
  1! =tangential (comp.) strain in the shaft 

  2! =tangential (tens.) strain in the cylinder 
 Thus, 
  )]()[( max,

2 pppE
b !"! # ++$=%  

       )2()[( 2
max,

2 ppp E
b

E
b +=+= !"  

       E
pb6=  

 
     ( b ) Compressive (uniform) strain ,L!  due to axial load P, is 

  
Eb
P

L 2!
" =  

 We now have 
  )( 211

1
1 b

P
E pp

!
""# $$=   (comp.) 

  )( 1max,1
1

2 pE !"# $ +=   (tens.) 

 where max,1!"  is the increased tangential stress. Thus, 

  )()(2 21max,1
2

211 b
P

E
b pb

!
"

#$%% &+=+='  
 
        Based on the linearity condition: 

  2max,

1

max,1 == Pp
!! ""

 
 or 
  1max,1 2p=!"  

 Setting 1!=!  

  )2( 2311
26

b
P

E
b

E
pb pp

!
"+=  

 or 
  )(9 1

2 ppbP != "  
______________________________________________________________________________________ 
SOLUTION (8.23) 
 
 Radial strain is 
  .,, tensscompb !!! +=  

      )()( max,
11 ppp
sb EE !"! # ++$=  

 We also have 
  ))(( 12 sbTT !!" ##=  

      TT !="!= "" )10(8.710)7.115.19( 66  
 Note that from Eq. (8.18) at r=a: 

  3
5

4
4

22

22max, ==
!
+
bb
bb

p
"#  

                       (CONT.) 
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______________________________________________________________________________________ 
8.23 (CONT.) 
 

Thus, )()()10(8.7 33
51

3
16 pp

E
p

E sb
pT ++!="!  

 or 

610)3(
)(7.11

bs

sb

EE
EETp

+

!=  

 Hence, 

  5
12

10)3(
)(95.1

max,
bs

sb

EE
TTEE

+

!="#  

______________________________________________________________________________________ 
SOLUTION (8.24) 
 
 Axial Stress, Eq. (8.20): 

  
2 2

2 2 2 2

0.8 0.8 80
1.2 0.8

i i
z i

p a p p
b a

! = = = =
" "

, 100ip MPa=  

 Tangential stress, Eq. (8.13): 

  
2 2 2 2

max 2 2 2 2

1.2 0.8
( ) 2.6 80

1.2 0.8i i i
b a p p p
b a!"
+ +

= = = =
# #

,    30.8ip MPa=  

 Shear Stress, Eq. (8.10): 

  
2 2

max 2 2 2 2

1.2
1.8 50

1.2 0.8
i

i i
p b p p
b a

! = = = =
" "

 

 Solving 
  27.8i allp MPa p= =  
 
______________________________________________________________________________________ 
SOLUTION (8.25) 
 
 The maximum radial displacement maxu  occurs at the inner edge of the tank. 

So, Eq. (8.14) for r=a, results in 

 
2 2

max 2 2( )iap a bu
E b a

!
+

= = +
"

 

Introducing the given data 

 
6 2 2

max 9 2 2

0.5(60 10 ) 0.5 0.8
( 0.3)

70(10 ) 0.8 0.5
u ! +

= +
"

31.107(10 ) 1.12m mm!= =  

______________________________________________________________________________________ 
SOLUTION (8.26) 
 
 Equation (8.18) and Eq.(8.12) at r=a: 
 iriab

ba
i ppp !=====

!
+

max,24
5

max,1 22

22
"""" #  

 
     ( a ) 5

1 2 4; ( ) 350, 155.6yp i i ip p p MPa! ! !" = " " = =  
 
     ( b ) 2 2 2

1 1 2 2 yp! ! ! ! !" + =  

 
1
22 25 5

4 4[( ) ( )( 1) ( 1) ] 350, 179.3i ip p MPa! ! + ! = =  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.27) 
 

 ! ! ! !" ,max ,max,= = = = # =+
#p p pi

b a
b a i r i
2 2

2 2
5
3 1 2  

 
     ( a ) 5 3

3 5, (320) 192u i ip p MPa! = = =  (governs) 

 and , 320u i ip p MPa! = =  

 

     ( b ) 1 2

'

5
3(320) 6201; 1i i

u u

p p! !
! !

"" = " =  

 or 146.8ip MPa=  
______________________________________________________________________________________ 
SOLUTION (8.28) 
 
 We have a=20 mm, b=30 mm, c=60 mm. 
 Equation (8.22): 

  
2 2 2 2

9 2 2 9 2 2
30 3060 30 30 20

210 10 60 30 105 10 30 20
0.05 [ 0.3] [ 0.3], 53.3p p p MPa+ +

! " ! "
= + + " =  

 
        Steel, Eq.(8.18): 

  
2 2 2 2

2 2 2 2
60 30

,max 60 30
53.3 88.8c b

c b
p MPa!"

+ +
# #

= = =  

 
 Bronze, Eq.(8.19): 

  
2 2

2 2 2 2
30

,max 30 20
2 2(53.3) 191.9b

b a
p MPa!" # #

= # = # = #  

______________________________________________________________________________________ 
SOLUTION (8.29) 
 
     ( a ) Use Eq.(8.18) with p p a b b ci = = =, , :       (Fig. 8.6) 

 
62 2 2 2

2 2 2 2
80(10 )

,max 80 ,c b c b
pc b c b

p MPa!"
+ +
# #

= = =     (a) 

 
        By Eq.(8.22), with 0, 50, 0.06 :a b mm!= = =  

  
6

9 9
50 5080 10

100 10 200 10
0.06 [ 0.3] [1 0.3]p p

p
!

! !
= + + "  

 or 
  6 660 10 40 10 0.15 0.175 , 61.5p p p MPa! = ! + + =  
 
     ( b ) Equation (a) becomes 
 

  
2 2

2 2
80 0.005
61.5 0.005

, 138 2 276c
c

c mm c mm+
!

= = =  

______________________________________________________________________________________ 
SOLUTION (8.30) 
 
 Equation (8.22) with a=0, b=50 mm, c=140 mm. 
 

  ! " "= + + #+
#

bp
E

b c
c b c

bp
E sc s

[ ] [ ]
2 2

2 2 1  
                       (CONT.) 
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______________________________________________________________________________________ 
8.30 (CONT.) 
 

  
2 2

9 2 2 9
50 50140 50

120 10 140 50 210 10
0.04 [ 0.25] (0.7)p p+

! " !
= + +  

 Solving 49.4p MPa=  
 
        Shaft:  49.4r p MPa!" "= = # = #  
 
 Cylinder: 

  
2 2 2 2

2 2 2 2
140 50

,max 140 50
49.4[ ] 63.8c b

c b
p MPa!"

+ +
# #

= = =  

  ,max 49.4r p MPa! = " = "  

______________________________________________________________________________________ 
SOLUTION (8.31) 
 
 o! from Equation (8.22): 

  
2 2

2 2
17

2 15( ) [ ] ( 0.3) 1.433bp bp bpb c
d r b E E Ec b
u! "+

= #
= = + = + =  

 or 2.866
E
bp !=  

 
        Then, i!  from  Eq.(8.22) with a=0, 

  0.7
2.866(1 ) 0.244bp

s Eu !" != # = =  
 Therefore, 
  0.489sd !" =  
______________________________________________________________________________________ 
SOLUTION (8.32) 
 
 We have (Fig. 8.6): 
  mcmbma 15.01.005.0 ===  
 Maximum tangential stress occurs at r=0.1 m  in gear wheel: 
  22

22

max bc
bcp
!
+="  

 
 where, p  is the internal pressure exerted by the contact surfaces. Substituting the given 
 data into this equation, we have 
  22

22

1.015.0
1.015.021.0

!
+= p  

 Solving, 
  kPaMPap 81081.0 ==  
 
        This interface pressure produces the torque at the contact surface. 
 Area of contact is 
  !!! 02.0)1.0)(1.0(22 ==bL  
 
 The torque transmitted is thus, 
  )1.0)](02.0)(1081)(2.0[( 3 !"=T  
       mN != 79.101  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.33) 
 
 From the torsion, formula, 3( 2)Tb b! "= : 

 
3 3(120) 3

2 2 188.5b bT b!" != = =  
 Also, Eq.(8.35b): 
  T b fpl b fp b fb p= = =2 2 3 62 2 3! ! !( )  
 And 
  3 3 188.5

6 (0.2)6 188.5 , 50fb p b p MPa!! = = =  

        We have ,, !!! ==== shsh EEE and a=0. Equation (8.22) becomes 

  ! = = =" "

2 2 4
4

8
3

2

2 2

2

2 2
bpc

E c b
bp b

E b b
pb
E( )

( )
( )  

 Hence 
  3

8(50) 3
3(200 10 )

0.6667(10 )b b! "

#
= =  

 
______________________________________________________________________________________ 
SOLUTION (8.34) 
 
     ( a ) a=10 mm, b=40 mm 
 120

0.01 12T
aF kN! = = =  

 Thus 312(10 ) 2 2 (0.01)(0.16)(0.04)afpt p! != =         (Eq.8.35a) 
 or 29.84p MPa=  
 
        Equation (8.22) gives then 

 
2 2

3 2 2 3
10(20.84) 10(29.84) 350 10
100(10 ) 50 10 200 10

[ 0.3] (1 0.3) (4.128 1.044)10 0.005 mm! "+
" #

= + + " = + =  

 

     ( b ) 
2 2 2 2

2 2 2 2
50 10

,max 50 10
29.84[ ] 32.3b a

b a
p MPa!"

+ +
# #

= = =  

 
______________________________________________________________________________________ 
SOLUTION (8.35) 
 
 From Eq. (8.28a), 
  0)]()([ 2

1222222
8
3 =!!+= "

"
"
"+

"
"

rrrr barabr #$%&  
 or 

  abrr
r
ba ==! ;023

222  
 
 This value of r  is substituted into Eq. (8.28a) to yield 
  22

max, )( abr != "#$  
        We also find from Eq. (8.28b), for r=a: 
  )(2 3

122
8
3

max, !
!!

" #$% +
&+ += b  

 Thus, 

  2

22

max,

max,

)(

)
3
1

(2

ab

ab

r !
+

!
+

= "
"

#
#$  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.36) 
 
 At r=0: .8)3( 22 !"#$$% br +==  Thus, 

 222

yprr !!!!! "" =+#  

 or !"
#$ )3(
81
+= yp

ball        (P8.36) 

           2
1

3

6

][
3)107.2(10
)10260(8

125.0
1

!

!= sec9.3845 rad=  

           rpm726,36=  
______________________________________________________________________________________ 
SOLUTION (8.37) 
 
 We have at inner edge: 

  2
0

max
!= "#$      or     MPa180)90(22 === !! ""  

 Equation (8.28b) with mr 03.0=  is thus 

  222
310
112

8
3106 )7800]()1.0()03.0()1.0()03.0[()10(180 !+"+= +  

 from which 
  rpmsrad 50218.525 ==!  
______________________________________________________________________________________ 
SOLUTION (8.38) 
 
     ( a ) When ,0=p  at interface, 

  )10(05.0 3!=! sd uu        (a) 
 Use Eq. (8.28b) with r=a: 

  ])1()3[()( 22
4

2

abd !!" #$
% &++=  

               222
4
)10(8.7 473.101)]025.0(7.0)125.0(3.3[

23

!! =+=  
 
 Radial displacement of disk (with 0=r! ): 

  
)10(200

473.101)(
9

2)( a
E
a

ard
du !"# ===  

 For shaft, using Eq. (8.30b) with r=a: 
223

3.3
9.1

8
)025.0(3.3 8531.0)10(8.7)1()(
2

!!"# =$=s  

 Radial displacement of shaft (with 0=r! ): 

  
)10(200

)025.0(8531.0)(
6

2

)( !"# === E
a

ars
su  

 Thus, Eq. (a) gives 

  05.0
)10(200

)025.0(8531.0
)10(200

)025.0(473.101
6

2

6

2

=! ""  

 or 
  rpmrad 040,19sec884.933,1 ==!  
 
     ( b ) Maximum stress occurs in disk 
  MPa403)884.993,1(473.101)( 2

max ==!"  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.39) 
 
 We have 

  cabrcbca ==== 25.0  
 
     ( a ) Equation (8.28a): 
  2

60
23

2
1

8
3.36 )5000)(10(8.7)1425.0()10(50 2 !""+= c  

 or 
  mc 1587.0=  
 Thus, 
  mmctr 1.2385.1 ==  
 
     ( b ) Equation (8.28b) at r=a: 
  2

60
23

3.3
9.1

8
3.3

max, )5000)(10(8.7]4)25.0(425.0[2 !
"# +$+= c  

               MPa1.180=  
______________________________________________________________________________________ 
SOLUTION (8.40) 
 
     ( a ) Equation (8.23), with a=0: 

  MPap 31.10116.0
005625.016.0

)075.0(2
)000075.0)(10(210 9

== !  
 Then, Eq. (8.18) gives 
  MPa68.108)10(31.101 005625.016.0

005625.016.06
max, == !

+
"#  

 
      ( b ) Applying Eq. (8.28c), 
  )005625.0(16.0005625.0[000075.0 3.3

3.1
)10210(8
)7.0(3.3
9 !+=

"
 

            23
7.0
3.1 )075.0)(108.7)](16.0( !"+  

 Solving, 
  rpmrad 4300sec450 ==!  
______________________________________________________________________________________ 
SOLUTION (8.41) 
 
 From Eqs. (8.30a) and (8.30b), for r=0 and :31=!  

  2
12
52

8
3

max )( vb !"!# $ == +  
______________________________________________________________________________________ 
SOLUTION (8.42) 
 
        Apply Eq. (8.28c) with mmu 04.0=  at mmr 25= .  
 Substituting the given data: 
  2

3.3
3.122

)10210(8
)7.0(3.33 )025.0()25.0()025.0[()10(04.0 9 !+=

"

!  

              )025.0()7800]()25.0( 22
7.0
3.1 !  

 Solving, 
  rpmsrad 87191.913 ==!  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.43) 
 
 We have 

  ss
a
b

t
t
o

i )(;)( 125.0
625.0

0625.0
125.0 ==  

 Solving, s=0.431. Then, 

  2
1

)]431.03.01()[( 2
2
431.0

2
431.0

2,1 !++±"=m  
 or 
  3.1869.0 21 !== mm  
 
 Equation (8.39) gives 
  2869.13.0 )(50169.0

1

2

1

1 rrr t
c

t
c

r !"# $+= $     (a) 
 Given conditions are: 
  0)(,0)( 125.0625.0 == == rrrr !!  
 Thus, substituting the given data into Eq. (a) and solving: 
  22 0024.0,2322.0

1

2

1

1 !"!" #== t
c

t
c  

 
        The second of Eqs. (8.39), at the bore r=0.125 m, leads to 
  23.06 )869.0)(125.0(2322.0)10(140 !"=  

           2
)431.0)(3.3(8
)125.0)(9.01(2869.1 2

)125.0)(3.1)(0024.0( !"!" #
+# ###+  

 or 
  )10(549 62 =!"  
 It follows, from the second of Eqs. (8.39), that 
  )869.0)(625.0(2322.0[)( 3.0

625.0 ==r!"  

    )10549]()625.0)(3.1(0024.0 6
)431.0(3.38
)625.0(9.1869.1 2

!""" "
"  

         MPa5.37=  
 Circumferential force is thus 
  mkN2344)0625.0(500,37 =  
______________________________________________________________________________________ 
SOLUTION (8.44) 
 
     ( a ) Uniform thickness 
 Centrifugal force due to the blades, ,2rm! is 

  N)10(677.8)575.0()( 62
60
000,10

81.9
540 =!  

 The pressure at b is then 

  MPapo 24.55)05.0)(5.0(2
)10(667.8 6

== !  
 We have 
  )10(1384.2))(10(8.7 32

60
000,1032 == ! "#$  

 
        The condition of zero pressure at the bore is satisfied by, using Eq. (8.27b): 

  ])1()1([0)( 2
2

222

2 18
)1)(3(

1 a
c

E
aE

arr c !!" #$!!

!
%%++%== %+

%=  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
8.44 (CONT.) 
 

 or 2

2

2

1

2

22 1
21

)1(
11

)1(
8
)3( ][][0

a

A

E

A

Ea cc
4342143421 !

!

!

!"#!

$

$

$

++ $++$=  

  8
)3(1

21

22

20 !"# a
a

AA +$+=  
 Substituting the data, we have 
  4456.32560 21 !+= AA       (a ) 
 
        The condition at the outer circumference is satisfied by: 

  8
)4.2138()5.0(3.3

)5.0(1

2

2
224.55)( !+===
A

brr A"  

 or 
  52.220424.55 21 !+= AA       (b) 
 Solution of Eqs. (a) and (b) gives 
  08.108.280 21 !== AA       (c) 
 
        Equation (8.27c) is also written as follows 

  8
)31(1

21

22

2
r

r
AA !"#

$%
+&&=       (d) 

 where 1A  and 2A  are given by (c). At r=a, we have from Eq. (d): 

  98.148.27608.280)( !+==ar"#  

    max58.554 !== MPa  
 Similarly, Eq. (d) gives r=b: 
  97.12632.408.280)( !+==br"#  

    MPa43.157=  

 Note that max,r!  occurs at .1768.0 mabr ==  Thus Eq. (8.27): 

  55.3428067.27)( 1768.0 !+!==rr"  

          MPa88.217=  
 
     ( b ) Hyperbolic section 
 We have 
  1;)( 0625.0

5.0
05.0
4.0 == ss  

 Then, 

  2
1

]3.125.0[2
1

2,1 +±!=m  
 or 
  745.1745.0 21 == mm  
 Letting 
  21 1

2

1

1 BB t
c

t
c ==  

 
 Eq. (8.39) becomes then 

  2
)3(8

)3(1
2

1
1

2
21 rrBrB s
smsm

r !
"#!$ +%

+%+%+ %+=  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
8.44 (CONT.) 
 
 and 0)( ==arr!  

    22745.1
2

745.0
1 )0625.0(7021.0)0625.0()0625.0( !"#+= #BB  

 or 2
21 0216.035.9960 !"#+= BB      (e) 

 Also 
  22745.1

2
745.0

1 )5.0(702.0)5.0()5.0(24.55)( !"# $+$= $
= BBbrr  

 or 2
21 1755.0352.355967.024.55 !"#+= BB     (f) 

 
 Substituting the given data and solving Eqs. (e) and (f): 
  6814.04.725 21 !== BB      (g) 
 
        The second of Eqs. (8.33), 

  2
)3(8

)31(1
22

1
11

2
21 rrmBrmB s
smsm

!
"#!

$% +&
+&+&+ &+=  

 
 gives at r=a: 
  745.0)0625.0)(745.0(14.725)( ==ar!"  

        22745.1 )0625.0(4043.0)0625.0)(745.1(6814.0 !"### #  
 or 
  max2.215)( !!" === MPaar  
 
 Also similarly we obtain that 
  MPabr 2.110)( ==!"  
 
     ( c ) Uniform stress 
 
 Using Eq. (8.41), 

  
22

1

)2( b
t
t eo !"#$=  

 where, 

  )84(2
)5.0()59.523(108.722 223

)2( !"=" b#$%  

     182.3!=  
 Thus, 
  mmmeto 1001.002425.0 182.3 === !  
 and 

  
2728.1202425.0 ret !=  

______________________________________________________________________________________ 
SOLUTION (8.45) 
 
 Because u=0 at r=b, set 02 =c  in Eq. (8.43). Thus, Eq. (8.43) with Tc ,02 = =constant, 
 and u=0 at r=b: 

  !++=
b

b rdrTbc
0

)1(
10 "#      or     2

)1(
1

Tc !"+#=  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
8.45 (CONT.) 
 
        Substituting this into Eq. (d) and (e) of Sec. 8.10, we obtain 
  2

)1(22 )1(2 !"
!

## +$$=
$
ETET

r  

  2
)1(22 )1(2 !"#

!
""

$ +%%=
%
ETET ET  

 Letting )1)(1(1 2 !!! "+="  and simplifying we obtain 

  !
"

#$$ %%== 1
ET

r  
______________________________________________________________________________________ 
SOLUTION (8.46) 
 
 We substitute the given T  into Eqs. (8.44) to obtain 

  
2 2 2

2 2 2
( ) ( )

2ln( ) ( )
[ ln ln ]a bE T T a r bb b

r b a a ar b a
!" # #

#
= # #  

 Then, 

  
2 2

2 2 2
( )

2ln( )0 { (ln ) [1 ( )]ln }a br E T T d b a d b b
r b a dr a dr ab a r

!" #$
$ #
= = # #  

 yields, after differentiation: 

  2
1

22 )ln( 2
a
b

ab
abr

!
=  

        It is noted that, Eq. (8.53) gives the same result. 
______________________________________________________________________________________ 
SOLUTION (8.47) 
 
 Using Eq. P8.46, we have 

  mmr 1.12])[015.0(01.0 2
1

22 )01.0()015.0(
)5.1ln(2 ==

!
 

 Equation (8.53) are therefore 

  )]5.1ln(ln[)(
)1015(1.12
)151.12(100

1.12
15

)5.1ln()7.0(2
)8)(1090)(10(4.10

1.12 222

2296

!

!!"
= !!=

!

rr#  

       ]041.0)[10(319.1 7= MPa541.0=  

  )]5.1ln()5.1ln(1)[10(319.1)(
)1015(100
)1510(1007

10 22

22

!

+
= !!=rr"  

     MPa045.6=  

  )]5.1ln()1ln(1)[10(319.1)(
)1015(100
)1515(1007

15 22

22

!

+
= !!=r"#  

     MPa64.4!=  

  )]5.1ln()ln(1)[10(319.1)(
)1015(5.12
)151.12(100

1.12
157

1.12 222

22

!

+
= !!=r"#  

       MPa488.0=  
 Similarly, 

  )]5.1ln()5.1ln(21)[10(319.1)( 22

2

1015
)10(27

10 != !!!=rz"  

       max055.6 !== MPa  
 

  )]5.1ln()1ln(21)[10(319.1)( 22

2

1015
)10(27

15 != !!!=rz"  

       MPa64.4!=  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (8.48) 
 
 Introducing 
  brbTrT )()( 0 !=  
 into Eqs. (8.45), after integration, we obtain the following expressions for stresses 
  ET b

r
r !" )1(03

1 #=  

  ET b
r !"# )1( 203

1 $=  
 
        From these we observe that, at r=b: the radial stress vanishes while tangential 
 stress assumes its maximum value. 
______________________________________________________________________________________ 
SOLUTION (8.49) 
 
 
 
 
 
 
 
 
 
 
 Equivalent nodal force matrix 
 
 We have 
  3410 11 =!== rzr  

  3114 22 !=!== zzr  

  10 33 == zr  
 
 Weight of the element is 
  )077.0)(4)(34(2)077.0(2 !! =Ar N58.2=  
 Body forces: 
  },,,,,{}{ 321321 zzzrrre QQQQQQQ =  
 Therefore, 
  NQ b

e }86.0,86.0,86.0,0,0,0{}{ !!!=  
        Surface forces: 

  cmNqq 4.31302
201400

32 ===  

  cmNqq rr 1400)(4.3130
20
2

32 !=!==  

  cmNqq zz 2800)(4.3130
20
4

32 !=!==  

 Since  
  zzrr qrQqrQ !! 22 ==  
 Then, 
  kNQQ rr 729.1132 !==  

  kNQQ zz 457.2332 !==  
                       (CONT.) 
______________________________________________________________________________________ 

p=1.4 kN/cm 

cm20  

z 

1 cm 

1 cm 
0 

1 

3 

2 

r 

4 cm 
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______________________________________________________________________________________ 
8.49 (CONT.) 
 
 Therefore, 
  kNQ p

e }457.23,457.23,0,729.11,729.11,0{}{ !!!!=  
 Thermal forces: 
  }]{][[][2}{ 0!" BDBArQ Tt

e =  
 Here, 

  

!
!
!
!

"

#

$
$
$
$

%

&

=

2.0000
07.03.03.0
03.03.07.0
03.07.03.0

)10(46.38][ 6D  

 
 We also have 
  24 11 !=== baai  

  20 22 === baa j  

  04 33 === baam  

  24 11
111 =++=!= r

zc
r
a bdc  

  20 22 == dc  

  24 33 == dc  
 
 Therefore, 

  

!
!
!
!

"

#

$
$
$
$

%

&

''

'

'

=

022404
000222
404000
000022

8
1][B  

 
        It follows that 

  

!
!
"

!
!
#

$

!
!
%

!
!
&

'

=

0
0006.0
0006.0
0006.0

]][[][4)(2}{ 3
4 BDBQ Tt

e (  

             kN}3.502,0,3.502,2.251,3.502,0{ !=  
 
 Equivalent nodal force matrix is thus, 
  t

e
p
e

b
ee QQQQ }{}{}{}{ ++=  

 where t
e

p
e

b
e QQQ }{,}{,}{  are already obtained. 

 
 Element stiffness matrix: 
  ]][[][4)(2]][[][2][ 3

4 BDBBDBArk TT
e !! ==  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
8.49 (CONT.) 
 
 Substituting the values of ][D  and ],[B  after carrying out the matrix matrix multiplications, 
 we obtain: 

  )1014.20(

8.408.44.282.3
08.08.06.106.1
8.48.06.5488.4
4.26.14646.1
80844.66.1
2.36.18.46.16.18.4

][ 6!

"
"
"
"
"
"
"

#

$

%
%
%
%
%
%
%

&

'

((

((

((((

((

(

(((

=ek  

 
 Element governing equation 
 
  eee kQ }{][}{ !=        (a)  
 Here, 
  },,,,,{)( 321321 wwwuuue =!  

 When boundary conditions are given, e)(!  is computed from Eq. (a), as illustrated in Chap. 7. 
 
______________________________________________________________________________________ 
SOLUTION (8.50 through 8.53)  
 
 Owing to the symmetry, only any one-quarter of the cylinder need be analyzed. 
 Use a finite element computer program, such as ANSYS. 
 
 
 
          End of Chapter 8 
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CHAPTER 9  
 
SOLUTION (9.1) 
 
 Using Eq. (9.3), 

  4
1

69

6
4
1

][)(
)1004.5)(10200(4

)10(4.1
4 !""

== EI
k#  

       17676.0 != m  
 Equation (9.8) yields, for :0=x  
  !!! ! 43434max )0()( PPP fxfM "="== "  
 Thus, 

  0635.0
)7676.0(4)1004.5(10210)4( 66

max
!""== c

IP #$  

       kN18.51=  
______________________________________________________________________________________ 
SOLUTION (9.2) 
 
 12)5.2( 3bbI =  4302.1 b=  
 

 36
25.1

)302.1(10250
max )10(4.260

46
max bM b

b
c
I === !"      (a) 

 b
b

0662.0][ 4
1

49

6

)302.1)(10200(4
)10(20 ==

!
"  

 Equation (9.8): 
  !4max

PM =         (b) 
        From Eqs. (a) and (b), 

  )0662.0(4
)10(4036 3

)10(4.260 bb =  
 or 
  mmmb 1.240241.0 ==  
______________________________________________________________________________________ 
SOLUTION (9.3) 
 
 Select a particular solution of the form 
  == aav L

x
p

!2sin const. 
 Introduce this into Eq. (9.1), 
  EI

p
EI
k

L aa 142 )( =+!  
 or 
  

])(41[16 4
1

4

4
1

Lk
p

L
EIk

pa
!"" +

+
==  

 Thus, 
  L

x

L
EI

k

pv !
!

2
16

sin
4

4
1

+
=        (a) 

        General solution is 
  p

xx vxDxcexBxAev ++++= ! ]sincos[]sincos[ """" ""  
                       (CONT.) 
______________________________________________________________________________________ 

b 

2.5b 
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______________________________________________________________________________________ 
9.3 (CONT.) 
 
 Boundary conditions are: 
  0;0)( ===! BAv  

 Loading repeats itself periodically, ).2sin(1 Lxp !  But 

  ]sincos[ xDxCev x !!! += "  
 cannot repeat periodically and represents a damped wave. Thus, in order deflection 
 to repeat itself with the same wave length as loading it is required that .0== DC  
 Accordingly, solution is 
  pppc vvvvv =+=+= 0  
 given by Eq. (a). 
______________________________________________________________________________________ 
SOLUTION (9.4) 
 
 
 
 
 
 
 
 From Example 9.1: 

  ]sin[cos]sin[cos
0 20 2 xxexxev
a x

k
pdxb x

k
pdx

Q !!!!!! !! +"+= ## ""  

        ]coscos[2 xeae bx
k
p !! !! "" "=  

 Note that, if a=0 and b=L (large): 
  k

p
Qv 2!  

 When a and b increase (large): 
  0!Qv         (a) 
        While according to the result of Example 9.1, when a=0 and b=L (large): 
  k

p
Qv 2!  

 When a and b increase (large); 
  k

p
Qv 2!         (b) 

 the answers differ, as observed by comparing Eqs. (a) and (b). 
______________________________________________________________________________________ 
SOLUTION (9.5) 
 
 Applying Eqs. (9.3) and (9.8) we obtain 

  1
)437.8(4

8.16
4 84.0][][ 4

1
4
1

!=== mEI
k"  

  k
Pvv 2max)0( !==  

            m)10(375.3 3
)8.16(2
)84.0(135.0 !==  

 and 
  mkNMM P !==== 179.40)0( )84.0(4

135
4max "  

 Maximum stress is therefore 

  MPaS
M 02.103

)10(9.3
)10(179.40

max 4

3
max === !"  

______________________________________________________________________________________ 

p 
Q 

x 
a 

b 
y 
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______________________________________________________________________________________ 
SOLUTION (9.6) 
 
 Refer to Solution of Prob. 9.1: 

  
61 1

4 4
9 6

12(10 )( ) [ ]
4 4(200 10 )(5.04 10 )
k
EI

!
"

= =
# #

 

      11.3135 m!=  
 Equation (9.8) gives, for 0x = : 

  max 4
PM
!

= "  

 Therefore 

  
6 6

max (4 ) (210 2.5)10 (5.04 10 )4(1.3135)
0.0635

IP
c

! " #$
= =  

      35 kN=  
______________________________________________________________________________________ 
SOLUTION (9.7) 
 
 4 12I b=  

 
6 4

max
max

(260 1.8)10 ( 12)
2

I bM
c b

!
= =       (a) 

          6 324.074(10 )b=  
 

 
6 1

4
9 4

7(10 )[ ] 0.1316
4(70 10 )( 12)

b
b

! = =
"

 

 Equation (9.8): 

  max 4
PM
!

=         (b) 

 From Eqs. (a) and (b),  

  
3

6 3 50(10)24.074(10 )
4(0.1316)

bb =  

 Solving, 
  0.0628 62.8b m mm= =  
______________________________________________________________________________________ 
SOLUTION (9.8) 
 
 We have 

  
1 1 14 415[ ] [ ] 0.8165

4 4(8.437)
k m
EI

! "= = =  

  max(0)
2
Pv v
k
!

= =  

         30.25(0.8165) 6.8(10 ) 6.8
2(15)

m mm!= = =  

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
9.8 (CONT.) 
 
 And 

  max
250

(0) 76.55
4 4(0.8165)
PM M kN m
!

= = = = "  

 Maximum stress is thus 

  
3

max
max

76.55(10 )
196.3

3.9
M MPa
S

! = = =  

______________________________________________________________________________________ 
SOLUTION (9.9) 
 
 Equations (9.3) and (9.8): 

  !
!! 4max2max4 ,,][ 4

1
P

k
P

EI
k Mv ===  

     ( a ) 
 k is 1.25 times the actual value. 

 !  changes by .057.125.14 =  

 maxv  changes by .846.025.1057.1 =  

 max!  (or maxM ) changes by .946.0057.11 =  
     ( b ) 
 k is 1.4 times the actual value. 

 !  changes by .088.14.14 =  

 maxv  changes by .777.04.1088.1 =  

 max!  (or maxM ) changes by .919.0088.11 =  
 
        Note that stress calculation is not affected appreciably in both cases. 
______________________________________________________________________________________ 
SOLUTION (9.10) 
 
 
 
 
 
 
 
 By using the principle of superposition, deflection of any point, say O, of rail is expressed  
 as the algebraic sum of 1v  and 2v  caused by 1P  and 2P , respectively. Thus, from 
 Eq. (9.8), we have 
  )()( 2121120

21 xfxfv k
P

k
P !! !! +=       (a) 

 
 where, .84.0, 1

21
!=== mPPP "  Then, )( 11 xf !  and )( 21 xf !  are found from 

 Table 9.1 for mx 83.01 =  and .83.02 mx !=  We have 697.01 =x!  and  

.697.02 !=x"  Thus 

 .702.0)( 11 =xf !  
                       (CONT.) 
______________________________________________________________________________________ 

P2 

O 
x 

0.83 m 

P1 

y 

0.83 m 
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______________________________________________________________________________________ 
9.10 (CONT.) 

 
       Since, from symmetry )( 11 xf !  has the same value for a (+) or (-) value of x! , 
Eq. (a) may be written  as 
 k

P
k
Pv 220 404.1)702.0702.0( !! =+=  

 
Resultant bending moment at O, from Eq. (9.8), is 
 )()( 2341340 xfxfM PP !! !! +=  

         !! 434 125.0)]697.0(2[ PP f ==  
       It may be verified by comparing the results of Problems 9.5 and 9.7 that addition of  
one or more load (reduces appreciably value of maximum moment) causes a large increase in  
the maximum deflection of the rail. 

______________________________________________________________________________________
SOLUTION (9.11) 
 
 
 
 
 
 
 
 
 
 Expression for loading are: 
  )(0 xap L

p
x !=  (segment BQ) 

  )(0 xaP L
p

x +=  (segment QC) 

        Deflection at Q  is obtained by substituting ( dxpx ) for P  in Eq. (9.6). That is 

  ! +"= "a x
kL
p

Q dxxxexav
02 ]sin[cos)({0 ####  

                    }]sin[cos)(
0! +++
b x dxxxexa """  

Integrating, we have 

  ]4)(2)()([ 4334
0 abLfbfafv k
p

Q !!!!!! +""=  
______________________________________________________________________________________ 
SOLUTION (9.12) 
 
 
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

x 

p 

A x 
y 

 

p/k 
x 

p 

A 
x 

R 
Mo 

Figure (a) 

Figure (b) 

Figure (c) 

px 

Q 
b 

L 
y 

a 

x 

B C 

po 
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______________________________________________________________________________________ 
9.12 (CONT.) 
 
 Referring to Fig. (b): 
  011 =!= Ak

p
Av "   

 Referring to Fig. (c) and using Eq. (9.12), 
  )]0()0([ 304

2
2 fMRfv kA !! +"=  

  )]0(2)0([ 401
2

2

2

fMRfkA !" ! +##=  
 
        The problem may be separated into two different cases both semi-infinite beams  
 (as is seen in the figure above) provided that deflection at A is zero. Thus, 
  ][;0 0

2
21 MRvv kk

p
AA !! +"="="  

  ]2[;0 0
2

21

2

MRkAA !"" ! +#=#  
 solving, 
  !!! p

k
p

k
p EIREIM === 22

0 4,2  
______________________________________________________________________________________ 
SOLUTION (9.13) 
 

     ( a ) Using Eq. (9.12), )(3
2 2

xfMv Ak !!=  

 k
M Av
22

max
!=           at 0=x      (down) 

 
 Scan Table 9.1, 2079.0)(3 !=xf "  at ,2!" =x  and  

  )2079.0(
22

min != Ak Mv "      (up) 
 Therefore 

  81.42079.0
1

min

max !== !v
v  

 
     ( b ) Applying Eq. (9.12), )(1 xfMM A !=  

  AMv =max           at 0=x  
 
 Scan Table 9.1, 0432.0)(1 !=xf "  at ,!" =x  and 

  AMM 0432.0min !=  

 Thus 15.230432.0
1

min

max !== !M
M  

______________________________________________________________________________________ 
SOLUTION (9.14) 
 
 
 
 
 
 
 Equation (9.11) with 0)0( =v  gives 

  kMR LA )(20 !! +"=  
                       (CONT.) 
______________________________________________________________________________________ 

A x 

y 

ML 
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______________________________________________________________________________________ 
9.14 (CONT.) 
 
 from which .LA MR =  When AR  is substituted for P!  into Eq. (9.12): 

  )(sin 222 22 xfxev
EI

M
EI

M LL !!
!

!

!
"="= "  

        Successive differentiations of this expression give: 
  )(' 32 xfv EI

ML !!"=   

  )(42 xfM EI
ML !=  

  )(12 xfV EI
ML !"=  

______________________________________________________________________________________ 
SOLUTION (9.15) 
 

 We have kPak a
Ks 288625.0

180 ===  

      4
1

69

3

][
)1004.5)(10200(4

)10(288
!!

=  151697.0 != m  

 Using Eq. (9.8), 
  mmvv k

P 61.5)0( )288(2
)5697.0(75.6

2max ==== !  

  mkNMM P !==== 26421.3)0( )51697.0(4
75.6

4max "  

 Thus, MPaI
Mc 13.4161004.5

)0625.0(21.3264
max === !"

#  

______________________________________________________________________________________ 
SOLUTION (9.16) 
 
 From Eq. (9.3), 

  1
)102.5)(10200375.0(4

)10(18 824.0][ 4
1

79

3 !

"""
== ! m#  

 Since 4618.0)74.0(824.0 !" <==L  the beam can be considered rigid. 
 
     ( a ) Uniform deflection is 
  mmv K

F 10)18(3
540

3 ===  
 
 
 
 
 
 
     ( b ) We may replace the given beam by the beams shown in Figs. (a) and (b). 
 
 
 
 
 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

K K K 

P 

F+PB3 

P P 
0.25 0.375 0.125 

P 

F+PB2 F+PB1 

1v  2v  

Figure (a) 

Figure (b) 
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______________________________________________________________________________________ 
9.16 (CONT.) 
 
 Note that F is the direct load on each spring and BiP  is the bending loads with the values: 

  NPF 18035403 ===  
 and 
  )3,2,1(2 =

!
= iP

i

iB

r
rM

Bi  

 Here 
  NPB 902)125.015(2

)375.0)(125.0(540
1 ==

!
, 132 ,0 BBB PPP !==  

 End deflections are thus, 
  mmv 1518)90180(1 =+=    

  mmv 518)90180(2 =!=  
______________________________________________________________________________________ 
SOLUTION (9.17) 
 
 Using Eq. (9.3), 

  1
)4.8(4

14 8034.0][ 4
1

!== m"  

  oradL 62.27482.0)6.0(8034.0 ===!  
 
 Hence, from Eq. (9.13): 
  oo

oo

cv 62.27sinh62.27sin
62.27cosh62.27cos2

)1014(2
)8034.0(4500

6 +
++

!
=  

       mmm 186.0)10(186 6 == !  
 
 Note: Slope may be found as in Prob. 9.15, with p=0. 
______________________________________________________________________________________ 
SOLUTION (9.18) 
 
 
 
 
 
 
 
 
 
 Referring to Sec. 9.8 and Table D.4 

  
443 5[( ) ]5

48 384 384
P pL L LpLPL

c EI EI EIv += + !  

       
3

6
(0.15) 5(7500 0.15) 5(9000 1125)

8 848(4.8 10 )
[9000 ]!

" +

"
= + !  

       m)10(81.2 8!=  
 Similarly, 

  
332 [(9000 1125) 0.15](0.15)

16 24 24
pLPL

E EI EI EI! += + "  
 Substituting the given data, 
  radE )10(5 7!="  
 
______________________________________________________________________________________ 

1<L!  p 

E E 

P 

C 
L/2 L/2 
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______________________________________________________________________________________ 
SOLUTION (9.19) 
 
 Equation (9.3), 

  
1 1 14 48[ ] [ ] 0.6687

4 4(10)
k m
EI

! "= = =  

  0.6687(0.8) 0.535 30.65oL rad! = = =  
 From Eq. (9.13): 

  
3

6

15(10 )(0.6687) 2 cos30.65 cosh 0.535
2(8 10 ) sin 30.65 sinh 0.535

o

c ov
+ +

=
! +

 

      6629.9[18.4208](10 )!=  

      65, 279(10 ) 5.28m mm!= =  
______________________________________________________________________________________ 
SOLUTION (9.20) 
 Refer to Sec. 9.8 and Table D.4, we have 3 6 412 46.8(10 )I bh m!= = , 

 23.4EI MN m= ! , and 1L! < . 

  
3 4 45 5[( ) ]

48 384 384c
PL pL P pL L Lv
EI EI EI

+
= + !  

      
3

6

(0.4) 5(7000 0.4) 5(8000 2800)[8000 ]
48(3.4 10 ) 8 8

! +
= + "

!
 

      30.00276(10 ) 2.8m mm!= =  
 Likewise, 

  
2 3 3[(8000 2800) 0.4](0.4)

16 24 24E
PL pL
EI EI EI

!
+

= + "  

       
2

6

(0.4) 7000(0.4) 10,800[8000 ]
16(3.4 10 ) 3 2 3 2!

= + !
"

 

       30.29(10 ) rad!=  
______________________________________________________________________________________ 
SOLUTION (9.21) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Boundary conditions are: 
  0)('')0('',0)()0( ==== LvvLvv     (a) 
                       (CONT.) 
______________________________________________________________________________________ 

x 
y 

v1 

v2 v1 

v1 v2 v3 

-v1 

-v1 

-v1 

-v1 

-v2 

-v3 

v1=v2 

v1=v3 

0 

0 

0 

L 
p 

Figure (a) 

Figure (b) 

Figure (c) 

Figure (d) 

z 

z 

z 
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______________________________________________________________________________________ 
9.21 (CONT.) 
 
 These are transformed into the following central difference conditions by using Eq. (7.4)  
 and (7.7): 
  11110 ,0,,0 +!! !===!= nnn vvvvvv    (b) 
 
 For m=2 (Fig. b): 
  44

4 6.1
21

1
12 4)(64

mnnnm
m

nn vvvvv =+!+! ++
+

!!  

 or 
  mmvvvv 4.21;6 12

6.1
112

12
1 44

4
==!+! +  

 
 For m=3 (Fig. c): 
  44

4

3
6.1

223
13

1 64 =!+! + vvv  

  44

4

3
6.1

213
13

1 46 =!+! + vvv  
 Solving, 
  mmvv 2.1721 ==  
 
 For m=4 (Fig. d): 
  44

4

4
6.1

1114
14

1 46 =+!+! + vvvv  

  44

4

4
6.1

124
14

1 464 =!+! + vvv  

 Solving, 
  mmvv 2.1013 ==  

  mmv 9.132 =  
______________________________________________________________________________________ 
SOLUTION (9.22) 
 
 From Example 9.1: 
  )coscos2(2 beaev aa

k
p

p !! !! "" ""=  

 where 3
48

taL
EIk =  

 Thus, )coscos2[)48(2

3

beaev ba
EI

paL
p

t !! !! "" ""=  

        )]()(2[ 4496

3

bfafEI
paLt !! ""=  

 We have 1656.06936.3 !== m"  
 
        At midspan, we have ba !! =     and     0)(4 !af "  

 Thus, EI
paL

p
tv 48

3

=  

 Since, EI
LR

EI
paL

m
tcctv 4848

33

==  
 Solving, 
  papRcc 3.0==  
 
 
         End of Chapter 9 
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CHAPTER 10  
 
SOLUTION (10.1) 
 
 
 
 
 
 
 
 
 
 
 
 Defections at point D: 
 We write 
  RxPbMPxM BADB +==  
 
 Using Eq. (10.5), 

  AE
bR

EI
bP

b

AE
R

EI
Px

DB dxU 260 22
)( 23222

][ +=+= !  

  ! += +a

AE
P

EI
RxPb

BA dxU
0 22

)( ][ 22

 

           AE
aP

EI aRbPRaabp 2
32

3
1222

2
1 2][ +++=  

 
        Total strain energy .BABD UUU +=  Vertical deflection at D is thus 

  AE
PabbRa

EIP
U

v abP +++== !
! )]([ 3

2
2

1 32
"  

 Horizontal deflection at D: 
  AE

RbRabRa
EIR

U
h ++== !

! ][ 32
1 32

"  
 
 Angular rotation of D: 
 Introduce a couple moment C at D as shown in the figure. Then, 
  CRxPbMCPxM BADB ++=+=  
 and 

  ! += +b

AE
R

EI
CPx

DB dxU
0 22

)( ][ 22

 

           AE
bRbP

EI PCbbC 2
22

32
1 232 ][ +++=  

 

  AE
bR

a

EIBA dxCRxPbU 20

2
2
1 2][ +++= !  

           AE
aPaR

EI CRaPCabbPRaCaabP 2
222

3
22

2
1 232 ]2[ ++++++=  

 Hence, 
  ]2[ 22

2
1

0
RaPabPbEICC

U
D ++==

=!
!"  

 
        Note that displacements of a simple (straight) cantilever beam may be readily 
 found by setting b=0 in the foregoing results. 
 
______________________________________________________________________________________ 

P 

C 
R 

b 

x 

a 

A 

x 
D 

B 
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______________________________________________________________________________________ 
SOLUTION (10.2) 
 
 Equations of statics are applied to obtain the reactions: 
 
  0:0 ==! Axx RF  

  34
3

22
1

14
1:0 PPPRM Cx ++==!  

  34
1

22
1

14
3:0 PPPRM AyC ++==!  

 
 The axial force in each member is obtained by applying the method sections, as required. 
 The results are as follows: 
 

  34
23

22
2

14
2 PPPNDC ++=  

  34
2

22
2

14
23 PPPNAE ++=  

  32
1

212
1 PPPNDE ++=  

  34
2

22
2

14
2 PPPNBE ++!=  

  34
2

22
2

14
2 PPPNBD !+=  

  34
1

22
1

14
3 PPPNAB ++=  

  34
3

22
1

14
1 PPPNBC ++=  

 
        Numerical results are determined for kNPPP 45321 ===  and .3 mL =  
 These are tabulated bellow. 
 
  )()( 2 mLengthPNkNforceAxialBar !!  

  

000.3215.67
000.3215.67
125.2228.31
125.2228.31
000.3190
125.2225.99
125.2225.99

=

=

=

=

=

=

=

BC

AB

BD

BE

DE

AE

DC

NBC
NAB
NBD
NBE
NDE
NAE
NDC

 

 
 
 Thus, the vertical deflection at B: 

  !
=

"

"=
7

1

1
2

j
jP

N
jAEB LN j#  

        +++= )3)(1(90)125.2)(707.0)(8.31(2)3)(5.0)(5.67(2[310AE  

                   ]125.2)707.0)(5.99(2  

        mAE675.773,686=  
 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (10.3) 
 
 The moment is expressed by 
  xaPMxaPM !=""!= 2);2(  
 Castigliano’s theorem gives then 

  !!! "++"== #
#

a

EI
P

a

E
P

P
M

EI
M

P dxxadxcxcxadxv
2

0

2

0 21
2 )2()()2(

2
 

 or 

  
2

33
2

4
1

33
7

12
11

EI
Pa

E
aPc

E
aPc

Pv ++=  
______________________________________________________________________________________ 
SOLUTION (10.4) 
 
 
 
 
 
 
 
 Deflection at A (with PxM = ): 

  !! == "
"

L

EIP
M

EIA dxxPxdxMv
0

11 )(  

  EI
PL

Av 3
3

=  
 
 Slope at A (with CPxM += ): 

  !! +== "
"

L

EIC
M

EIA dxCPxdxM
0

11 )1)((#  

 Setting 0=C  and integrating 
  EI

PL
A 2

2
=!  

______________________________________________________________________________________ 
SOLUTION (10.5) 
 
 
 
 
 
 
 Deflection at A (with 2

2
1 pxPxM += ): 

  !! +== "
"

L

EIP
M

EIA dxxpxPxdxM
0

2
2
111 ))((#  

        EI
pL

EI
PL

83

43
+=  

 
 Slope at A (with CpxPxM ++= 2

2
1 ): 

  !! ++== "
"

L

EIC
M

EIA dxCpxPxdxM
0

2
2
111 )(#  

 Setting 0=C  and integrating 

  EI
pL

EI
PL

A 62

32
+=!  

______________________________________________________________________________________ 

P 

C 

y 
L 

B A 
x 

P 

C 

y 
L 

x 

p 

A B 
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______________________________________________________________________________________ 
SOLUTION (10.6) 
 
 
 
 
 
 
 Deflection at A (with PxM = ): 

  !!! +== "
"

L

LEI

L

EIP
M

EIA dxxPxdxxPxdxM
22

1
2

0
11 ))(())((#  

 Integrating, 
  EI

PL
EI
PL

EI
PL

A 16
3

48
7

24
333

=+=!  

 Slope at A (with CPxM += ): 

  !!! +++== "
"

L

LEI

L

EIC
M

EIA dxCPxdxCPxdxM
22

1
2

0
11 )()1)((#  

 Setting 0=C  and integrating 
  EI

PL
EI
PL

A 16
3

8
22

+=!  

 or EI
PL

A 16
5 2

=!  
______________________________________________________________________________________ 
SOLUTION (10.7) 
 
 
 
 
 
 
 
 
 
     ( a ) Horizontal deflection 
  0sin)cos1( MQRPRM ++!= """  

 and ! "
"= dsM Q
M

EIh
#

#$ 1  

         ! ++"=
2

0

2
0

2331 ]sinsinsin)cos1([
#

$$$$$ dRMQRPREI  

         )( 02
1

2
2 MPREI
R +=  

 Vertical deflection (Q=0) 

  ! "
"= dsM P
M

EIv
#

#$ 1  

         ! "+"=
2

0

2231 )]cos1()cos1([
#

$$$ dMRPREI  

         )]2(2)83([ 04
2

!+!= "" MPREI
R  

 
     ( b ) Rotation of the free end (Q=0) 

  !! +"== #
# 2

0 0
11 ])cos1([

0

$

% %%% % dMPRdsM EIM
M

EI  

      ])2([ 02 MPREI
R !! +"=  

______________________________________________________________________________________ 

0 

R 

P 
Mo 

! 
Q O 

ds=Rd! 

P 

C 

y 
L/2 

B A 
x 

L/2 
D 

I 2I 
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______________________________________________________________________________________ 
SOLUTION (10.8) 
 
 We now have 
  !!! cos,sin,sin FVFNFRM "=="=  

 Applying Eq. (10.6), with 56=!  and :0=T  

  !!! ++=
"""

######$
0

2
5
6

0

2

0

2 cossinsin3 dFdFdF AG
R

AE
R

EI
R

h  

 Integrating, 
  AG

FR
EA
FR

EI
FR

h 5
3

22
3 !!!" ++=  

        Substituting the given data: 

  
2)1080(5
)05.0)(4000(3

2)10(400
)05.0)(4000(

)67.6(400
)05.0)(4000(

55

3

!
++= """# h  

         310)02.0008.059.0( !++=  
         mm62.0=  
 The error, if N and V are omitted, is 4.5 %. 
______________________________________________________________________________________ 
SOLUTION (10.9) 
 
 Introducing a rightward horizontal force Q at point D, we write 
  QxM !=1     ax !!0  

  QaFxM !!= 2
1

2    20 bx !!  

  )( 22
1

3
bxFQaFxM !+!!=   bxb !!2  

  )(2
1

2
1

4 xaQFbFbM !!+!=  ax !!0  
 
        Applying Castigliano’s theorem, after setting Q=0, we have 

  !! +"+=
b

bEI

b

EIh dxFabFaxFaxdx
2 2

1
2
11

2

0 2
11 )(#  

 Integrating, EI
Fab

h 8
2

=!  
______________________________________________________________________________________ 
SOLUTION (10.10) 
 
 
 
 
 
 
 
 From symmetry, 
  PxM !=1    ax !!0  

  !sin2 PRPaM ""=   20 !" ##  

 Hence, !! "
"

"
" +=

2

0 2
1

0 1
1

2
21

#
$ %RdMdxM P

M
EI

a

P
M

EI  

 or 

  ])sin([
2

0

2

0

22 !! ++=
"

##$ RdRaPdxPx
a

EI  

      )32464( 3223
6 RaRRaaEI
P !! +++=  

______________________________________________________________________________________ 

R 

! x 

a 

P 

O 
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______________________________________________________________________________________ 
SOLUTION (10.11) 
 
 Referring to Fig. P10.11, we write 
  )cos1(sin !! "== PRTPRM  
  )cos1(sin !! "== RtRm  
 Here t denotes torque caused by a unit load. 
        Applying Eq. (10.13), deflection at the free end (perpendicular to the plane  
 of the ring): 

  !! "+=
2

0

221
2

0

221 ])cos1([)sin(
##

$$$$% RdPRRdPR JGEI  

      
2

04
2sin

2
2

04
2sin

2 sin233 !""!"" "" ++#+#= JG
PR

EI
PR  

      )( 83
4
3

JGEI
PR !+= ""  

 Letting ,22 4rIJ !==  we have 

  )( 226.01
4

3

GEr
PR +=!  

______________________________________________________________________________________ 
SOLUTION (10.12) 
 
 Referring to Fig. P10.12: 
  !! sinsin RmPRM "="=  
  )cos1()cos1( !! "="= RtPRT  
 
 where t denotes torque caused by a unit load. We have 
  !!" sin)2sin( #=#       and   !!" cos)2cos( =#  
 
        Applying Eq. (10.13), deflection at the free end (perpendicular to the plane of the ring): 

  !! "+=
##

$$$$%
2

0

22

0

2 )cos1(sin 33 dd JG
PR

EI
PR  

 Integrating, 
  ][ 313

JGEIPR += !"  
______________________________________________________________________________________ 
SOLUTION (10.13) 
 
 
 
 
 Segment AC 
  1 1M Qx M Q x= ! " " = !  
 
 Segment BC 

  2 2
2 ( )

2
Mp

M Qx x a x
Q

!
= " " " = "

!
 

 Thus, 

  
3

1 1 2 2
0

a a

A a

M M M M
v dx dx

EI Q EI Q
! !

= +
! !" "  

 Let Q=0. Hence 
                       (CONT.) 
______________________________________________________________________________________ 

A 2a 

p 

C 

Q 

  B a 
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______________________________________________________________________________________ 
10.13 (CONT.) 
 

  
3 32 3 2 2( ) ( 2 )

2 2
a a

A a a

p p
v x a xdx x ax a x dx

EI EI
= ! = ! +" "  

       

34 3 2 22
2 4 3 2

a

a

p x ax a x
EI

= ! +  

     
410

3
pa
EI

= !  

______________________________________________________________________________________ 
SOLUTION (10.14) 
 

        2AB CDL L L= =  

        BC AC BDL L L L= = =  
 
 
 
 
 The method of joints(or sections) is applied: 

 2AB BCN W N W= = !        2CD BD ACN W N W N W= ! = = !  
 Thus, 

  
1 j

V j j

N
N L

AE W
!

"
=

"#  

       [ 2( 2) 2 1 1 1 2( 2) 2]WL
AE

= + + + + 8.657WL
AE

= !  

______________________________________________________________________________________ 
SOLUTION (10.15) 
 
 
 
 
 
 
 Segment AB 

  1
a C

M P x x
L L

= ! !  

 Segment BC 
  2 'M Px C= ! !  
 
     (a) For this case C=0: 

 
0 0

1 1( )( ) '( ') '
L a

C
Pax ax

v dx Px x dx
EI L L EI

= ! ! + ! !" "  

      
2 3 3

2
0 0

'
3 3

L a
Pa x P x
EIL EI

= +
2

( )
3
Pa L a
EI

= + !  

                       (CONT.) 
______________________________________________________________________________________ 

D 

L 

B 

A 

W 

C 

L 

L 

  P 

a B 

x’ 
 

A 
C L 

x 

C 
Pa C
L L+  
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______________________________________________________________________________________ 
10.15 (CONT.) 
 

     (b) 1 2, 1.M Mx
C L C

! !
= " = "

! !
 

For C=0, we have : 

 
0 0

1 1( )( ) '( ') '
L a

C
Pax x

dx Px x dx
EI L L EI

! = " " + " "# #  

      
3 2

2
0 0

'
3 2

L a
Pa x P x
EIL EI

= +  

      (2 3 )
6
Pa L a
EI

= +  

______________________________________________________________________________________ 
SOLUTION (10.16) 
 
 
 
 
 
 
 
 Segment AC 

  1
1
1
2 2

M x
M Qx

Q
!

= =
!

 

 Let Q=0: 

  1
10

1 0
a M
M dx

EI Q
!

=
!"  

 Segment CB 

  2
2
1 1( ') ' '
2 2

M Q a x Qx px= + ! !  

        21( ') '
2 2
Q
a x px= ! !  

  2 1 ( ')
2

M
a x

Q
!

= "
!

 

 Let Q=0: 

  
2

2
2 0

1 1 ' 1' ( ) ( ') '
2 2

aM px
M dx a x dx

EI Q EI
!

= " "
!# #

4

48
pa
EI

= !  

 
 Segment BD 

  2 3
3

1 '' 0
2

M
M px

Q
!

= " =
!

 

 Therefore 

  
4

48
i

C i
M pa

v M dx
Q EI

!
= = "

!#  

______________________________________________________________________________________ 

a B 

x” 
 

A 
D 

RA=Q/2 x   RB=2pa+Q/2 

a a C 

p 

x’ 
 

Q 
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______________________________________________________________________________________ 
SOLUTION (10.17) 
 
 
 
 
 
 
 
 Segment AC 

  1
1 ( )

8 2 2
MpL Q x

M x
Q

!
= + =

!
 

 Segment CB 

  
2

2
2

3 ' '( ) '
8 2 2 2

MpL Q px x
M x

Q
!

= + " =
!

 

 Let Q=0: 

  
22 2

0 0

3 ' ' '( ) '
8 2 8 2 2

L L

C
pLx x pLx px x

EIv dx dx= + !" "  

           
2 2 32 2

0 0

3 ' '( ) '
16 16 4

L LpLx pLx px
p dx p dx= + !" "

4

96
pL

=  

 or 
4

96C
pLv
EI

= !  

______________________________________________________________________________________ 
SOLUTION (10.18) 
 
 Consider RD as redundant. 
 

        1BD

D

N
R

!
=

!
 

 
        0 :yF =!  

        1.25 1.25BC DN P R= !  
 
 0 : 0.75 0.75x AB DF N P R= = ! +"  

 where 1.25 0.75BC D AB DN R N R! ! = " ! ! =  
 Thus, 

 0j
D j j

D

N
AE N L

R
!

"
= =

"#  

            (1.25 1.25 )(7.5)( 1.25)DP R= ! !  

   ( 0.75 0.75 )(4.5)(0.75) (3)1 0D DP R R+ ! + + =  

            14.25 17.25 0DP R= ! + =  

 or 0.826DR P=  

 Then 0.826 0.131 0.22BD AB BCN P N P N P= = ! =  
______________________________________________________________________________________ 

L/2 
B A 

x 

L/2 
C 

p 

x’ 
 

  Q 

8 2
pL Q+

 

3
8 2
pL Q+  

C 

A 
B 

D 

1.5 m 4 
3 

P 

NBC 

  NAB 
 

B 
3 

4 

P 

NBD =RD 
 

2.25 m 
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______________________________________________________________________________________ 
SOLUTION (10.19) 
 
 Let AR  and AM  be redundant. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
'

A A
Mm Mm

v dx dx
EI EI

!= =" "  

  
2

0

1 ( )[ ( )] ( )
2 3

b

AP
Pb a b

v Px a x dx
EI EI

= ! ! + = +"  

 
2

0

1 ( )( 1)
2

b

AP
Pb

Px dx
EI EI

! = " " =#  

  Let now AR  and AM  are applied. 
 
 
 
 
 
 
     ' 1A AM R x M m x m= ! = =  
 

 
3 2

0

( ) 1 ( )
3 2

L
A A A A

AR
R x M x R L M L

v dx
EI EI
!

= = !"  

 
2

0

( )1 1 ( )
2

L
A A A

AR A
R x M R L

dx M L
EI EI

!
"

= = "#  

 Since AP AR AP ARv v ! != =  
 or 

  
3 22 1( ) ( )

2 3 3 2
A AR L M LPb a b

EI EI
+ = !  

              
22 1 ( )

2 3
A

A
R LPb M L

EI EI
= !  

 Solving, 

  
2 2

3 2(3 )A A
Pb PabR a b M
L L

= + ! =  

______________________________________________________________________________________ 

A 
RA 

1 lb ! in. B 
B 

1 lb 

x 
 

x 
 

MA 

b a 

1( ) ' 1m a x m= ! + = !  
 

C B 

P 

M Px= !  
 

1 lb ! in. 
C 

B 

P!  B 

1 lb 

L 

P 

x 
 

RA   RB 
 

C 

MA   MB 
 

x 
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______________________________________________________________________________________ 
SOLUTION (10.20) 
 
 
 
 
 
 
 
 
 Refer to the above figures, we write: 

  21 1
2

M Rx px m x= ! = !  

 Hence, deflection spring at A: 

  A
Mm R

dx
EI k

! = ="  

       2

0

1 1( )( )
2

L R
Rx px x dx

EI k
= ! ! ="  

 Solving 

  3

3 8
1 (3 )

pLR
EI kL

=
+

 

 Reactions at B may then be found from statics. 
______________________________________________________________________________________ 
SOLUTION (10.21) 
 
 Consider BR  as redundant. 
 
 
 
 
 
 
 
 Segment BC: 
  1M Px= !  1 0BM R! ! =  
 Segment AB: 
  2 2( )B BM Px R x a M R x a= ! + ! " " = !  
 Thus, 

  
3

0
0 ( )(0) [ ( )]( )

a a

B Ba
EIv Px dx Px R x a x a dx= = ! + ! + ! !" "  

           
3 2 2 2[ 2 ]
a

B B Ba
Px R x R ax Pax R a dx= ! + ! + +"  

           

333 2
2 2

3 3 2

a

B
B B

a

R xPx Pax
R ax R xa= ! + ! + +  

           
14 3
3 8 BP R= ! +  

                       (CONT.) 
______________________________________________________________________________________ 

1 

A 
B 

x 
p 

AR k!=  

A 
B 

x 

2a 

P 

a C 

x 
 

A B 
RA   RB 

 

MA 
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______________________________________________________________________________________ 
10.21 (CONT.) 
 
 from which 

  
7
4BR P= !  

 Statics: 

  
1 3
2 4A AM Pa R P= = !  

______________________________________________________________________________________ 
SOLUTION (10.22) 
 
 Consider AR  and AM  as redundants. 
 
 
 
 
 
 
 
 Segment AC: 

  1 1
1 1A A

A A

M M
M R x M x

R M
! !

= " = = "
! !

 

 Segment BC: 
  2 ( )A AM R x M P x a= ! ! !  

  2 2 1A AM R x M M! ! = ! ! = "  
 Thus, 

  
0

0 ( ) [ ( )]
a L

A A A A Aa
EIv R x M xdx R x M P x a xdx= = ! + ! ! !" "  

           
3 2 3 3 2 2 3 3

3 2 3 2 3A A A A
a a L a L a L aR M R M P! ! !

= ! + ! !  

         
2 2

0
2

L aPa !
+ =  

 Simplifying, 

  3 2 21 1 (3 2 ) 0
3 2 6A A

PR L M L a b b! ! + =      (1) 

 Similarly 

  
0

0 ( )( 1) [( ( )]( 1)
a L

A A A A Aa
EI R x M dx R x M P x a dx! = = " " + " " " "# #  

           
2 2 2 2 2

( )
2 2 2A A A A
a L a L aR M a R M L a P! !

= ! + ! + ! +  

        ( ) 0Pa L a! ! =  
 This reduces to 

  2 21 1 0
2 2A AR L M L Pb! ! =       (2) 

                       (CONT.) 
______________________________________________________________________________________ 

a 
P 

C 
  b A 

B   L x 

RA 

MA 

y 
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______________________________________________________________________________________ 
10.22 (CONT.) 
 
 Solving Eqs.(1) and (2): 

  
2 2

2 3 (3 )A A
Pab PbM R a b
L L

= = + !  

 Statics: 

  
2 2

3 2( 3 )B B
Pa Pa bR a b M
L L

= + ! =  

 
______________________________________________________________________________________ 
SOLUTION (10.23) 
 
 Consider BR  as redundant. 
 
        0BM R x M= ! +  

        BM R x! ! = "  
 
 
 Therefore 

  2 3 2
0 00

1 10 ( )
3 2

L

B B BEIv R x M x dx R L M L= = ! = !"  

 Solving 

  03
2B
MR
L

= !  

 Statics: 

  0
0

3 1
2 2A A
MR M M
L

= ! =  

______________________________________________________________________________________ 
SOLUTION (10.24) 
 
 We introduce a couple moment C at point B. The expression for the moments are then, 
  xRM D!=1     20 Lx !!  

  CxPxRM L
D +!+!= )( 22   LxL !!2  

 Applying Eq. (10.6), :PUB !!="  

  })]()([{
2 22

1 ! "+"+"=
L

L
LL

DEIB dxxCxPxR#  

 Setting C=0 and integrating, 
  ]2[

)3(1
1625

48 3

3
!!=

! kLEIEI
PL

B"  

        Similarly, applying Eq. (10.7), :CUB !!="  

  }])([{
2 2

1 ! +"+"=
L

L
L

DEIB dxCxPxR#  

 Setting C=0 and integrating, 
  

)3(1
1

128
15

3

2

kLEIEI
PL

B !
!="  

 
______________________________________________________________________________________ 

A B 
x   RB 

 

  L 

RA 

MA 

M0 
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______________________________________________________________________________________ 
SOLUTION (10.25) 
 
 Apply Eq. (10.7) to write 

  0])([
0

)(

0
1 =!+= "" #

!#
#
# b

T
TT

A

a

T
T

AJGA A

A

A

A TTdxT$  

 
 Integrating and simplifying: 
  0)( =!+ bTTaT AA           or          TT L

b
A =  

 Condition of equilibrium gives 
  TTTT L

a
AB =!=  

______________________________________________________________________________________ 
SOLUTION (10.26) 
 
 We write 
  QxM =1      ax !!0  

  )cos1()sin(2 !! "++= PRRaQM   !" ##0  

        Applying Eq. (10.6), with :0=Q!  

  !=="
"

a

EIQ
U dxQx

0

210 ! +"+++
#

$$$$
0

)sin)](cos1()sin([ RdRaPRRaQ  

 Integrating, 

  )2()4(0 23 2
2

2
3 RaRRaa EI

PR
EI
QR

EI
QL +++++= !! !  

 
 This may be written in the following form: 

  
])(

2
)(4

3
1[

)2(
323

3

a
R

a
R

a
Ra

RaPRQ !!
!

+++

+"=  

 
______________________________________________________________________________________ 
SOLUTION (10.27) 
 
 
 
 
 
 
 
 
 We have 

  632

3
00 xp

B
xx

L
xp

B xRxRM +!=+!=  
 Then, 

  !! "=== #
#

L

L
xp

BEIR
M

EIB xdxxRdxM
B 0 6

11 )(0
3

0$  

 This yields, after integrating, 

  10
0Lp

BR =  
 
 Then, from equations of statics: 

  10
4 0Lp

AR =       15

2
0Lp

AM =   
______________________________________________________________________________________ 

RA 

po 

RB 
L 

B A MA 

x 
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______________________________________________________________________________________ 
SOLUTION (10.28) 
 
 Moments are expressed by 
  RxM !=1    20 Lx !!  

  02 MRxM +!=   LxL !!2  

        Applying Eq. (10.6), with :0=R!  

  !! "+"+==#
#

L

LEI

L

EIR
U dxxMRxdxRx

2 0
1

2

0

21 ))((0  

 from which 

  L
MR 8
9 0=  

 Using Eq. (10.7), slope at C: 

  ! +"+== #
#

L

LEIM
U

C dxMRx
2 0

1 )(0$  

     EI
LM

64
5 0=  

______________________________________________________________________________________ 
SOLUTION (10.29) 
 
 
 
 
 
 
 
 
 
 
 xHM A=1     20 Lx !!  

 2
2
1

22 pxLHxVM AA ++!=   10 Lx !!  
 
 Applying Eq. (10.6), with 0=Av!  and ,0=Ah!  respectively: 

  0))((1
2

11 0 22
1 =!++!= "#

#
L px

AAIEV
U dxxLHxV
A

    (a) 

  0)()( 1

11

2

22 0 2
2

2
1

2
1

0
1 =++!+= ""#

#
L

AAIE

L

AIEH
U dxLpxLHxVdxxxH
A

 (b) 

 Letting 
  

211

122
LIE
LIE=!  

        Equations (a) and (b) become 
  2

12 3128 pLLHV AA =!  

  2
121 )13(23 pLLHLV AA !!! =+"  

 or 
  AvA RpLV == +

+
1)43(2

)1(3
!
!  

  AhL
pL

A RH == + 2

2
1

)43(4 !
!  

 
 The remaining reactions may then be found by using the equations of equilibrium. 
______________________________________________________________________________________ 

p 

L2 

L1 L1 

x 

x 

HA 

VA VB VC 

E1I1 

E2I2 

HC 
A B C 
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______________________________________________________________________________________ 
SOLUTION (10.30) 
 
 
 
 
 
 
 
 
 Clearly, the problem is statically in determined. We have 
  Cx MM !=     20 ax !!  

  )cos1(2
1 !"+"= PRMM Cx   20 !" ##  

 
 Slope at C is zero: 

  ! ! ="+"+"=#
#

2

0

2

0
1

22
1 0)cos( 22$

%%
a

CEI
PRPR

CEIM
U dxMdRM
C

 

 Integrating, 

  )(2
)2(2

Ra
PR

CM !
!
+
"=  

 
        Hence, for :0 2

!" ##  

  !"
" cos22)(2

)2(2 PRPR
Ra

PRM #+#= +
#  

 
 For :0 ax !!  

  )(2
)2(2

Ra
PRM !

!
+
"=  

 Therefore, M is maximum along a, for .0=!  
______________________________________________________________________________________ 
SOLUTION (10.31) 
 
     ( a ) Introduce Q at point E, as shown. (disregard C/L’s). 
 
 
      Joint E 

                    )(2 CPNED !=  

                    )(2 TQPNEB +=  
 
      
 
 
 Similarly we obtain the remaining member forces. 
 
 Joint B     Joint D 

 )(CPNBD !=    22PNDA =  

 )(2 TQPNBA +=    )(3 CPNDC !=  

 ! =+++++== AE
P

AEQ
N

AE
LN

E PPjjj 2101 ]0000)1)(5)(2()1)(5)(2[("
"#  

                       (CONT.) 
______________________________________________________________________________________ 

R 

! x 

a/2 

P/2 

O 

MC 

A 

B 
C 

1 
1 

A P B E 
P Q 

L 
L 

L 

2  L 
C
L  

C
L  D C EDN  

P 

E 
Q 

 

 
EBN  
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______________________________________________________________________________________ 
10.31 (CONT.) 
 
     ( b ) Introduce couple C/L applied perpendicular to line DE at points D and E as shown in the figure  

( now disregard Q ). 
 
Joint E  

     )(2)(
2

CPN
L
C

ED +!=  

     )(
2
2 TPN
L
C

EB +=  

 
 
 

Similarly, Joint D 

)(322
2
2 CPNPN
L
C

DCDA !!==  

Thus 

 ! +=+++== " )2()2(
2
10

2
6

2
2

2
21

AE
P

AE
P

C
N

jAEDE
jN "#  

______________________________________________________________________________________ 
SOLUTION (10.32) 
 
 The complementary energy for the ith member of length ,iL  from Eq. (2.49) is 

  4
4
1

40

*
0 )(33

4

3

3

i

ii
i

i
A
N

KKKi dU === ! "" " "  

 The complementary energy of the truss is thus 

  !
=

=
6

1

4
4

* )(3
j

A
N

K
LA

j

jjjU  

 Equation (10.16) is then 

  !
=

"

"=
6

1

3)(3
j

P
N

A
N

K
L

E
j

j

jj#       (P10.32) 

 
        Applying the method of joints, as needed, we obtain 
 
  2

3
1

PN =  034
5

2 =!= NN P  

  4
5

4
PN =  4

3
65

PNN !==  
 
 We have mLLmLmLLL 5,4,3 423651 ======  and .AAi =  
 Equation (P10.32) becomes 

  )}()()({)( 621 3
66

3
22

3
11

31
P
N

P
N

P
N

AKE NLNLNL !
!

!
!

!
! +"""""++=#  

 or 
  0)()(5)()(3{)( 4

53
4
5

2
33

2
33 +!+= AK

P
E"  

            )}()(3)()(3)()( 4
33

4
3

4
33

4
3

4
53

4
5 !!+++  

         256
28132625581483)( !!+!!+!= AK

P  
 or 
  3)(5.41 AK

P
E =!  

______________________________________________________________________________________ 

1 
1 

1 
1 

E 
P 

EBN  

EDN  C
L  
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______________________________________________________________________________________ 
SOLUTION (10.33) 
       
      L m L mAC CB= =6 403 5. ,  
      L mAB = 8  
 
 
 
 
 
 
 
 
 Joint A  

PNN ACy 8
41:0 ==!  

  PNN ABx 8
3:0 ==!  

 
 Joint B            PNBC 8

5!=  
  A horizontal unit load is applied a C: 

  8
41

8
5

8
3 =!== ACBCAB nnn  

 Thus 
  != jjjAEC LNn1"  

        = + ! +P
AE [( )( )( . ) ( )( )( ) ( )( )( )]41

8
41
8

5
8

5
8

3
8

3
86 403 5 8  

        = !718. P
AE  

______________________________________________________________________________________ 
SOLUTION (10.34) 
 
     ( a ) Refer to Fig. (a) with no unit load: 
  RxMM BEAB == 0  

  )( LxPRxMEC !!=  

  PLLRMCD != )2(  
 
 The vertical deflection at A is zero. 
 Thus 

  01 == ! "
" dxM R
M

iEIv
i#  

        !!!! ="+""++=
LL

L

LL
dxLPLLRxdxLxPRxdxxRxdx

2

0

2

00
0)2)(2()]([)(0  

 Integrating, we have 
  PR 64

29=  
 
     ( b ) Introducing a horizontal unit load at A, Fig. (a), we write 
  xLmLmLmxm CDECBEAB !====  
 Hence 

!= dxmM iiEIh
1"  

                       (CONT.) 
______________________________________________________________________________________ 

P 
A 

P/2 

ACN  

ABN  
4 

5 
3 

4 5 
4 

5 

41  

3 

5 

A 
B 

C 

P 

P 

P/2 P/2 

4 

P 
C L 

x 
x 

A 

x 

D 

B 
L 

R 
1 

E 

2L 

Figure (a) 
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______________________________________________________________________________________ 
10.34 (CONT.) 

       !!! ""++=
L

L

LL

EI LdxLxPRxdxLRxdx
2

00
1 )]([)(0{  

         ! ""+
L

dxxLPLLR
2

0
}))(2(  

 Integrating, after substituting 6429PR = , results in 

  EI
PL

h
3

32
13=!  

______________________________________________________________________________________ 
SOLUTION (10.35) 
 
 
 
      Introduce a vertical upward unit force 1 N at 
      point C. Then 
      Segment CB: 
       M Rx m x1 1= =  
      Segment BA: 
       M Rb M m b2 0 2= = =  
        
 Thus 

  EI M m dx M m dxC

b a
! = = +" "0 1 10 2 20

 

       = + !" "Rx dx Rb M b dx
b b2

0 00
( )( )  

       = + !1
3

3 2
0Rb Rab M ba  

 or 
  R M a

b a b= !+
3
3
0

( )  
 
______________________________________________________________________________________ 
SOLUTION (10.36) 
 
 We have ! = 6 5  (Table 5.1), dx ds Rd= = !  
 Let a downward unit load of 1 N in addition to load P is applied at the free end in Fig. P17.25. 
 We write 
  !! coscos == nPN  
  V P v= =sin sin! !      (a) 
  M PR m R= ! = !( cos ) ( cos )1 1" "  
 Thus, 

  !!! ++=
2

3
2

3
2

3

0
1

0
1

0
1

"""

#$% NndsVvdxMmRd AEAGEIv  

 
        Substitution of Eqs.(a) gives 

  ! " " " " " "
# # #

v
PR
EI

PR
AG

PR
AEd d d= $ + +% % %

3
3
2

3
2

3
2

1 2

0

6
5 0

2

0
( cos ) sin cos  

 Integrating 

  ! " "
v

PR
EI

PR
AG

PR
AE= + + + #( ) .9

4
3 6
4

3
42

3

 
 
______________________________________________________________________________________ 

A 

a 

b 
R 

B 
C 

x 

x 
M0  

 

1 N 
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______________________________________________________________________________________ 
SOLUTION (10.37) 
 
 
 
 
 
 
 
 
 
 
 
 Because of symmetry about the vertical axis, only one half of the circle need be analyzed. 
 Referring to the figure above, we have the following moments: 
 
 For :0 2

!" ##  

  !! sin)cos1( 2
1

1 PRRNMM AA ""+=  

  1),cos1( '
11 =!= mRm "  

 
 For :2 !"! ##  

  PRRNMM AA 2
1

2 )cos1( !!+= "  

  1),cos1( '
22 =!= mRm "  

        Horizontal deflection and slope are zero at A. Thus, from Eqs. (10.13) and (10.14): 

  0)cos1(
0

1 =!= "
#

$$% RdMREIAh  

 or 

  0)cos1(
0

=!"
#

$$ dM       (c) 

  0)1(
0

1
0

'1 === !!
""

# dxMdxMm EIEIA  

 or 

  0
0

=!
"
M , where M  represents 1M  and .2M     (d) 

 Substituting Eq. (d) into Eq. (c), the latter reduces to 

  0cos
0

=!
"

##dM        (e) 

        Introducing Eqs. (a) and (b) into Eqs. (d) and (e), we have 

  !! "+
##

$$$
00

)cos1( dRNdM AA  

        0sin
22

1
2

02
1 =!! ""

#

#

#
$$$ dPRdPR  

 and !! "+
##

$$$$$
00

cos)cos1(cos dRNdM AA  

    ! ! =""
2

0 22
1

2
1 0coscossin

# #

#
$$$$$ dPRdPR  

 Integrating and solving, 
  42

PR
A

P
A MN == !  

______________________________________________________________________________________ 

(a) 

(b) 

A A A 
NA 

MA 

P/2 
1N 

1N m ! 
R C 

P/2 

Actual loading Dummy loading 
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______________________________________________________________________________________ 
SOLUTION (10.38) 
 
 From Eq. (P10.38), we have 

  ])()[( 22
2 baU ba
GJ CC !! +=  

        Using Eq. (10.22): 
  TGJT baC

U
C

=+=!
! )(; 11""  

 Solving, 
  GJL

Tab
C =!  

 Then 
TT L

b
Ca

GJ
A == !  

 and 
  TT L

a
Cb

GJ
B == !  

______________________________________________________________________________________ 
SOLUTION (10.39) 
 
  mLL DCAD 24.4==  

  2cos
2
12

2
1 )( LvALEALEU !"# ==  

 
 Vertical load of the joint, using Eq. (10.22), 

  !
=

"
" ==

3

1

2cos
i

vL
AEU
i

ii

v
P #$$  

 or 
  VLLLv AEEAP

BDDC

o

AD

o
!! 5689.0][ 145cos45cos 22

=++=  

 Substituting the numerical values, 
  kNP 34.373=  
______________________________________________________________________________________ 
SOLUTION (10.40) 
 
 
 
 
 
 
 The deflection curve may be expressed by Eq. (10.23) and the bending strain energy is 
 given by Eq. (10.25). The strain energy of deformation of the foundation is (Chap. 9): 

  !"
#

=

==
1

2
4
1

0

2
2
1

2
n

n

L
akLdxvkU  

 
 Work done by the uniform load: 

  !"
#

=

==
1

0
1

02
1 cos)(

n

L
L
xn

nn
L

L
appvdxW $

$  

 or  !
"

###=

=
,3,1

2

n
n
apL nW $  

                       (CONT.) 
______________________________________________________________________________________ 

p 

y 
L 

x 
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______________________________________________________________________________________ 
10.40 (CONT.) 
 
        Then, principle of virtual work yields 
  !

!
n
pL

n
kL

nL
EI aan 2

2
4

2 3

4
=+  

 or 

  
)(

4
444

4

kLEInn
pL

na +
=

!!
 

 
 Substituting this into Eq. (10.23) we obtain the required deflection curve. 
______________________________________________________________________________________ 
SOLUTION (10.41) 
 
 
 
 
 
 We obtain 
  )(3'' 3

1 xLv
L
a !=  

 and 

  !! "==
L

L
EIaL

EI dxxLdxvU
0

2
2
9

0

2
2 )()''( 6

2
1  

       2
12

3
3 aL
EI=         (a) 

 
 Also AvPW !! "=         (b) 
 
        Thus, UW !! =  gives, 
  )2( 112

3
1 3 aaaP

L
EI !! ="  

 or 
  EI

PL
A av 31

3
==  

______________________________________________________________________________________ 
SOLUTION (10.42) 
 
 Strain energy, by Eq. (c) of Sec. 10.10: 
  2

64 3

4 aU
L
EI!=  

 Work done by the load P is 

  !!! "==
L

L
x

LL
dxpadxpapvdxW

0 200
cos #  

        )( 2
!
LLpa "=  

 
        Applying the Ritz method, we obtain 
  0)1()( 2

64 3

4
=!!=!="

#
# L
L
EI

da
d

da
d pLWU  

 Solving 

  EI
pLa
4

1194.0=  

 Substitution of this into Eq. (P10.31) and letting x=L result in the deflection Av  at 
 the free end of the beam. 
 
______________________________________________________________________________________ 

y 

L 
A 

x 
P 
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______________________________________________________________________________________ 
SOLUTION (10.43) 
 
  )( 3

2
2

1 LaLaPvPW A +=!= )( 21
2 LaaPL +=  

  !=
L

EI dxvU
0

2
2 )''( )33(2 23

221
2
1 LaLaaaEIL ++=  

 Thus, 
  )32(2:0 21

2
1

LaaEILPLa +==!
"!  

  )2(6:0 21
23

2
LaaEILPLa +==!

"!  

 Solving, 
  EI

P
EI
PL aa 6221 !==  

 Substituting back into Eq. (P10.32): 
  )3(6

2 xLv EI
Px !=  

______________________________________________________________________________________ 
SOLUTION (10.44) 
 
 
 
 
 
 
 We have 

  B

L
EI vPdxv !"=# $0

2
2 )''(       (a) 

 Here 
  2)( axaxLxLaxv !=!=  
  avaxaLv 2'',2' !=!=  
        Substituting these into Eq. (a), after integration, we obtain 
  222 PacPacLEILa +!="  
 and 
  04 2 =+!=" PcPcLaEILda

d  
 or 
  EIL

cLPca 4
)( !=  

 The deflection of the beam at point B is therefore 

  EIL
cLPc

Bv 4
)( 22 !=  

______________________________________________________________________________________ 
SOLUTION (10.45) 
 
 The assumed deflection is of the general cubic form: 
  43

2
2

3
1 axaxaxav +++=       (a) 

 For the left hand portion of the beam: 
  0=v            (at 0=x );  0'=v           (at 0=x )   (1, 2) 
  0'=v           (at 2Lx = ); !=v            (at 2Lx = );  (3, 4) 
 Here !  is, deflection at midspan, to be determined. 
  Eqs. (1) and (2) give 043 == aa  
                       (CONT.) 
______________________________________________________________________________________ 

P 

y 
L 

x 

c 

B 
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______________________________________________________________________________________ 
10.45 (CONT.) 
 
  Eq. (3) yields      4

3
2

1Laa !=   

  Eq. (4) gives      3
16

1 L
a !"=  

 Introducing these into Eq. (a): 
  2

4 0)43(3

2 L
L
x xxLv !!"= #    (b) 

        Strain energy is  

!! +=
2

4

2"
2

4

0

2
2
2 )()(2)''()(2

L

L
EI

LEI dxvdxvU     (c) 

 Inserting Eq. (b) into Eq. (c) and integrating, we obtain: 3

272
L
EIU !=  

 We have 
  !"=# ! P

L
EI
3

272  

 The midspan deflection, from ,0=!"#"  is thus 

  max144
3 vEI

PL ==!  
______________________________________________________________________________________ 
SOLUTION (10.46) 
 
 We obtain 

  !
"

=

=
1

2 cos)(''
n

L
xn

L
n

nav ##  

  !"
#

=

==
1

2
42

20

2
2 )()''(

n

L
L
n

n
EI

L
EI adxvU $  

  ),6,4,2(2)(
2

!!!=== "
#

=
naPvPW

n
nx L  

        From the minimizing condition, ,0=!"! na  we obtain 

  02)( 2
4 =! PEIa L

L
n

n
"  

 or 

  ),6,4,2(44

34 !!!=="
#

na
n

EIn
PL

n $
 

 Therefore, 

  ),6,4,2()( 44

3 18
2max !!!=== "

#

nvv
n

nEI
PLL

$
 

 
 
         End of Chapter 10 
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CHAPTER 11  
 
SOLUTION (11.1) 
 
 
 
 
 
 
 
 
 
 
 

 4 4 4 4( ) (25 20 )
4 4

I c b! !
= " = " 4 418.11 10 mm= !  

 

 
2 2 9 6

2 2

(200 10 )(0.1811 10 )
2.5(1)

crP EI
n nL

! ! "# #
= = 143 kN=  

 2.5(143) 357.5F kN= =  
 
 Justification of the formula used: 
  2 2 2 2 2( ) (25 20 ) 706.86A c b mm! != " = " =  

  
181,100 5.06
706.86

Ir mm
A

= = =  

and 
1000 197.6
5.06

L
r
= =   O.K. 

______________________________________________________________________________________ 
SOLUTION (11.2) 
 
     (a) Same area: 

  2 2 2 2( )
4 o i o id d b b
!

" = "  

  2 2 2 2 2 2 2( ) 50 (50 40 )
4 4i o o ib b d d
! !

= " " = " "  

 or 

  
142.35 ( ) 3.83
2i o ib mm t b b mm= = ! =  

     (b) Circular bar 

 4 4 4 4 9 4( ) (50 40 ) 181 10 .
64 64o iI d d in
! ! "= " = " = #  

  
2 2 9 9

2 2

(72 10 )(181 10 ) 14.29
(3)cr

e

EIP kN
L

! ! "# #
= = =  

                       (CONT.) 
______________________________________________________________________________________ 

2 
F 

1 

  Pcr 

2 
1 1   Pcr 

2
1cr

F
P

=  
2 

  F 
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______________________________________________________________________________________ 
11.2 (CONT.) 
 
 Square bar 

 4 4 4 4 9 41 1( ) (50 42.35 ) 252.8 10
12 12o iI b b m!= ! = ! = "  

  
2 2 6 9

2 2

(72 10 )(252.8 10 ) 19.96
(3)cr

e

EIP kN
L

! ! "# #
= = =  

 
______________________________________________________________________________________ 
SOLUTION (11.3) 
 

 2 2 502 1 2.236 12.5
4 4BC
dL m r mm= + = = = =  

 4 4 9 4(40) 125.7(10 )
64 64

I d m! ! "= = = ,        2 21 1 1.414ABL m= + =  

 
 
 Bar BC ( 2, 236 12.5) 178L r = = . Thus 

  
2

2

(70)(125.7)( ) 9.65
1.8(2.236)

cr
BC all

PF kN
n

!
= = =  

 
 Bar AB  

  
2

2

(70)(125.7)( ) 24.1
1.8(1.414)

cr
AB all

PF kN
n

!
= = =  

 
 Joint B          

1 20 : 0, 0.791
2 5x AB BC BC ABF F F F F= ! = ="  

     
1 10 : 0, 1.061
2 5y AB BC ABF F F F F F= + ! = ="  

     Solving 
      1.061 ABF F=   1.341 BCF F=  
 The allowable value for F: 
  1.341(9.65) 12.93F kN< =  
  1.061(24.1) 25.6F kN< =  
 Thus 
  12.93allF kN=  
______________________________________________________________________________________ 
SOLUTION (11.4) 
 
 Differential equation for a free-body of a segment of x is given by Eq.(11.1): 

  
2

2 0d v
EI Pv
dx

+ =  

                       (CONT.) 
______________________________________________________________________________________ 

  FBC 
  FAB 

2 
1 

1 1 

F 
  B 
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______________________________________________________________________________________ 
11.4 (CONT.) 
 
 or 

  
2

2
2 0d v P
p v p

dx EI
+ = =  

 
 General solution is 
  sin cosv A px B px= +       (1) 
 Boundary conditions : 
  (0) 0 : 0 0 0, 0v B B= + + = =  
  '( ) 0 : cos 0, 0v L AP pL Ap= = =  
 
 Since 0 :A !  

  cos 0
P L
EI

=      or     ( )
2

P L n
EI

!
=  

 For 
2

21,
4

Pn
EI L

!
= =  

 Therefore 

  
2

24cr
EIP
L

!
=  

 
______________________________________________________________________________________ 
SOLUTION (11.5) 
 

 3 3
min

1 (240 120 190 70 )
12

I = ! " ! 6 429.13 10 mm= !  

3 2240 120 190 70 15.5 10A mm= ! " ! = !  

 min min 43.35 0.5 4.5er I A mm L L m= = = =  

 4500 43.35 103.8eL r = =  
 
 Hence, 

  
2 2 9

2 2

(200 10 ) 183.2
( ) (103.8)cr

e

E MPa
L r
! !

"
#

= = =  

 
______________________________________________________________________________________ 
SOLUTION (11.6) 
 
 0.7 6.3eL L m= = . From solution of Prob.11.5: min 43.35r mm= . 
 We now have 
  6300 43.35 145.3eL r = =  
 Hence, 

  
2 2 9

2

(200 10 ) 93.5
( ) (145.3)cr
e

E MPa
L r
! !

"
#

= = =  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (11.7) 
 
 
 
 
 
 
 
 

 
10 : 30(3.1) (1.8) 0
2A BDM F= ! + =" ,          73.1BDF kN=  

 4 4 3 412 50 12 520.8 10I b mm= = = ! ,          3 250 50 2.5 10A mm= ! = !  

 
180014.4 125
14.4

I Lr mm
A r

= = = =  

 So, 

  
2 2 9

2 2

(210 10 ) 132.6
( ) (125)cr
E MPa

L r
! !

"
#

= = =  

 We have 
  cr yp! !<      (solution is valid) 

 6 3( ) 132.6 10 (2.5 10 ) 331.5BD crF kN!= " " =  
 and 

  
( ) 331.5 4.5

73.1
BD cr

BD

Fn
F

= = =  

______________________________________________________________________________________ 
SOLUTION (11.8) 
 
 A solid circular section of diameter d: 

  2 4

4 64 4
I dA d I d r
A

! !
= = = =  

 Using Eq. (11.13a), we have 

  2
2

4 41 ( )
2
ypcr e

yp
P L
d E d

!
!

" "
= #  

 Solving, 

  
2 2

1 2
22( )yp ecr

yp

LPd
E

!

"! "
= +           Q.E.D. 

 
 A rectangular section of height h and width b: 

  
2

3 21
12 12

hA bh I bh r= = =  

 By Eq. (11.13a), we obtain 

  2121 ( )
2
ypcr e

yp
P L
bh E h

!
!

"
= #  

                       (CONT.) 
______________________________________________________________________________________ 

1.3 m 

B 
30 kN 

1.8 m 
x 

  FBD 

  A 
1 

1 
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______________________________________________________________________________________ 
11.8 (CONT.) 
 
 from which 

  2

2 2

3
(1 )

cr

e yp
yp

Pb
L

h
Eh
!

!
"

=

#

          Q.E.D. 

 It is assumed that h b! . 
______________________________________________________________________________________ 
SOLUTION (11.9) 
 

 
3

3

90 10 30
3 10all

P MPa
A

!
"

#
= = =

#
      (1) 

 
2 9

6

2 (200 10 ) 125.7
250 10cC

! "
= =

"
 

 
 Assuming cL r C! , use Eq. (11.8) and (1):   

2 9
6

2

(200 10 ) 30 10 , 185
1.92( )all

L
L r r

!
"

#
= = # =  

 Our assumption was correct. Hence,  
  (185) (185)(25) 4,625L r mm= = =   
 or 
  4,625L m=  
______________________________________________________________________________________ 
SOLUTION (11.10) 
 
        

       
2 9

6

2 (210 10 )
280 10cC

! "
=

"
121.7=  

       
4.2 42
0.1

eL
r
= =  

 
 
 
 
 
  

Since y cL r C< , use Eq. (11.9) and (11.8): 

 35 3 42 1 42( ) ( ) 1.75
3 8 121.7 8 121.7

n = + ! =  

 
2 2

61 (42) [2(121.7) ] (280 10 ) 150.5
1.75all MPa!

"
= # =  

 So, 
  3150.5(27 10 ) 4063allP kN= ! =  
______________________________________________________________________________________ 

Le=0.7L   = 6 m 

6 m 

P 

  P 
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______________________________________________________________________________________ 
SOLUTION (11.11) 
 
 
 
 
 
 
 
 
 
 
 
 
 The moment expression about joints 1 and 2: 
  0)(;0 2111 =!!=" #$#$#$ kPLM  

  0)()(;0 32212 =!!!=" #$#$#$#$ kPLM  
 
 or, in general, 

  0)(
1

=!"
=

n

n

i
i kPL #$#$      (P11.11) 

        In matrix form, we have 

  

!
!
!

"

!!
!

#

$

!
!
!

%

!!
!

&

'

(

(=

!
!
!

"

!!
!

#

$

!
!
!

%

!!
!

&

'

(

(

)
)
)
)
)
)

*

+

,
,
,
,
,
,

-

.

/((

(((((((

(((((((

((/

((/

0

0
0

00
000

2

1

nkPLPLPLPLPL

kkPLPL
kkPL

01

01

01

 

 
 That is 
  }0{}]{[ =!"A  

 Determinant ,0=A  yields .crP  In our case, .3=n  
 
______________________________________________________________________________________ 
SOLUTION (11.12) 
 
     ( a ) crP  is proportional to .I  We have 

  4
4r

sI !=  

  s
rr

h IrI 16
15

416
154

2
4

4
4])([ ==!= ""  

 Thus, reduction in crP  is 6.25 % 
 
     ( b ) Substituting the given data: 

  49
64

)015.0(15 )10(276.37
4

mIh
!== "  

  kNP
e

h

L
EI

cr 99.172

992

2

2

)5.1(
)10276.37)(10110( ===

!""##  

 
______________________________________________________________________________________ 

k 

k 

k 

1 

2 

3 

L 

L 

L 

P P 

!"1 

!"2 

!"3 
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______________________________________________________________________________________ 
SOLUTION (11.13) 
 
     ( a ) kNPcr 200)100(2 ==  

 46
)1011(
)2)(10(200 )10(369.792

23

2

2

mmI
E
LPcr ===

!""
 

 mmaa 97.96);10(369.7 6
12
4

==  
 We have 

  MPaMPaA
P 1563.102

3

)09697.0(
)10(100 <===!    

 Thus, a cross section of mm9797 !  is acceptable. 
 
     ( b ) kNPcr 400)200(2 ==  

 mmammI 32.115;)10(738.14 46
)1011(
)2)(10(400
92

23

===
!"

 

 We obtain 

  MPaMPaA
P 1504.152

3

)11532.0(
)10(200 >===!  

 Dimension is not acceptable. Therefore, 

  mmaAa 5.115;
)10(15
)10(2002

6

3

===  

 Use a cross section of  
  mm116116!   
______________________________________________________________________________________ 
SOLUTION (11.14) 
 
 We have 

  .10521.0 46
12
)50(1 4

mmI !==  
 Hence 

  kNP
L
EI

cr 3.1142

32

2

2

)3(
)521.0)(10200( === !""  

  kNP n
P

all
cr 522.2

3.114 ===  
 Thus 

  kNF allP 8.205.2
52

5.2 ===  
______________________________________________________________________________________ 
SOLUTION (11.15) 
 
     ( a ) Using Eq. (11.5), 

  kNPcr 5.127
)2()6.3(49.0

)1205.0075.0)(10210(
2

392

== !!"  

  MPacr 34
)10(79.3
)10(5.127
3

3

== !"  

 
     ( b ) We have  

  12
)05.0(075.0

min

3

=I  
 and 
  )10(08.2 42 min !== A

Ir  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
11.15 (CONT.) 
 
 Thus, 

  1750144.0
)6.3(7.07.0 === r

L
r
Le  

 Also, 673.121][ 2
122 ==

yp

E
cC !

"  

 As 121.673 < 175, use Eq. (11.13): 

  MPaall 25.352

92

)175(92.1
)10210( == !"#  

 Note that 

  MPaA
P 120)075.0)(05.0(

)10(450 3

===!  

 and yielding does not occur. But member fails as a column, since .PPcr <  
______________________________________________________________________________________ 
SOLUTION (11.16) 
 
 
 
 
 
 
 
 
 
 Symmetrical buckling shown in the figure, creates relative bending moments eM  which  
 resist free rotation of the ends of the member AB and CD. Thus, for member AB: 
  edx

vd MPvEI +!=2

2
 

 with the general solution 
  P

MxCxCv 2sincos 21 ++= !!      (a) 

 where, EI
P=2!  

        Boundary conditions are 
  0)('0)0( 2 == Lvv  

  EI
LMev 2)0(' == !  

 Introducing v  from Eq. (a) into these:  

  0cossin,0 22211 =+!=+ LL
P
M CCC e "" ""  

  EI
LMeC 22 =!  

 The foregoing lead to the following trancendental equation 
  0tan 22 =+ EI

PLL
!

!  
 or 
  0tan 22 =+ LL !!  

 from which .029.22 =L!  Thus, 

  2

2

2 )774.0(
47.16

L
EI

L
EI

crP !==  

 
 The effective length in the situation described is therefore equal to 0.774L. 
______________________________________________________________________________________ 

y 
P P 

# 

# 

Me 

Me 
L 

L 

A 

B 

C 

D x 
P P 
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______________________________________________________________________________________ 
SOLUTION (11.17) 
 
 Let 
  EI

P=1!  

  EI
M=2!  

 The governing differential  
equation is 

  PvMEIv !=''  
 or 
  2

21'' !! =+ vv  
 Solution is 
  2

21 )(sincos
1

2
!
!!! ++= xBxAv  

 
        Boundary conditions give: 
  Bv == 0)0('  

  2
1

2 )(;0)()0(
1

2

1

2
!
!

!
! "==+= AAv  

  0sin)()(' 1
2

1

2 == LLv !!
!  

 or !!!== ,2,,0;0sin 11 ""## LL  

 Choose .1 !" =L  Then, 

  2

2
2
1

;)(1 L
EI

EI
P

L P !!" ===  

 Thus, LLe =  
______________________________________________________________________________________ 
SOLUTION (11.18) 
 
 For the vertical bar, from Eq. (11.5): 
  L

EI
crP 4

2!=  
 The midspan deflection of the beam is thus 

  EI
LP

EI
PL cr

48384
5

34
!="  

 or 
  )( 2

2
5

192192384
5 324

!" ! #=#= EI
PLLL

EI
PL  

______________________________________________________________________________________ 
SOLUTION (11.19) 
 
     ( a ) We have 2)( !" =# LT  

 or LT !
"
2=#  

 
     ( b )  2)( !" =#$ AE

PLLT  
 where 
  2

2

4L
EIP !=  

 Thus, 
  

!
"

!
#

!
"

!
#

AL
I

LLAE
L

L
EI

LT 2

2

2

2

42
1

42 +=+=$  

 
______________________________________________________________________________________ 

y 

x 

M 
P 

P=W 
M 

L 
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______________________________________________________________________________________ 
SOLUTION (11.20) 
 
 
 
 
 
 
 
 
 
 
 
 For a fixed ended column eL  may be determined as follows. Inflection points and midpoint  
 divide the bar into 4 equal portions. Each portion is the same as the fundamental  

case (Fig. 11.2a). Thus .4LLe =  
 
        For the dimension given, we obtain 
  99.650294.0

932.1 ==r
L  

 Equation (11.6) gives then 
  E

rL
E

cr 0091.02

2

)(
4 == !"  

 
        Substituting ),10(174 9=E  

  MPacr 5.1592)10175(0091.0 9 =!="  
 Since, from Fig. P11.20, E  is valid only up to 175 MPa, the 1592,5 MPa cannot be  

critical stress. 
 
       Similarly, for inelastic range, from Eq. (11.7): 
 10091.0 tcr E=!  

         MPa425)107.46(0091.0 9 =!=  
 Applying the same reasoning as before, this value is also not a critical stress. 
        For :2tE  

  MPacr 8.254)1028(0091.0 9 =!="  

 We now observe from the sketch that 254.8 falls in the stress range for which 2tE  
  is valid. Thus, the buckling load: 
  kNAP crt 823)0323.0(8.254 ===!  
______________________________________________________________________________________ 
SOLUTION (11.21) 
 
 
 
 
 
 
 For bar AB: 
  2268)104.5(420041.1 5 =!= "P  
                       (CONT.) 
______________________________________________________________________________________ 

L/4 

L/4 

L/2 

45o 
C 

A 

B 

P 
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______________________________________________________________________________________ 
11.21 (CONT.) 
 

or NP 1604=  
 For bar BC: 

  2

2

L
EI

crPP !== 25.6
)109.3)(10210( 992 !""= #  

       N1297=  

 And MPacr 24
)10(4.5

1297
5 == !"  

 Conclusion:     Bar BC fails as a column, .1297 NPcr =  
______________________________________________________________________________________ 
SOLUTION (11.22) 
 
 Referring to Fig. P11.22, we write 
  22 22 AdArI cy +=  

        232 )2325.00125.0)(10719.1(2)0225.0(2 +!+= "  

        46 )10(13.6 m!=  
 and 

  2
1

2
1

)()( 22
2 drr cA
I

y
y +==  

       2
1

)03575.00225.0( 22 += mm24.42=  

 We see that yr  for two channels is the same as for one channel.  

       But .0225.0 mrr cz ==  Thus, .yz rr < Columns tends to buckle with respect to z axis.  
The slenderness ratios: 

 187,94 0225.0
20.4

0225.0
10.2 !=!=

z

e

z

e
r
L

r
L  

From Sec. 11.7: 

 143;420,20
)10(203
)10210(222

6

922
==== !

c
E

c CC
yp

"
#
"  

 
     ( a ) In this case .)(0 ce CrL <<  Then, substituting the given data,  

the first of Eqs. (11.8) yields 
  MPaall 685.97=!  
 
     ( b ) Now we have: 200)( !! rLC ec  and the second of Eqs. (11.13) gives 

  MPaall 87.30=!  
______________________________________________________________________________________ 
SOLUTION (11.23) 
 
 From Fig. P11.22, we observe that zy II > . 
 Therefore the column buckles with respect to the z axis. Since, 
  7.1860225.0

2.4 ==r
L  

 We obtain 

  2

2

)( rL
E

cr
e

!" = MPa46.592

92

)7.186(
)10210( == !"  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (11.24) 
 
 From Eq. (11.6), 

  2.70][)( 2
1

6

92

10280
)10140(

lim ==
!

!"
itr

L  
 We have 
  2

12
3 ArI bh ==  

 or 23
12

)025.0)(05.0( 1025.1
3

rI !"==  

 Solving, mmr 216.7=  

 Hence, 3.166)(
)10(216.7

2.1
3 == !actualr

L  

 Thus, elastic buckling occurs, since .)()( lim actualit rLrL <  

        We have LT )(!=! "  and )( TL !== ! "# . 
 The condition that 
  0)( 2

2

)(
=!"=

rL
T #$%  

 results in  

26

2

2

2

)3.166)(10(10)( !==" #
$
#
rL

T Co7.35=  

______________________________________________________________________________________ 
SOLUTION (11.25) 
 

  MPaA
P

all 85.40
)10(06.3
)10(125
3

3

=== !"  

 Also 7.125][ 2
1

6

92

)10(250
)10200(2 == !"

cC  

 Assuming :)( cCrL ! 2

9

2

92

)(
)10(08.1028

)(92.1
)10200(

rLrLall == !"#  

 Solving, 6.158=r
L  O.K. 

        Choosing the smallest radii of gyration: 
  6.1580246.0 == L

r
L
y

 

 from which 
  mL 9.3=  
______________________________________________________________________________________ 
SOLUTION (11.26) 
 
 
      2 2(20) 1256.64A mm!= =  

      4 3 4(20) 125.66 10
4

I mm!
= = "  

      
2

2cr
EIP
L

!
=  

            
2 9 9

2

(200 10 )(125.66 10 )
(0.7)

! "# #
=  

            506.2 kN=  
                       (CONT.) 
______________________________________________________________________________________ 

P 

P 

e 
B 

A 

maxv  
 

40 mm 
 
 
 

0.7 m 

Figure (a) 
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______________________________________________________________________________________ 
11.26 (CONT.) 
 
     (a) Using Eq. (11.18): 

 3 601 10 sec 1 sec(31 ) 1
2 506.2

oe e
!"

# $% &
# $' = " = "( )* + , -* +( ). /, -

,        6e mm=  

 
     (b) Referring to Fig. (a): 
  max( ) 80(1 6)M P v e= + = + 560 N m= !  

 Hence, max
P Mc
A I

! = +
3 3

6 9

80 10 560(20)10
1256.64 10 125.66 10

!

! !

"
= +

" "
 

           63.66 89.13 152.8 MPa= + =  
______________________________________________________________________________________ 
SOLUTION (11.27) 
 
 2 1.4eL L m= = .  Refer to solution of Prob. 11.26 

  
2 2 9 9

2 2

(200 10 )(125.66 10 )
(1.4)cr

e

EIP
L

! ! "# #
= = 126.6 kN=  

 
     (a) Equation (11.18): 

 3 601 10 sec 1 [sec(62 ) 1]
2 126.6

oe e
!"

# $% &
' = " = "( )* +* +( ), -. /

,         0.88e mm=  

 
     (b) max( ) 80(1 0.88) 150.4M P v e N m= + = + = ! . Therefore, 

 max
P Mc
A I

! = +
3

9

150.4(20 10 )63.66
125.66 10

!

!

"
= +

"
63.66 23.9 87.6 MPa= + =  

______________________________________________________________________________________ 
SOLUTION (11.28) 
      2 3.6eL L m= =  

      200 100 160 60A = ! " !  

          3 210.4 10 mm= !  
 

      3 31 (200 100 160 60 )
12

I = ! " !  

         6 413.79 10 mm= !  
 

      36.4r I A mm= =  

      50e c mm= =  
      Thus, 

      2 2

50 50 1.89 49.45
(36.4) 2

eLec
r r

!
= = =  

                       (CONT.) 
______________________________________________________________________________________ 

A 

P 

100 mm 

L 

200 mm 
 D 

20 mm 
 

C 

P 

B 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 11–14 
 

______________________________________________________________________________________ 
11.28 (CONT.) 
 
 Use Eq.(11.19) with eL L= : 
 

 
3 3

max 3 9 3

250 10 250 10
1 1.89sec 49.45

10.4 10 70 10 (10.4 10 )
!

" "

# $% &' '
( )= + * +

* +' ' '( ), -. /
98.7 MPa=  

 
______________________________________________________________________________________ 
SOLUTION (11.29) 
 
      2 3.6eL L m= =  

      200 100 160 60A = ! " !  
          3 210.4 10 mm= !  
 

      3 31 (100 200 60 160 )
12

I = ! " !  

         6 446.19 10 mm= !  
 
      100e c mm= =  

      66.6r I A mm= =  
 
      Therefore, 

      2 2

100 100 2.25 27.03
(66.6) 2

eLec
r r

!
= = =  

 
 Apply Eq.(11.19) with eL L= : 

          
3 3

max 3 9 3

250 10 250 10
1 2.25sec 27.03

10.4 10 70 10 (10.4 10 )
!

" "

# $% &' '
( )= + * +

* +' ' '( ), -. /
85.7 MPa=  

 
______________________________________________________________________________________ 
SOLUTION (11.30) 
 
  433

12
1 101.65)25)(50( mmI !==  

  kNP
L
EI

cr 97.592

2

2

2

)5.1(
)1.65)(210( === !!  

  kNPmme h 10,5.122
25

2 ====  
 
 Equation (11.13) gives 

  mmv 10.3]1)[sec(0125.0 97.59
10

2max =!= "  
 Thus 
  mNvePM !=+=+= 156)10.35.12(10)( maxmax  
 
______________________________________________________________________________________ 

A 
P 

100 mm 

200 mm 
 

D 

20 mm 
 

C 
P 

B 
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______________________________________________________________________________________ 
SOLUTION (11.31) 
 
  mNp 5.192)05.005.0)(10(77 3 =!=  

  47
12
)05.0( )10(2.5
4

mI !==  
 

     ( a ) MPaI
Mc 705.93

)10(2.5
025.0

8
)9(5.192

max 7

2

=== !"  

 EI
pLv 384
5

max

4

=  

          m1506.0
)102.5)(10210(384

)9)(5.192(5
79

4

== !""
mm6.150=  

 
     ( b ) Taking 

  mma EI
pL 6.150384
5

0

4

==  
 We obtain, using Eq. (11.15): 
  mmv 5.227

)102.5)(10210(
)9(4500

1

1506.0
max

79

2 ==
!""

!
 

 Applying Eq. (11.16): 
  ]22751[

025.0)10(2.5
025.0

025.0
4500

max 7!+="  

            MPa019.51=  
______________________________________________________________________________________ 
SOLUTION (11.32) 
 
 Given e=0.05 m, c=0.1016 m 
 and  A

I
z

zr =2  

        mm)10(765.7 3
5880
66.45 !==  

 Then, kNP
L
EI

cr
y 15752

32

2

2

)5.4(
4.15)10210( === !""

 

 Also, 

  kNPcr 46692

32

)5.4(
66.45)10210( == !"  

        Thus, Eq. (11.19) becomes 

  )]sec(1[)10(210 336 1046692)10(765.7
)1016.0(05.0

)10(588
6

!"" += PP #  

 from which, by trial and error, 
  max700 PkNP =!  
______________________________________________________________________________________ 
SOLUTION (11.33) 
 
 Governing equation is  
  )('' 101 vvEIv +!=  
 where, 
  L

x
L
x aav !! 2

110 sin5sin +=  
 This may be written 
  L

x
L
x aavv !! """ 2

1
2

1
2

1
2

1 sin5sin'' ##=+     (a) 
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
11.33 (CONT.) 
 
 We have 
  pvxcxcv ++= !! sincos 211       (b) 
 Particular solution is 
  L

x
L
x

L
x

L
x

p EDBAv !!!! 22 cossincossin +++=    (c) 
 Substituting Eq. (c) into Eq. (a): 

  0
)( 2

2

2
1

2

==
!

BA
L

a

"
#

"  

  0
)4(

5

2
2

2
1

2

==
!

ED
L

a

"
#

"  

 Thus, L
x

L
a

L
x

L
a

pv !
"!

"!
"!

" 2
)(4

5
)(

sinsin 22
1

2

22
1

2

##
+=  

 Boundary conditions 
  0)(0)0( 11 == Lvv  

 yield .021 == cc  
        General solution is  
  pp vvvvv +=+= 01  

 Letting 
EI
PL

L
b 2

2

22

2

!"
! ==  

 we obtain 
  L

x
b
a

L
x

b
av !! 2

4
20

1 sinsin 11
"" +=  

 Solution of the b is found from 

  L

L

b
a

L

L

b
aLv

)
4
3(2

1

)
4
3(

14
3 sin20sin0)( 11

!!

"" +==  

 or 89.0=b  

 Thus, 2

2

2

2 ,
L
EIb

EI
PL Pb !
!

==  

 and 2

289.0
L
EIP !=  

______________________________________________________________________________________ 
SOLUTION (11.34) 
 
 
 
 
 
 
 
 
 
 
 An element isolated from the beam is shown in a deformed state in the figure above. 
 Assume ,1cos,sin !! """ and .dxds !  Then 

  0)(:0 =+++!=" dVVpbxVFy  

 or dx
dVp !=         (a) 

                       (CONT.) 
______________________________________________________________________________________ 

dx
dv  

!!!+dx
dv  y 

x 

dv 
P 

M 

V 
p(x) 

ds 

M+dM 

V+dV 
P 

v 

A 
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______________________________________________________________________________________ 
11.34 (CONT.) 
 
 0)(:0 2 =+!+!!=" dMMpdxVdxPdvMM dx

A  
 Neglecting terms of second order, this becomes 
  dx

dv
dx
dM pV !!=        (b) 

        If the shear and axial deformations are neglected, the moment at any point is 
  2

2

dx
vdEIM =         (c) 

 Substituting of Eqs. (c) and (b) into Eq. (a) gives 
  pPEI

dx
vd

dx
vd

dx
d =+ 2

2

2

2

2

2 )(       (d) 

        For =EI constant, 
  EI

p
dx
vd

EI
P

dx
vd =+ 2

2

2

2
       (e) 

 Homogeneous solution of this equation is 

  4321 cossin ccxcxcv EI
P

EI
P +++=  

 where, 1c  through 4c  will require for evaluation, four boundary conditions. 
______________________________________________________________________________________ 
SOLUTION (11.35) 
 
 Given )](1[ 2

24
0 L

xav !=  

 and hence, 

  2
0

2
0 88 '''

L
a

L
xa vv !=!=  

        Potential energy function is 

  !! "=#
2

0

2
2
1

2

0

2
2
1 )'(2)''(2

LL
dxvPdxvEI L

Pa
L
EIa 2

0
3

2
0

12
3232 !=  

 Thus, 00
3
0

0 12
6464 ==!

L
Pa

L
EIa

a"
"  

 or 2
12
L
EI

crP =  
______________________________________________________________________________________ 
SOLUTION (11.36) 
 
 Assume ).sin(0 L

xvv !=  Then, 

  ! +=
2

0

2
21 )'')(1(2

L

L
x dxvEIU  

       ]sinsin[''2
2

0

22
2

0

2
01 4

4

!! +=
L

L
x

L

L

L
x

L
dxxdxvEI """  

       )]([2 4
1

16
2

4
2
01

2

24

4
++= !

!
! LL
L

vEI      (a) 
 We also have 

  L
vL

L
x

L

L
dxvdxv 20

22
00

2 22
0

2

2 cos)'( !!! == ""  

 Thus, 

  !! =
LL

dxvPdxvEI
0

2

0

2 )'()''(  

 yields 

  2

2

22
1

2

7.1)( 2
2
3

L
EI

L
EI

crP !
!

! =+=  
______________________________________________________________________________________ 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 11–18 
 

______________________________________________________________________________________ 
SOLUTION (11.37) 
 
 We have 2

1
2 2''2' 1 L

v
L
x vvv ==  

 Potential energy function is 

  !! ""=#
L

L
vP

L

L
v

L
xEI dxxdx

0

24
20

4
22 4

2
1

4

2
11 )1( L

Pv
L
vEI 2

1
3

2
11

3
2

2
3 !=  

 Hence, 03
43 1

3
11

1
=!="

L
Pv

L
vEI

v#
#  

 gives 

2
1

4
9
L
EI

crP =  
______________________________________________________________________________________ 
SOLUTION (11.38) 
 

 Assume .)sin(
1
!
"

= L
xn

nav #  Then, 

  != 24
4 3

4

nL
EI anU "  

 and !! +=
LL
pvdxdxvPW
00

2'
2
1 )(  

        !! += nn
PL

L
P aan 1222

4
2

"
"  

        Hence, from ,WU !! =  by letting 

  
EI
PL

P
P
cr

b 2

2

!
==  

 we obtain 

  !
"

###
$

=
,3,1

)(
14
235

4

bnnEI
PL

na %
 

 Thus,  

L
xn

bnnEI
PLv !

!
sin

,3,1
)(

14
235

4 "
#

$$$
%

=  

______________________________________________________________________________________ 
SOLUTION (11.39) 
 
 
 
 
 
 
 
 Let  41

Lc =  and .22
Lc =  Deflection curve is expressed by  

  !
"

=
1

sin L
xn

nav #        (a) 

 and !=
L

EI dxvU
0

2
2 )''(  

       ! "! ++=
L

P
L
cn

nL
cn

n dxvaFaF
0

2'
2 )(sin2sin 21 ##  

                       (CONT.) 
______________________________________________________________________________________ 

P 

y L 

x 
F 2F 

L/2 L/4 

P 
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______________________________________________________________________________________ 
11.39 (CONT.) 
 
        Therefore,  

0)( =!
"!

na
WU  

 gives 
  2

2
4

2

221
3

4 sin2sin naaFaFaan nL
P

L
cn

nL
cn

nnnL
EI !!!! """ ++=  

 or 
  

)(
2

)2sin(2)4sin(

2
3

22

crP
Pn

L
EIn

nFnF
na

!

+=
"

""  

 Solution is found by substituting this into Eq. (a). 
______________________________________________________________________________________ 
SOLUTION (11.40) 
 
 
 
 
 
 Boundary conditions are: 0)()0( == Lvv  
 We have 
  4332 bxaxbLxaLxv !!+=  
 Thus, 
  322 4332' bxaxbLxaLxv !!+=  
  212662'' bxaxBLxaLv !!+=  
 Hence, 

  !! "=#
L

P
L

EI dxvdxv
0

2
20

2
2 )'()''(  

       ][]84[ 72
35
36

5
152

15
2

2
52

5
24432

2 LbabLLaLbabLLa PEI ++!++=  
 
        It is required that 
  0)()88( 5

5
15
4

2
43

2
6
=+!+="

#" bLPEI
a aLabLaL  

  0)()8( 35
6

5
1

2
5

5
484

2
7
=+!+="

#" bLPEI
b aLbLaL  

 
 Letting ,2EIPL=!  these become 

  0)4()4( 1035
2 =!+! bLa ""  

  0)()4( 35
3

5
24

10 =!+! bLa ""  

 Since 0!a  and :0!b  
  0))(4()4( 35

3
5
24

15
22

10 =!!+!! """  
 or 
  022401282 =+! ""  
 Solving, 
  1.1079.20 21 == !!  
 Hence, 
  2

212.29.20
L
EI

L
EI

crP !==  

______________________________________________________________________________________ 

L 

P 

y 

x 
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______________________________________________________________________________________ 
SOLUTION (11.41) 
 
 
 
 
 
 
 
 
 From Eq. (11.29): 
  0)2( 1

2
11 =+!+ !+ mmm vvhv "      (a) 

 Here 
  

21

2
2

2
1 EI

P
EI
P == !!  

 Applying Eq. (a) at 1 and 2: 

  
!
"
#

$
%
&

=
!
"
#

$
%
&
'
(

)
*
+

,

-

-

0
0

21
12

2

1
2

2

2
1

v
v

h
h

.

.
 

 
 Thus, 
  01)2)(2( 2

2
2

1 =!!! hh ""  
 or 
  0322 2

2
2

1
4

21 =+!! hhh """"  
 
        This is written as 
  03][][

2

2

1

2

21
2

4

9
2

9
2

81
2 =++! EI

L
EI
L

IIE
L PP  

 Solution is 

  2
1

22 ][)()( 2
221

2
1

9
21

9
2,1 IIIIIIP

L
E

L
E

cr +!±+=  
 
 When :21 II =  

  2
9
L
EI

crP =  

 
______________________________________________________________________________________ 
SOLUTION (11.42) 
 
 
 
 
 
 
 
 Boundary conditions yield 
  ;0)0(' =v   00 =v  

  ;0)0( =v   11 != vv  

  ;0)('' =Lv   022 123 =+! vvv     (1) 

  ;0)(''' =Lv   022 134 =+! vvv     (2) 
                       (CONT.) 
______________________________________________________________________________________ 

1 0 

L/2 

P P x 

L/2 

2 

EI1 EI2 
3 

y L/3 L/3 L/3 

L/2 

P 

y 

x 

L/2 

0 1 2 
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______________________________________________________________________________________ 
11.42 (CONT.) 
 
        Then, applying Eq. (l) of Example 11.8 at points 1, 2, 0, respectively: 
  0)4()27( 32

22
1

22 =+!+! vvhvh ""     (3) 

  0)4()26()4( 43
22

2
22

1
22 =+!+!+! vvhvhvh """    (4) 

  0)4( 21
22 =+! vvh"        (5) 

 From Eq. (5): 
  )4( 22

12 !!= hvv "  
        Equation (1) becomes 
  1

22
11

22
1113 )4(2)4(22 vhvvhvvvv !!!!!=!= ""  

 Substituting this into Eq. (3), 
  0)4(2)4)(4()27( 1

22
11

2222
1

22 =!!!!!!! vhvvhhvh """"  
 from which 
  024 2244 =+! hh ""  
 or 
  EI

Phh 259.022 ==!  
 Thus, 
  2

36.2
L
EI

crP =  

______________________________________________________________________________________ 
SOLUTION (11.43) 
 
 
 
 
 
 From symmetry: .31 vv =  
 We have 
  1

2 )1()( EIxI L
x+=   20 Lx !!  

  1
2 )3()( EIxI L
x!=   LxL !!2  

 Equation (11.29), gives at 0, 1, 2, 3: 
  1111 ;0 !! !==+ vvvv  

  0]2[ 1)23(2 1

2
=!+ vv EI

Ph  

  0]2[ 121 1

2
=+!+ vvv EI

Ph  

  0]2[ 21)23( 1

2
=+! vvEI

Ph  

        The foregoing equations lead to 

  
!
"
#

$
%
&

=
!
"
#

$
%
&
'
(

)
*
+

,

-

-

0
0

22
12

2

1
22

2
1

22
3
2

v
v

h
h

.

.
 

 from which, since 01 !v  and :02 !v  

  0)1)(6( 2222 =!! hh ""  
 Thus, 
  2

116
L
EI

crP =  
______________________________________________________________________________________ 

P 

y 

L 
x 1 2 P 3 

4 0 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 11–22 
 

______________________________________________________________________________________ 
SOLUTION (11.44) 
 
 
 
 
 
 
 
 We have  
  .21 4

2
24

4
1 ==== L

L
L
L !!  

 Applying Eq. (11.30) at 1 and 2: 
  0]2[ 2116 1

2
=+! vvEI

PL        (a) 

  0]1[ 21613
2

1

2
=! vv EI

PL        (b) 
 Let 
  

2

2

1

2

162161 1 EI
PL

EI
PL kk =!=  

 
        Equations (a) and (b) yield then 

  0
1

12

23
2

1 =
!

!

k
k

 

 
 from which 
  0)1)(2( 3

2
21 =!!! kk  

 or 
  0][][ 3

4
1616

2
256

2
1

2

2

2

21
2

4
=++! EI

L
EI
L

IIE
L PP  

 Solution of this quadratic equation gives the critical load as follows: 

  2
1

22
21 ]24.14[ 21

2
2

2
1

8)2(8 IIIIP
L
E

L
IIE

cr !+!= +  
 
        In a special case, for ,21 III ==  the preceding reduces to 

  222 7.83.1524
L
EI

L
EI

L
EI

crP =!=  

 
 
         End of Chapter 11 
 

1 0 

y 

L/4 

P P x 

3L/4 

2 

EI1 EI2 
3 
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CHAPTER 12  
 
SOLUTION (12.1) 
 
 Components of stress are 
  I

Mr
A
P

x +=!  

         MPa84.45
4)05.0(
)05.0(3375

)05.0(
90

42 =+=
!!

 

  MPaJ
Tr

xy 92.22
2)05.0(
)05.0(4500

4 ===
!

"  

 and 
0==== yzxzzy !!""  

 Thus, from Sec. 2.13 (in MPa): 

  

!
!
!

"

#

$
$
$

%

&

'

'=
!
!
!

"

#

$
$
$

%

&

'

'

28.1500
028.1592.22
092.2256.30

00
0
0

3

3

3
2

x

x

x

xy

xy

(

(

(

)

)

 

______________________________________________________________________________________ 
SOLUTION (12.2) 
 
 
 
 
 
 
 
 
 
 At instability, member AD (or DC) and BD become in length: 
  

11

1
11'' n
L

ADn
n

ADDCAD
ADLLLL !! =+==  

  
22

2
11' n
L

BDn
n

BDBD
BDLLL !! =+=  

 
 Therefore, 

  
1 2

2 2 2
1 1( ) ( )AD BDL L
n na! != +        (a) 

 Initially: 
  2 2 2

AD BDL a L= +        (b) 
 
        Eliminating a  from Eqs. (a) and (b), we obtain 

  )2(
)2(

1
1

22

11

1

2 )(cos nn
nn

n
n

L
L
AD

BD
!
!

!
!=="  

 For 
  2.01 =n  and    3.02 =n  
 We have 

  7351.0][cos 2
1

)7.1(3.0
)8.1(2.0

8.0
7.0 ==!  

 or 
  o68.42=!  
______________________________________________________________________________________ 

P 
D 

! 
A C B a a 
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______________________________________________________________________________________ 
SOLUTION (12.3) 
 
       We write 
       2

2
1 )()( xLpxM !=  

 
 
 
 Equation (12.7) is then 

  nn

n

n

n
xLv KI

P
KI
M

211

)()()('' 2 !==  

  1
)22)(12(

)(
12

' cv
nn

xL n
+!=

++

!
+

"  

  21
)22)(12(

)(
22

cxcv
nn

xL n
++=

++

!
+

"       (a) 

 Boundary conditions yield 

  
12

1

12

;0)0('
+

+

==
n

Lncv !       
)22)(12(

2

22

;0)0(
++

+

!==
nn

Lncv "  

        Substituting these and Eq. (g) of Sec. 12.5 into Eq. (a), we obtain 

  ][)(
12)22)(12()22)(12(

)(
2

122222
1

xv
n

L

nn

L

nn

xL
nK

p nnn
n

+++++

!
!

+++

+!=  

 For ,,1 EKn ==  and :Lx =  

  EI
pL

EI
pL

EI
pLv 8246

444

=!=  
______________________________________________________________________________________ 
SOLUTION (12.4) 
 
       We write 
       )( xLPM !=  
 
 Hence, 

  nnn

n
xLxLv KI

P
111

)()()('' !=!= "  

  1
11
)(

11

' cv
n

xL n
+!=

+

!
+

"  

  21
)21)(11(

)(
21

cxcv
nn

xL n
++=

++

!
+

"       

 (a) 
        Boundary conditions yield 

  
11

1

11

;0)0('
+

+

==
n

Lncv !       
)21)(11(

2

21

;0)0(
++

+

!==
nn

Lncv "  

 Substituting these onto Eq. (a), we find an expression for the deflection. 
 
        For a special case of 1=n  and ,EK =  the deflection at free end: 

  EI
PL

EI
PL

EI
PLLv 362

333)( =!=  
______________________________________________________________________________________ 

p 

2
2
1 PL  

y 
L 

x 
PL 

y 

x 
P 

L 
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______________________________________________________________________________________ 
SOLUTION (12.5) 
 

 We have 4
1

!" K=  and 3
3
2 bhI = .  Here 

  hh
y aay max,max

!!! ===  
 Moment is thus, 

  !! "
==

h

h
bdyayyKydAM 4

1

)(# 4
9

9
8 Ka=  

 But 4
1

4
1

4
1

maxmax hKaK == !"  

 Hence, max
2

9
8 )( !bhM =  

 or 
  I

Mh
bh
M

4
3

8
9

max 2 ==!  
______________________________________________________________________________________ 
SOLUTION (12.6) 
 
  PxM !=   ax !!0  

 Hence, nn

n
xv KI

Px
11

)(''1 !"="= ,  1
11

1

11

' cv
n

xn +!=
+

+
"  

  21
)21)(11(

1

21

cxcv
nn

xn ++!=
++

+
"       (a) 

 Similarly, ,PaM !=  at :)( aLxa !""  

  nn

n
av KI

Pa
11

)(''2 !"="= , 32

1

' cxav n +!= "  

  4322
21

cxcav xn ++!= "       (b) 
 Boundary conditions yield, 
  ;0)0(1 =v   02 =c  

  ;0)( 22 =Lv   23

1
Lnac !=  

  );(')(' 21 avav =  
)11(21

111

+

+

!=
n

n

aL nnac ""  

  );()( 21 avav =   
)11()21)(11(24

212121

+++

+++

!!=
n

n
a

nn

aa nnn
c """  

 Substitution of these of these constants into Eqs. (a) and (b) gives the required solution. 
        For a special case of 1=n  and ,EK = the midspan deflection is 

  EI
Pa

EI
PaLL vv 68max2

32)( !==  

 or )43( 22
24max aLv EI
Pa !=  

 We compute 
  mmy 19.23=    (measured from top surface) and 47 )10(4.4 mI != . 
 Therefore 
  ])45.0(4)2.1(3[ 22

10200)104.4(24
)8000(45.0

max 97 !=
"" !v  

           mmm 600598.0 ==  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (12.7) 
 

 2 6 2(0.06) 2827.44 10
4ABA m! "= = #  

 2 6 2(0.05) 1965.5 10
4BCA m! "= = #  

 
     (a) Since :BC ABA A<  

 6 6
max 240 10 (1963.5 10 )yp BCP A! "= = # #  

        471.2 kN=  
 
     (b) Loading 
 Segment AB deforms elastically: 

  
3

6 9

471.2 10 (1.5) 1.19
2827.44 10 (210 10 )AB

PL mm
AE

!
"

#
= = =

# #
 

 Segment BC deforms plastically: 
  max( ) 10 1.19 8.81BC AC AB mm! ! != " = " =  
 
 After unloading 
 Segment BC remains elastic. Thus 
  ( ) 0AB p! =  
 Segment BC remains plastic. We have: 

  
6

9

240 10 (1) 1.15
210 10

yp
yp ypL L mm

E
!

" #
$

= = = =
$

 

 
 
 
 
 
 
 
 
 
 
 
 
 Referring to the above figure: 
  max( ) ( )BC p BC yp! ! != " 8.81 1.15 7.66 mm= ! =  
______________________________________________________________________________________ 
SOLUTION (12.8) 
 

 2 6 2(0.03) 706.85 10
4ABA m! "= = #  

 2 6 2(0.02) 314.16 10
4BCA m! "= = #  

                       (CONT.) 
______________________________________________________________________________________ 

!BC 

P 

!yp 

Pmax 

(!BC)max 

(!BC)p 
!yp 
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______________________________________________________________________________________ 
12.8 (CONT.) 
 
     (a) Since :BC ABA A<  

 6 6
max 280 10 (314.16 10 )yp BCP A! "= = # #  

        87.96 kN=  
 
     (b) Loading 
 Segment AB deforms elastically: 

  
3

6 9

87.96 10 (1.5) 0.89
706.85 10 (210 10 )AB

PL mm
AE

!
"

#
= = =

# #
 

 
 Segment BC deforms plastically: 
  max( ) 10 0.89 9.11BC AC AB mm! ! != " = " =  
 
 After loading 
 Segment AB remains elastic. Thus 
  ( ) 0AB p! =  
 
 Segment BC remains plastic. We have: 

  
6

9

280 10 (1) 1.33
210 10

yp
yp L mm

E
!

"
#

= = =
#

 

 
 Referring to the solution of prob. 12.1: 
  max( ) ( )BC p BC y! ! != "  

   9.11 1.33 7.78 mm= ! =  
 
______________________________________________________________________________________ 
SOLUTION (12.9) 
 
       Using Eqs. (P12.9): 

       
2

3

cos 40
1 2cos 40

o

AD CD o

P
N N= =

+
 

            0.309 uP=  
 

 
 
 

3 0.527
1 2cos 40BD o

P
N P= =

+
 

 
 Since BD ADN N> , we have 

  6 60.527 250 10 (400 10 )u ypP A! "= = # #  
 or 
  189.8uP kN=  
______________________________________________________________________________________ 

A B C 

P 

L 

D 

L 40o 40o 
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______________________________________________________________________________________ 
SOLUTION (12.10) 
 
 See Eqs.(i) & (j) of Example 12.3: 
 ' ' ' '4.32 2 400s a a sP P P P= + =      (1, 2) 
 Solving, 
  ' '63.3 189.9a sP kN P kN= =  
 Then 

  
3 3

6 6

189.9 10 63.3 10253 126.6
750(10 ) 500(10 )s aMPa MPa! !

" "

# #
= = = =  

 Since 253 MPa > 240 MPa and 126.6 MPa < 320 MPa, steel bar yields while aluminum 
 bars remain elastic. Thus 
  ( ) 0 ( ) 253 240 13a res s res ksi! != = " =  
______________________________________________________________________________________ 
SOLUTION (12.11) 
 
 Rod begins to yield at: 
  ( ) ( ) (250)(45) 11.25r yp r yp rP A kN!= = =  

  
6

9

( ) 250 10( ) ( ) (1.2) 1.5
200 10

r yp
r r yp

r

L L mm
E
!

" #
$

= = = =
$

 

 
 The result is shown in Fig. (a). Here rY  corresponds to the onset 
 of yield in the rod. 
 
 Tube begins to yield at: 
  ( ) ( ) (310)(60) 18.6t yp t yp tP A kN!= = =  

  
6

9

( ) 310 10( ) (1.2) 3.72
100 10

t yp
t yp

t

L mm
E
!

"
#

= = =
#

 

 
 The result is shown in Fig. (b), where tY  represents the onset of yield  

in the tube. 
  Total P-" of the rod-tube combination: 

   r t r tP P P ! ! != + = =  
 
 The result is in Fig. (c).  

 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 

Yt 

0 !r (mm) 

 

 
 

11.25 

  Pr 
(kN) 

1.5 

(a) 

  Pt 
(kN) 

Yt 

0 !t (mm) 

 

 
 

3.72 

18.6 

1.5 

(b) 

Yt 

0 ! (mm) 

 

 
 

29.85 
Yr 

18.6 

  P 
(kN) 

1.5 3.72 

(c) 
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______________________________________________________________________________________ 
SOLUTION (12.12) 
 
 We have 434 10728.1)12)(121(,426 mmImme !==="=  and .6 mmc =  
 
     ( a ) Applying Eq. (12.9): 

  6
728.1350!== c

I
yp

ypM "
 

 or 
  mNM yp != 8.100  
 
     ( b ) Equation (12.10) results in 
  )12)(350)(012.0()( 3

42
3

2 22
!=!= e

ypu aaM "  

          mN != 4.582  
 
______________________________________________________________________________________ 
SOLUTION (12.13) 
 
 
 
 
 
 
 
 Referring to this figure, 
  yp

ca
yp ach !! )()( 2 "=  

 or 

3
2hc =  

 Hence, 
  633

2
3
2

3
2

2
1 h

yp
hh

yp
ha aM !! +=  

         ypah !254
11 )(=  

 
______________________________________________________________________________________ 
SOLUTION (12.14) 
 
 
 
 
 
 
 Deflection at C (Case 7 of Tables D.4), in elastic range: 

  EI
pLv 384max

4

=  
 
 Start of yielding: 

  2

12

L
M

yp
yppp ==  

 Thus, 

Eh
L

bhE
Lbh

EI
LM ypypypv 32)32(32

)32(
32max

2

3

22 !! ===  

______________________________________________________________________________________ 

yp!  

yp!  

a 

h 
c 

h-c 

p 

+ 

L 
C C 

L/2 L/2 

2

2pL  
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______________________________________________________________________________________ 
SOLUTION (12.15) 
 
 Equation (12.9): 
 

     (a) 22
3yp ypM bh !=  

         
2

62 0.06(0.04) (240 10 ) 15.36
3

kN m!
= ! = "  

 
     (b) Equation (12.10b): 

  3 23 1 20(15.36 10 )[1 ( ) ]
2 3 40

M = ! " 21.12 kN m= !  

 
______________________________________________________________________________________ 
SOLUTION (12.16) 
 
     (a) Equations (12.9) and (12.10b): 
 

  23 11.3 [1 ( ) ]
2 3yp

M e
M h

= = !  

 or 

  
2

2

10.867 1 ( ), 0.632
3
e e h
h

= ! =  

 
     (b) The residual stress pattern will be as in Fig. 12.16c. 
______________________________________________________________________________________ 
SOLUTION (12.17) 
 

22(10)(40) (10)(30) 1100A mm= + =  
 
 Neutral axis divides section into two equal areas: 

  2
1(30)(10) 2(10)( ) 550

2
Ah mm+ = =  

 Solving 
  1 212.5 27.5h mm h mm= =  
 Therefore, 

  1 2( )
2

A y yZ +
=  

 where 

  21
1 1 1

1 [2( )(10)( ) 10(30)( 5) ] 6.93
2 2

i i

i

A y hy h h mm
A A

= = + ! ="
"

 

 

  2
2 2

1 [2(10)( )( )] 13.75
2 2

hy h mm
A

= =  

                       (CONT.) 
______________________________________________________________________________________ 

y 

z 

10 10 

10 

30 

h1 

 h2 

30 
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______________________________________________________________________________________ 
12.17 (CONT.) 
 
 So 

  31100 (6.93 13.75) 11,374
2

Z mm= + =  

  6 9(260 10 )(11,374 10 )u ypM Z! "= = # #  

     2.96 kN m= !  
 
______________________________________________________________________________________ 
SOLUTION (12.18) 
 

       
2 3

2 4
c cA S! !

= =  

       
2 42 2
2 3
c cZ Ay !

!
= =  

           
34
3
c

=  

 
 Thus, 

  
16 1.7
3

Zf
S !

= = "  

 
______________________________________________________________________________________ 
SOLUTION (12.19) 
 
 
 
 
 
 
 
 
 
 
 

 1 1 2 22 2Z A y A y= ! 2[ ]
2 4 2(4) 8
bh h bh h

= !
27

32
bh

=  

 3 32 1 [ ( ) ]
2 12 2 2
I b hS bh
h h

= = !  

    
2 1(1 )
6 16
bh

= ! 215
96
bh=  

 
 Thus, 

  
2

2

7 96 1.4
32 15

Z bhf
S bh

= = =  

______________________________________________________________________________________ 

y 

z 

4
3
cy
!

=  
C 

c 

_ 

b/2 

h/2 

y 

z 

b 

h =  A2 
A1 
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______________________________________________________________________________________ 
SOLUTION (12.20) 
 

       31 (70)(120)
12

I =  

          6 410 10 mm= !  

       yp yp
IM
c
!=  

               
6

610 10 (250 10 )
0.06

!"
= "  

               41.7 kN m= !  
 

3 (41.7) 62.6
2u ypM fM kN m= = = !  

 
Elastic rebound stress 

  
3

max 6

62.6 10 (0.06)
'

10 10
Mc
I

!
"

#
= =

#
 

          376 kPa=  
 
 
 The results are sketched (in MPa) below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (12.21) 
 
 Initial Yielding: 
  3

1
2
1 4

r
M

r
N

yp !!
" +=        (a) 

 where 
  4, 32 rMrN ypypypyp !""! ==  

 
                       (CONT.) 
______________________________________________________________________________________ 

120 mm 

y 

z 

70 mm 

Mu 
 

Loading 

= 
Mu 

 + 
Mu =0 
 

Residual 
 stresses 

y 

x 

-250 376 

60 mm 

-116 

116 

250 -376 

-250 

Unloading 

 250 
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______________________________________________________________________________________ 
12.21 (CONT.) 
 
 We express Eq. (a) in the from 
  111 =+

ypyp M
M

N
N         (1) 

 
 Fully Plastic Deformation: 
 
 
 
 
 
 
 
 
 
 From a Mathematics Handbook table: 

  )](sin)([ 1222
22

2
12

r
er rereA !+!!= "  

  )(sin)( 1222
1

2
1

r
erereA !+!=  

 Thus, 

  )](sin)([2 1222
2

2
1

r
e

yp rereN !+!= "      (2) 
 
 We also write 

  dyyrdA 2
1

)(2 22 !=  

  2
3

2
1

)()(2 22
3
222 erdyyryQ

r

e
!=!= "  

 
 Here Q  is the first moment of the area 2A . Hence, 

  ypyp erQM !! 2
3

)(2 22
3
4

2 "==      (3) 

  ypypu MrM !" 3
163

3
4 ==  

 
        Solving Eq.(3), 

  2
1

3
2

2 ])([ 4
32

yp

Mre !"=  

 
 Substituting this into Eq. (2): 

  2
1

3
2

2
2

22
1

3
2

2 ])(1[sin2)(])([2
4
3123

4
3

4
32

2 ypypyp

M
ryp

MM
yp rrN !!! !! "+"= "  

 
 The foregoing results in 

  2
1

3
2

23
2

2
1

3
2

23
2

3
1

23
1

2 ])()(1[sin])()(1[)()( 16
31

16
3

16
3

2 ypypypyp M
M

M
M

M
M

N
N !!!! "+"= "  (4) 

 
  The governing equations for yielding to impend and for fully plastic deformation 
 are given by Eqs. (1) and (4). A sketch of these, interaction curves, are shown below.  
 
                       (CONT.) 
______________________________________________________________________________________ 

A2 
A1 

dA 
dy 

y e 

r r 
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______________________________________________________________________________________ 
12.21 (CONT.) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (12.22) 
 
 Let P=N. Then referring to Fig. P12.22, we have 
  NNNdM 125.0)025.005.005.0( =++==  

 Thus, 125.01=MN  

 Also, 4
025.0)4(

3

3

==
yp

yp

yp

yp

r
r

N
M

!"

!"
 

 and 
  )(20 ypyp NNMM =  

  Now referring to Fig. P12.21, we find that )084.0,68.1(B . 
 Therefore, 
  )(084.0084.0 3

2 ypyp rNN !"==  

         )10280()025.0(084.0 62 != "  
         kN18.46=  
______________________________________________________________________________________ 
SOLUTION (12.23) 
 
 The plastic hinges for at 1 and 2, Fig. (a). 
 
 
 
 
 
 
 
 Apply the principle of virtual work: 
  )](2[)( xL

x
uu MxP !+= "#"#"#  

 from which 
  uxLx

L
u MP )(

2
!=  

 The condition 0=dxdPu  gives .2Lx =  Minimum magnitude of the ultimate load is thus 

  L
M

u
uP 8=  

______________________________________________________________________________________ 

1 

L-x 

3 Figure (a) 
x 

Pu !  !xL
x
"  

0.2 

0.4 

0.6 

0.8 

1.0 

0 
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

ypN
N  

ypM
M  

20
1=N

M
N
N yp

yp
 

B 

Initial  
yielding Fully plastic 

N 
M 

Figure P12.21 

r 

2 
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______________________________________________________________________________________ 
SOLUTION (12.24) 
 
 
 
 
 
 
 
 
 
 
 Initial Yielding: 
  I

cM
A
N

yp
11 +=!

))(32()(2 3
11

3
1

11

1

hbbh
hM

hbbh
N

!! +=      (a) 

 Here, 
  ypyp hbbhN !)(2 11"=  

  yphyp hbbhM !)( 3
11

3
3
2 "=  

 Equation (a) may now be written 
  111 =+

ypyp M
M

N
N         (1) 

 
 Fully Plastic Deformation: 
 For 10 he !!  (Fig. b): 

  ypyp ebbAN !! )(22 112 "==    
 from which 
  

ypbb
Ne !)(2 1

2
"=  

 We have (Fig. d): 
  ))(()( 1112 bbehhhbA !!+!=  

        111 hbebebbh !+!=  

  
111

1
222

11
2

2

1
1

2 2
1

)1
2

)((

hbebebbh
bebehbbh

A

hhhhb

A
Ayy !+!

+!!+
!

!
=="=  

 Thus,  
yAM yp 22 2!= ypbebehbbh !)( 1

2222
11

2 +""=    (b) 

 For  .)(:0 2
11

2
2 ypu hbbhMMe !"===  

 
        Substituting the given data, the preceding expressions become 
  ypypypyp hMhN !! 32 922.0,68.1 ==  

  ypu hM !3113.1=  

 and ypypM
M hNM
yp

u 55.0,21.1 ==  

 Hence, Eq. (b) leads to 
  2

16.3
1

21.1 )(1 22

ypyp N
N

M
M !=        (2a) 

 This is valid for 
  100 h!!  or 67.10 2 !!

ypN
N  

                       (CONT.) 
______________________________________________________________________________________ 

A1 

A2 

e 

2
1b  2

1b  

h h1 e e 

b 

Figure (a) Figure (b) Figure(c) 

10 he !!  heh !!1  

yp!  yp!  

Figure (d) 
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______________________________________________________________________________________ 
12.24 (CONT.) 
 
 For 21 heh !!  (Figs. c and e): 

  yphehhN !]2)7.0(2.07.0[22 "++= ypehh !)452.2( 2 +"=   

 or he
yph

N 63.04
2 += !  

  yp
eheehhM !)(2)(2 22
"+"=  

          ypyp heh !! 23 22 "=  
 Hence, 

  397.011 2
2

24

2
2

2

2

3
2 315.0

162
!!!=!=

ypypyp h
N

h
N

h
e

h
M

"""
 

 or )(529.0)(176.0603.0 222 2
17.2
1

ypypyp N
N

N
N

M
M !!=     (2b) 

 which is valid for 
  heh !!1  or 167.1 2 !!

ypN
N  

        Equations (1) and (2) are the governing expressions of the plastic bending. 
 A sketch of these, interaction curves, are shown in the figure given below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
______________________________________________________________________________________ 
SOLUTION (12.25) 
 
 
 
 
 
 We have 
  23

2
13

4 !! LLv ==  

 and 23
2

13
4 !"!"! LLv ==  

 from which 212 !"!" = . 
        Applying the principle of virtual work: 
  2211 )( !"!"!"!"! uuuu MMMvP +++=  

 or 113
4 6 !"!" MLPu =  

 Solving,  L
M

u
uP 2

9=  
______________________________________________________________________________________ 

A1 

A2 

e 

1 2 3 
4 

#1 #2 

P 

L 
L/3 

2L/3 

v  
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0.4 
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______________________________________________________________________________________ 
SOLUTION (12.26) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 We have two different modes to be checked for collapse loading. 
 
 Mode A, Fig. P12.26b: 
  e

L
e
eL 22

21
)(

1 ; !! !!! =+= "  
 Applying the principle of virtual work: 

  221210 1 )]([)( !"!"!"""!"! uuu

L

e L
x

e

L
x MMMpdxexepdxx ++=##+ $$  

 or )1()]([ 2210 1 +=!!+ "" e
L

u

L

e L
x

e

L
x Mpdxexepdxx #$$$#$#   (a) 

 
        Integrating the left hand side of this equation, carrying out the algebra and simplifying: 
  )1(][ 262

22
+=!

e
L

u
eL Mp "#"#  

 Solving, 

  )(
6

eLe
Mup !=         (b) 

 Then, 0=dedp  gives, 

  2)(
6

)(
6 ;0 2

L
eLe

M
eLe

M euu =+!= !!
 

 Introducing this value of e  into Eq. (b), the collapse load is 

  2
24
L
M

u
uP =  

 
 Mode B, Fig. P12.26c: 
 From symmetry .43 !!! ==  Principle of virtual work gives: 

  !"""! u

L

L
LL Mpdxx 3)]([

2 22 =##$  

 or 

  !"""! u

L

L
MpdxxL 3][

2
=#$  

        Integrating, 

  !"!" u
pL M38

2

=  
 or 
  L

M
u

uP 24=  
 Note that the collapse load is the same for modes A and B. 
______________________________________________________________________________________ 

x 
px 

p p 

L L/2 L/2 
e 

v  
#1 #2 

#3 #4 

1 

2 
3 4 

1 2 
3 

4 
Figure P12.26 

(a) 

(b) 

(c) v 
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______________________________________________________________________________________ 
SOLUTION (12.27) 
 
 Assume that plastic hinges force at 1 and 2, as shown in Fig. (a). 
 On the average, plastic limit load 
 
 
 
 
 
 
 
 Note that up  goes through a virtual displacement of .2!"a  Thus, applying the principle of 

virtual work: 
  !"!"!" )1()( 2

1
b
a

uuu MMaLp ++=  
 Solving, 

  )( 2
22
aLa
aL

L
M

u
up

!
!=  

        The unknown distance a is determined from .0=dadpu In so doing and 
 simplifying the result, we obtain 

  La )22( !=  
 and 

.)12( LaLb !=!=  
______________________________________________________________________________________ 
SOLUTION (12.28) 
 
 
 
 
 
 
 
 
 
 
     ( a ) We have hIM ypyp !=  

 From geometry, 
  h

yhb
h

yh
b
x x 2

)2(
2
)2(

2 ; !! ==  

 Then, 48

2

0

2 3)()2(2 bh
h

ydyxI == !  

        Hence, total yielding moment 
  yp

bh
yph

bh
uM !! 24

1
48

222 ==  
 Also, 
  2

1=uM (area of rhombus)! (distance between centroids) )( yp!  

          yp
bh

yp
hbh !! 1234

2)( ==  

 Thus, 2=
yp

u
M
M  

                       (CONT.) 
______________________________________________________________________________________ 

b
a  

y 
x 

y 
x 3

h  

dy 

h 

b 

yp!  

yp!  

pu 

3 
2 

1 # 

a# 

# 

# 

a b 

Figure (a) 
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______________________________________________________________________________________ 
12.28 (CONT.) 
 
     ( b ) 
 
 
 
 
 
 

  4
)( 44 abI != "  

  ypbbyp ababM yp !"!" )()( 44
4

44
4 #=#=  

 
        Also, referring to the figure: 

  )(sin2 33
3
4

0 0

2 abddrrM
b

x !== " "
#

$$  

 Hence, 

  22

33

22

33

3
4

))(2(3
4

ab
ab

ab
ab

A
M

c
xy

!
!

!
! === ""

 

 We therefore have, 

  
yp

cyp

yp

u

abb
yab

M
M

!"

!"

))(4(

))(2(
44

22

#

#= 44

33

3
16

ab
abb
!
!= "  

______________________________________________________________________________________ 
SOLUTION (12.29) 
 

     (a) 
6

max 6000 10 (0.5)
0.10

0.03
L rad
c

!
"

#$
= = =  

 
6

9

180 10 2600 6000
70 10

yp
y G

!
" µ µ

#
= = = <

#
 

 and shaft is yielded. 
       From similar 
       triangles: 

       0 30
2600 6000
!

=  

       or 
       0 13 mm! =  
 
 
     (b) Elastic core. Use Eq.(b) of Sec. 12.9: 

  
3

3 60
1 (0.013) (180 10 ) 621

2 2ypT N m!" !
#= = $ = %  

 Outer part. Use Eq.(c) of Sec. 12.9: 

  3 3 3 3 6
2 0
2 2( ) (0.03 0.013 )(180 10 )
3 3ypT c! !

" #= $ = $ %  

      7.01 kN m= !  
 Thus, 
  1 2 7.63T T T kN m= + = !    
______________________________________________________________________________________ 

+ 

y 

r # 
x 

b a 

2$0 

6000 µ 

2600 µ 60 mm 
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______________________________________________________________________________________ 
SOLUTION (12.30) 
 
 626 10 , 140ypG GPa MPa!= " =   (Table D.1) 
 
     (a) For partially plastic shaft, using Eq.(12.19): 

  30
3

3 6( ) 4 4
yp yp

T T
c T c
!

" #
= $ = $  

 Substituting the given values 

  
3

30
3 6

6(4.5 10 )( ) 4 0.0711
0.025 (0.025) (140 10 )
!

"
#

= $ =
#

 

  0 12.4 mm! =  
 

     (b) 0

0

,yp yp
y

L
L G G

! !" #
$ #

"
= = =  

 
6

9

140 10 (1.2) 0.5211
26 10 (0.0124)

rad!
"

= =
"

29.9o=  

______________________________________________________________________________________ 
SOLUTION (12.31) 
 
 
 
 
 

 
6

9

240 10 3000
80 10

yp
yp G

!
" µ

#
= = =

#
 

 max
0.04(0.25)

( ) 5000
2AC

c
a
!

" µ= = =  

 max
0.025(0.25)

( ) 4167
1.5CB! µ= =  

 Both segments are yielded and partially plastic. 
 
 Segment AC 

  0
max

yc!"
!

=  

       
6

6

0.04(3000 10 )
5000 10

!

!

"
=

"
24 mm=  

 
3 3

6(0.04) (240 10 ) 24.127
2 2yp yp
cT kN m! !
"= = # = $  

 Use Eq. (12.19): 

  34 1 24(24,127)[1 ( ) ] 30.43
3 4 40ACT kN m= ! = "  

                       (CONT.) 
______________________________________________________________________________________ 

A C B 

80 mm 50 mm 
Tc 

a=2 m b=1.5 m 

c 

%max 

%y 

$o 
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______________________________________________________________________________________ 
12.31 (CONT.) 
 
 Segment BC 

  
6

0 6
max

0.025(3000 10 )
1.8

4167 10
ypc

mm
!

"
!

#

#

$
= = =

$
 

 
3 3

6(0.025) (240 10 ) 5.89
2 2yp yp
cT kN m! !
"= = # = $  

 
 Use Eq. (12.19): 

  34 1 18(5.89)[1 ( ) ] 7.12
3 4 25BCT kN m= ! = "  

 Total applied torque is therefore 
  37.55AC BCT T T kN m= + = !  
______________________________________________________________________________________ 
SOLUTION (12.32) 
 
 For r=0, Eq. (f) of Sec. 12.11 leads to .01 =c  Then, in plastic zone  

  yp
r

ypr !!!! "
#$ =%= ,3

22

 
 If the plastic zone extends to radius c: 

  3

22c
ypc

!"## $=  
 which may be found directly from Eq. (12.30) by setting a=0. The outer elastic zone 
 is represented by an annular disk yielding at the inner radius c, wherein radial stress is .c!  
 
        We follow a procedure similar to that described in Sec. 12.11 for an annular disk. 
 Boundary conditions:  
  0)(,)( 0 == == rccrr u!!  

 are substituted into Eqs. (8.37) to obtain 1c  and .2c  We then determine the stresses in the 
 elastic region as follows: 

  )1]()31()1(3[ 2

2

22

4

224 b
r

br
c

Nr
yp !+!+= ""# #

 

  ])31(3)3(3)31)(1([ 2

2

4

4

4

4

224 b
r

r
b

b
c

N
yp !!!!" "

# +$++++=  
 where 

  24
]1))[(31(82 2!++= bcN "  

______________________________________________________________________________________ 
SOLUTION (12.33) 
 
 
 
 
 
 
 The sand volume is  
  )(2)( 2

2
3
1

2
1 haahabV +!=  

                       (CONT.) 
______________________________________________________________________________________ 

b 

h 

a 
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______________________________________________________________________________________ 
12.33 (CONT.) 
 
 Slope )2(a

h
yp =!  

 The ultimate torque is thus  

  yp
aab

uT !6
)3( 2"=  

 The yield torque given in Table 6.2, by letting .yp!! =  

______________________________________________________________________________________ 
SOLUTION (12.34) 
 
 
 
 
 
 
 
 

 Volume 2
3
3

2
1

3
1 )32( haaah =!!=  

 Slope yp
a

ypa
h

a
h h !! 3

3
3

3
33

, ====  

 
     ( a )  ypu aVT !33

22 ==  
 
     ( b ) From Table 6.2: 33

1 8
2020
a
T

a
T

A ==!  

 Thus, yp
a

ypT !20
8 3

=  
 
     ( c ) Referring to the preceding results in items (a) and (b): 

  3
5=

yp

u
T
T  

 
______________________________________________________________________________________ 
SOLUTION (12.35) 
 
 Equilibrium condition, from Eq. (8.2): 
  0)( )( =! !

r
t

rdr
d rt ""#"  

 Profile is, using Eq. (8.36) with .,1 aatrts ==  For full plasticity 

  ypr !!!" =#  

 Thus, 1cdrt r
at

rr
at

r
aypypa +!== "

###  

 

        Since, b
at

brr
aypc !! === 1;0)(  

 Then, noting that ir p!="  at :att =  

  )( 11
br

p a
yp

i !="  

 or  
  yprb

rba
ip !)( "=  

______________________________________________________________________________________ 

33a
 

3a
 

a a 

2a 2a 

2a 
2a 

h 2a 
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______________________________________________________________________________________ 
SOLUTION (12.36) 
 
 We have 21=!  and substituting the given data into Eq. (12.42): 

  2.06

6
0

)73.12.0)(73.1109002(
)5.0)(1014(606.0

)3)(32(
606.0

0 !!

!==
nK
prt  

       mmm 3.60063.0 ==  
______________________________________________________________________________________ 
SOLUTION (12.37) 
 
 In this case, we have .!"" >z  
 The total force is 
  12 !"rtP =         (a) 

where !"""" == 21 z  
 The values of r and t are given by Eqs. (g) and (f) of Sec. 12.12. 
 Substituting these into Eq. (a): 
  10

12 !" #$= erP  
 
        At instant of stability, 
  0)()( 11 11

=+= !
!

!
! "# "# dddP PP  

 or 11

1 !"
! =d
d  

 Equations (12.28) has the form  
  nf 11 )( !"# =  
 from which stability condition is  
  n=1!  
 Then, 

  ))(1()( 2
221

1 !" !! #+#= n
Kn  

 Solving, 

  nn
n

nK )()()2( 2
1

1
1

1
2
)1(

2 !!!
" #+#

#

=      (b) 

        Since ,0321 =++ !!!  the maximum principal strain is 

  
000

lnlnln1 r
r

t
t

L
L +==!  

 Minimum strain is 
  3

1
03 ln;ln

0
!! "== ttt

t  

 Thus, 
  

3
1

02
1 lnln221 !!""# $$==
tr

P
rt
P

o
 

 Substituting Eqs. (12.38b) and (12.38c) into this equation: 
  

)]1
2
(

2
1)1()[(ln2

1 22111
00 !

!
+!!

= "
""

#
$

# n
K

tr

P  

 or 
)]1

2
(

2
1)1()[(ln2

0 22111
10 !

!
+!!

= "
""

#
#$

n
K

r

Pt  

 where, 1!  is given by Eq. (b). 

        Results of the preceding expressions are simplified by setting .21=!  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (12.38) 
 
 Since the mean radius does not change, we have .00 =!d  We also take .03 == r!!  

 Material is incompressible ,3!! dd L =  or .3!! "=L  
        The Levy-Mises equation is thus 
  

!! "
#

""
# L

L

L dd =$  or !"" 2=L  

 Hence, Le !! 2
3=  

 And 33
2

3
2 )()( !!! dd Le "==  

 Radius =0r constant. Therefore,  

  LtrP !" #= 02  

        At instant of instability, :0=dP  
  Lt

dtd dd
L

L !!"
" =#=#= 3  

 Hence, 
  Le n !!

3
2

3
2 ==  

  n
L

n
e ettK !=== 02

3
3
2 ,)( ""  

 At instant of instability, the load is then given by Eq. (P12.38). 
______________________________________________________________________________________ 
SOLUTION (12.39) 
 
     ( a ) Use Eq. (8.10), with :2max nyp!" =  

  ;
222

2

)(12
b
a
p

ab
bp

n
iiyp

!!
=="

 

 Substituting the given data: 
  

2)50(1

6050
b

!
=  or 250

6
5 )(1 b!=  

 Solving, mmb 5.122=  
 
     ( b ) Apply Eq. (12.47) with 1=k  and :3=n  

  );ln( banu
ypp !=   )ln(60 50

5.2
250

b=!  

 or 549.0)(50 250
150

==
!eb  

 Solving, 
  mmb 11.91=  
______________________________________________________________________________________ 
SOLUTION (12.40) 
 
 Apply Eq. (12.61a): with ac 4.1=  and .

3
2=k  We have rip != at .ar = Thus 

  ]))[ln(260( 2

22

)2(2
)4.1()2(

4.13
2

a
aa

a
a

ip
!!=  

        ]255.0336.0[2.300 !!=  
        MPa4.177!=  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (12.41) 
 
     ( a ) Using Eq. (8.11): 
  MPapyp 39.21)36(2

2536
3
420 == !  

 We have ,1=k  and thus, 

  5
6

3
420 lnln == a

b
nu
ypp ! MPa53.25=  

 

     ( b ) 222)( rrn
yp !!!! ""

! +#=  

 or ]1)[()140( 2536
25362

2536
253622 ++= !

+
!
+

ypp  

 Solving, MPapyp 92.22=  

 Now ,32=k  and hence, 

  MPapu 48.29)53.25(
3
2 ==  

______________________________________________________________________________________ 
SOLUTION (12.42) 
 
 Using Eqs. (12.57) and (12.58) with 1=k  and ,25.0 mr =  

  MPapu 2.162)ln(400 2.0
3.0 ==  

  MPar 93.72)ln(400 25.0
3.0 !=!="  

  MPa1.327]ln1[400 25.0
3.0 =!="#  

 and MParz 1.127)(21 =+= !"""  
 
 Unloading from .up  At ,25.0 mr =  Eqs. (8.12) and (8.20): 

  MPar 09.57)1( 2

2

22

2

25.0
3.0

2.03.0
)2.162(2.0 !=!=

!
"  

  MPa6.316)1( 2

2

22

2

25.0
3.0

2.03.0
)2.162(2.0 =+=

!"#  

  MPaz 8.1292.162 22

2

2.03.0
2.0 ==
!

"  
 
 Residual stresses at r=0.25 m: 
  MPares 5.106.3161.327)( . =!="#    

  MParesr 84.1509.5793.72)( . !=!!="  

  MParesz 7.28.1291.127)( . !=!="  
______________________________________________________________________________________ 
SOLUTION (12.43) 
 
 We have .1=k  Refer to Eq. (12.57). 
 Inner cylinder, at :br =  
  a

b
iypub pp ln)(!+"="       (a) 

 Outer cylinder, at :cr =  
  b

c
oypbp ln)(0 !+"=        (b) 

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
12.43 (CONT.) 
 
 From Eqs. (a) and (b), after eliminating ,bp   we obtain 

  b
c

oypa
b

iypup ln)(ln)( !! +=   

        30
50

20
30 ln400ln280 +=  

        MPa9.317=  
 
______________________________________________________________________________________ 
SOLUTION (12.44) 
 
     ( a ) Equation (12.60): 
  ypypc kkp !! 2778.02

22

)3(2
23 == "  

 
     ( b ) Equation (12.61a): 
  ypyparr kk !!! 9709.0]2778.0[ln)( 2

1 "="==  
 
     ( c ) Equation (12.59b): 

  yp
k

br kyp !! !
" 444.0)1()( 2

2

22

2

3
3

23

)3(2778.0 =+=
#=  

 Equation (12.59b): 

  yp
k

cr kyp !! !
" 7222.0)1()( 2

2

22

2

2
3

23

)3(2778.0 =+=
#=  

 Equation (12.61b): 
  ypypar kk !!!" 0291.0)2778.0ln1()( 2

1 =#+==  
 We see from these results that the maximum stress occurs at the elastic-plastic boundary. 
 
 
 
         End of Chapter 12 
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CHAPTER 13  
 
SOLUTION (13.1) 
 
 
 
 
 
 
     ( a ) Boundary conditions at y=0 and y=b: 
  00 == dy

dww        (a) 
 We have 

  212

2
00 '''''' cycww D
yp

D
p ++==  

  32
2

12
1

6

3
0' cycycw D
yp +++=  

  432624

2
2

3
1

4
0 cycw ycyc
D
yp ++++=  

 Conditions (a) yield ,0,0 34 == cc  

  D
bp

D
bp cc 12221

2
00 =!=  

 Thus, ])()(2)[( 234
24

4
0

b
y

b
y

b
y

D
bpw +!=  

 
     ( b ) Differentiating twice the foregoing expression, we have 

  ]['' 234

4
0 212212
24 bbbD
bp yyw +!=  

 For :2by =  

  D
bp

dy
wd

24

2
0

2

2
!=  

 Hence, 24

4
0bp

yM =  

 Thus, 2
12max,

2
4max, )(,)( 00

t
bp

xt
bp

y == !!  
        Similarly, for y=0: 

  1212

2
0

2
0

2

2 , bp
yD

bp
dy
wd M =!=  

 and max
2

02
1

max, )( !! == t
b

y p  

  2
06

1
max, )( tbx p=!  

______________________________________________________________________________________ 
SOLUTION (13.2) 
 
 We have ,x yr r r= = !  

 and mtmr )10(3.0,12.0 3!==  
 Equation (13.3b): 
  µ! 1250)120(2

3.0
2max === r
t  

 Equation (13.5): 

MPa
r

Et 7.274120)91.0(2
)3.0(10200

)1(2max

9

2 =!=!= "

!#
$  

______________________________________________________________________________________ 

b 

a 

y 

x 
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______________________________________________________________________________________
SOLUTION (13.3) 
 
 Using Eq. (13.8), 

  400,32)8(12
)012.0)(10200(9 39

== !D  
 From Example 13.1: 

  )sin()( 04
b
y

D
pbw !

!=  

  mmmw 82.0)10(82.0)( 3
400,32
102046.0

max
3

=== !"
#  

  b
yb

dy
wd

y pDM !
! sin)( 0

2
2

2
"="=  

        Thus, 

  2
0

6
max, )(61.02

max,

t
b

t
M

y py ==!  

               2
012.0
6.03

0 ))(1020(61.0 != p MPa4.30=  

  MPax 13.10)4.30(max, ==!"  
 Then, 
  )( max,max,

1
max, xyEy !""# $=  

              µ135)4.30( 3
13.10

10200
1

3 =!=
"

 
 and 
  mr

y

t
y 41.44)135(2

10012.0
2

6

max,
=== !

"  

______________________________________________________________________________________ 
SOLUTION (13.4) 
 
 
 
 
 
 
 
 
 
 
     ( a ) Using Eq. (13.7), 

  
)1( 22

2

!

!

"

"

#
# "=

D
MM

x
w ab  

  0, 2

22

2

)1(
=!= ""

"
!

!

"
"

yx
w

D
MM

y
w ba

#

#  

 Integrating these equations, 
  321

2
)1(2

2
)1(2 22 cycxcyxw

D
MM

D
MM baab +++!!=

!

!

!

!

"

"

"

"  

 If the origin of xyz is located at the center and midplane of the plate, the c’s will vanish, and 
  2

)1(2
2

)1(2 22 yxw
D

MM
D

MM baab

!

!

!

!

"

"

"

" ""=       (b) 

     ( b ) By setting ba MM !=  in Eq. (a): 

  
yx

a
rrD

M
y
w

x
w 11

)1(2

2

2

2
!===!= !"

"
"
"

#  

 Integrating and locating the origin of xyz, as in item (a): 

  )( 22
)1(2 yxw D

Ma != !"  
______________________________________________________________________________________ 

(a) 

y z 
x b 

a 

bx MM =  

ay MM =  
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______________________________________________________________________________________ 
SOLUTION (13.5) 
 
 Equation (13.19) becomes, 

  ! ! ""=
a

a
xm

b

b
yn

ba
P

mn dxxadyybp
0 0

144 sin)](sin)([44
##  

 Integrating by parts, 
  222

22

44
144144

bamn
P

m
a

n
b

ba
P

mnp !!! ==       (a) 

        Substituting Eqs. (13.18) into :4 Dpw =!  

  222224 )( bnamD
p

mn
mna
+

=
!

       (b) 

 Inserting Eqs. (a) and (b) into Eq. (13.18b), we find the required expression for 
 the deflection. 
______________________________________________________________________________________ 
SOLUTION (13.6) 
 
     ( a ) From Eq. (13.19), we obtain 
  0ppmn =  
 Then, Eq. (13.20) becomes for a square plate (a=b): 

  !! +
=

)(

sinsin
224

4
0

nmD
ap b

yn
a
xm

w
""

"
      (a) 

 At ,2ayx ==  

  !! +

"
"+

= 222

1
2

4

4
0

)(
)1(

max nmD
ap

nm

w
#

 

 

     ( b ) 77.480,300
)3.01(12
)025.0(10210

2

39

==
!

"D  

 Equation (a) is then, 

  ][)10(8 100
1

4
1

)77.480,300(
)3(3

4

4
0 !=!

"

p  

 or kPap 05.120 =  
______________________________________________________________________________________ 
SOLUTION (13.7) 
 
 The flexural rigidity of the plate is 
  39

)09.01(12
10200

)1(12
10315.1839

2

3 tD tEt !=== "
!

"#
 

        The maximum deflection occurs at the center of the plate. Equation (13.27) is thus 

  
)10315.18(64

)05.0)(10(103
64max 39

464
0 105.1;

tD
apw

!

" =!=  

 Solving, 
  mmmt 29.3)10(29.3 3 == !  
______________________________________________________________________________________ 
SOLUTION (13.8) 
 
 
 
 
 
                       (CONT.) 
______________________________________________________________________________________ 

t 

0M  
a 
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______________________________________________________________________________________ 
12.8 (CONT.) 
 
 Since ,0=Q  Eq. (13.24c) becomes 

  0)]([1 =dr
dw

dr
d

rdr
d r  

 from which, after integration,  

  324 ln
2

1 ccw a
rrc +!!=       (a) 

 Substituting this into Eq. (13.24a): 
  )]([ 2

21
2
21

22 r
cc

r
cc

r DM ++!= "       (b) 
        Boundary conditions 
  0)0()( 0 === wMM arr           0)( 0 ==rdr

dw  

 yield 02 =c  and 

  )1(23)1(
2

1

2
00
!! ++ == D
aM

D
M cc  

       Equation (a) becomes then, 

  )( 22
)1(2

0 raw D
M != +"  

 Introducing this into Eqs. (13.24a) and (13.24b) yields .0MMMr == !  

 Hence, 2
06

max,max, t
M

r == !""  
______________________________________________________________________________________ 
SOLUTION (13.9) 
 
 We have 0=rQ  and Eq. (13.24c) after integration gives 

  324 ln
2

1 ccw a
rrc +!!=       (a) 

 Introducing this into Eq. (13.24a): 
  )([ 2

21
2
21

22 r
cc

r
cc

r DM ++!= "       (b) 

        Boundary conditions 
  0)(0)( MbMaw r ==  
 and Eqs. (a) and (b) result in  

  
)()1(23))(1(2))(1(

2
1 22

0
22

22
0

22

22
0

2

,
baD

Mba
ab

Mba
ab

Mb ccc
!+!!!+

===
"""

 

 Carrying these into Eq. (a), we have the equation for deflection. 
______________________________________________________________________________________ 
SOLUTION (13.10) 
 
 From Example 13.3: 
  0,)(,)( 3

2
04

1
2

2
04

3
max,1 =!=!== """" t

a
t
a

r pp  
 Maximum shearing stress is then 
  2

08
3

12
1

max )()0( t
ap!=!= "#  

        According to maximum shear stress theory: 

  2
04

3 )( tan pyp =!
 

 Introducing the given data, 

  )())(104.0( 4
32

02.0
2.06)10(100 6

!=n  

 or 33.3=n  
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (13.11) 
 
 
 
 
 
 Solution proceeds as in Example 13.3. Boundary conditions are 
  0)(0)( == == arrar Mw       (a) 
 We have  

  4464

2
24 cw rcr

p
D +!=        (b) 

        Carrying Eqs. (a) and (b) into Eq. (13.24a), we obtain two equations. 
 From these 2c  and 4c  are evaluated. In so doing, and substituting the values 
 obtained into Eq. (b): 

  )( 22
1
5

64
)( 22

raw D
rap != +

+!
"
"  

______________________________________________________________________________________ 
SOLUTION (13.12) 
 
 Let 2 2

yr r w y= = ! ! ,     then r rx xy= =! ,     M My= ,     M Mx xy= = 0  

 Hence, Eq.(13.5), for z= ! t
z : 

       ! "max (1 ) ;= #
Et

r2 2       
970(10 )(0.006)6

2(0.91)120(10 ) r= ,     or     r=1.923 m,  d= 3.85 m 

 Equation (13.9), 
       max max

2 2

6 66
(0.006)

120(10 ) M M
t

= = ; max 320M N=  

______________________________________________________________________________________ 
SOLUTION (13.13) 
 
     ( a )  Dw pIV = 0,  Dw p y c' ' ' ,= +0 1  Dw p y c y c' '= + +1

2 0
2

1 2  

  Dw p y c y c y c'= + + +1
6 0

3 1
2 1

2
2 3  

 and 
       Dw p y c y c y c y c= + + + +1

24 0
4 1

6 1
3 1

2 2
2

3 4         (a) 
 Boundary conditions: 
       w( ) :0 0=   c4 0= ,  w' ' ( ) :0 0=   c2 0=  

       w b( ) := 0   
p b b c c b0

4 3

24 6 1 3 0+ + =  

       w b' ( ) := 0   
p b b c c0

3 2

6 2 1 3 0+ + =  

 Solving,   c b1
3
8= !    c b

3 48
3

=  
 Equation (a) is thus 

       w p b
D

y
b

y
b

y
b= ! +0

4

48
3 43 2[( ) ( ) ( ) ]           (b)   

 
     ( b ) We have 

       dw
dy

p b
D

y
b

y
b b= ! +0

4 3

4

2

324
4 9

2
1
2[ ],      d wdy

p
D

yby2

2
0
2

2 3
4= ![ ]  

 At y = b: 

       M D pd w
dy

b
max ,= ! = !

2

2

2

0 8  ! y
M
t

b
tp,max

max . ( )= = "6
0

2
2 0 75  

______________________________________________________________________________________ 

p 

2a 
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______________________________________________________________________________________ 
SOLUTION (13.14) 
 

       Let  W x
a

y
a= ! !1 .  

      Then  w cx y W= 2 2 . 

      !
!
w
x acxy W cx y W= + "2 22 2 2 2 1( )  

 
 
  
 

!
! !

2
4 4 4 22 1 2 1 2 2 1 1w

x y a a acxyW cxy W cx y cx y W= + " + " + ""( ) ( ) ( )  

  !
!
w
y acx yW cx y W= + "2 22 2 2 1( )  

  !
!

2

2 2 4 4 22 2 2 1 2 1 2 2 1 1 2w
x a a acy W cxy W cxy cx y W= + " + " + ""( ) ( ) ( )  

  !
!

2

2 2 4 4 42 2 2 1 2 1 2 2 1 1 2w
y a a acx W cx yW cx y cx y W= + " + " + ""( ) ( ) ( )  

 
     ( a ) At  x=0:     w=0, !

!
w
x = 0  

At  y=0:     w=0,     !!
w
y = 0  

 At  y=a-x:  w=0, !
!

!
!

w
x

w
y= =0 0,  

     ( b ) At  x=0,  y=a: 

  ! ""
#
#

#
#y

Et w
y

w
x= $ + = % % % % % % % =$2 2

2

2

2

2 0(1 ) [ ] ,     ! "
#
# #xy

E w
x y= = $ $ $ $ $ $ $ =+2
2 0(1 )  

 At  y=0,       x a= 2 :  !
!

!
!

!
! !

2

2

2 2

2

2

8 0 0w
y

ca w
x

w
x y= = =, ,  

 and     ! " "y
Et ca Ecta

,max (1 ) (1 )[ ]= # = ## #2 8 162

2 2

2 ,     ! xy = 0  

______________________________________________________________________________________ 
SOLUTION (13.15)  
 

We have  

       M D Mxy
w
x y= ! ! =( )1
2

0" #
# #  

 Let, !
! ! "

2 0w
x y

M
D k= =#

#(1 )  
Integrating with respect to x : 
      !

!
w
y kx f y c= + +( ) 1  

Then, integrating the above with respect to y gives 

      w kxy f y dy c= + +! 1 2( )  where  f y f y c1 1( ) ( )= +  

Due to the symmetry in deflection : f y dy1 0( ) .=!  

Also, owing to the symmetry, center (a/2, a/2) should be free of displacement, 
      w ka c= = +0 1

4
2

2  ! = "c ka2
1
4

2  
          It follows that 

      w xyM
D

a= ! !!
0 2

4(1 ) ( )"  

We observe that this solution satisfies boundary conditions, Mx = 0 and My = 0  
at plate edges. 

______________________________________________________________________________________ 

x  

y     

      

y a x= !  a  

a  
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______________________________________________________________________________________ 
SOLUTION (13.16) 
  

Cylinder end can be approximated as a clamped edge plate subjected to uniform  loading. 
 

     ( a ) Equation (13.29), 

       !r
p a

t,max ( ) ;= 3
4

20  
6

6
135(10 ) 42
3 1.5(10 )

( ) 120a
t

!

!
= =  

 or  a/t=10.954.  Hence, 
       200

10.954 18.26t mm= =  
 
     ( b ) Then, Eq.(13.27) for r=0, gives 

       
4 6 4 2

0
9 3

1.5 10 (0.2) 12(1 0.3 )
max 64 64 200 10 (0.01826)

0.336p a
Dw mm! ! "

! !
= = =  

______________________________________________________________________________________ 
SOLUTION (13.17) 
 
     ( a ) From Eq. (13.29): 
  2 23 3 125

max 04 4 10( ) ( ) 117.19a
yp yptp p! != = =  

 Setting max ypp! =  

  345
117.19 117.19 2.944yp

ypp MPa!
= = =  

 We have 
9 33

2 2
200(10 )(0.01)

12(1 ) 12(1 0.3 )
18.315EtD kPa

!" "
= = =  

 Eq. (13.27) for r=0 is then 

  
4 6 4

3
2.944(10 )(0.125)

max 64 64(18.315 10 )
0.613ypp a

Dw mm
!

= = =  

 

     ( b ) 2.944
1.2 2.45ypp

allow np MPa= = =  
______________________________________________________________________________________ 
SOLUTION (13.18) 
 
 Referring to Example 13.2: 

  2
2
50

0
6

max ))(0534.0(62
max p
t
M ==!  

 Thus, 0
6 25.200)10(240 p=  

 or MPap 2.10 =  
 Similarly, 

  39

4

3

4

)02.0(1070
)5.0(6

0max )102.1(0454.00454.0
!

!==
Et
apw  

            mmm 1.60608.0 ==  
______________________________________________________________________________________ 
SOLUTION (13.19) 
 
 We observe that 

  0sinsinsinsin
00

== !!
b

b
yn

b
yna

a
xm

a
xm dydx """"  

 if 'mm !  and 'nn !   Therefore, integrating, we consider only the squares  
of the terms in the parenthesis in Eq. (b) of Sec. 13.9. Using the formula: 

                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
12.19 (CONT.) 

 

  40 0

22 sinsin ab
a b

b
yn

a
xm dydx =! ! ""  

 calculation of the first term of the integral in Eq. (b) gives 

  !!
" "

+
m n

b
n

a
m

mn
abD a 22
8 )( 2

2

2

24#  

        Also, the second term of the integral in Eq. (b): 

  ! !
a b

b
yn

a
xm

mn dydxap
0 00 sinsin ""  

   )cos1)(cos1(2
0 !!

!
nmamnmn

abp ""=  

   )...,3,1,(2
04 == nmamnmn
abp

!
 

______________________________________________________________________________________ 
SOLUTION (13.20) 
 
 Deflection is given by Eq. (13.18b). Loading is expressed as follows: 
  a

xpp 02=   20 ax !!  

  a
xppp 00 22 !=  axa !!2  

 Potential energy, Eq. (13.33): 

  !!" "=
2

0 0

2 sinsin2 0
a a

a
yn

a
xm

a
xp dydxW ##  

        !!= 2
8 sin32

2
0 "
"

m
mnnm

ap a       (b) 
 Strain energy, Eq. (13.32): 

  ! ! +=
a a

a
yn

a
xm

b
n

a
m

mn
D dydxaU

0 0

2
2 ]sinsin)([ 2

22

2

22 """"  

       !! += 2224
8
1 )( 2

2

2

2

a
n

a
m

mnaaD"  
        We thus have 

  0sin)( 2
82

4 32

2
0

2

2

2

224
=!+="

#" $
$

$ m
nm
ap

a
n

a
m

mn
aD

a a
mn

 
 or 

  22272

4
0

)(
)2sin(32

nmDnm
map

mna +
=

!

!  ).,3,1,( =nm      (c) 

 Substitute this into Eq. (13.18b) to obtain deflection. 
______________________________________________________________________________________ 
SOLUTION (13.21)  
 

Let p  represent the pressure differential. 
          Cylinder: 

       ap
t!" =  or       150

6 25p p!" = =  

 From the above, 6/ 25 15 10 / 25 600p kPa!"= = # =  
           Sphere: 
       2 12.5pa

t p! = =  
 Thus,  
  612.5 15 10 12.5 1.2p MPa!= = " =  
 
______________________________________________________________________________________ 

(a) 
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______________________________________________________________________________________ 
SOLUTION (13.22) 
 

 
62 2(0.05)(30 10 ) 2 1.5

2.5 12
alltp MPa
r
! "

= = =
"

 

 We have 
  3 69.81(10 ) 1.5 10 , 152.9h h m= ! =  
______________________________________________________________________________________ 
SOLUTION (13.23) 
 
 
 
      Total pressure at any depth: 
       3500(10 ) ( )p h y!= + "  

(a) At :y h=  
3500(10 )p Pa=  

  
 
 
 
Therefore, 

3

6

500(10 )4000 11.11
180(10 )all

prt mm
!

= = =  

 
     (b)  At 4 :y h=  

  3 3 3500(10 ) 15(10 )(13.5) 702.5(10 )p Pa= + =  

  
3

6

702.5(10 )4000 15.6
180(10 )

t mm= =  

 
     (c) At 0 :y =  

  3 3 3500(10 ) 15(10 )(18) 770(10 )p Pa= + =  

  
3

6

770(10 )4000 17.1
180(10 )

t mm= =  

______________________________________________________________________________________ 
SOLUTION (13.24) 
 
 Total pressure at any depth: 

3200(10 ) ( )p h y!= + "  
 
     (a) At y h= : 

3200(10 )p Pa=  
3

6

200(10 )4000 4.44
180 10all

prt mm
!

= = =
"

 

                       (CONT.) 
______________________________________________________________________________________ 

y p  

t r 

h 

x
 

Liquid 
pressure 
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______________________________________________________________________________________ 
12.24 (CONT.) 

 
     (b) At 4y h= : 

3 3 3200(10 ) 15(10 )(13.5) 402.5(10 )p Pa= + =  
3

6

402.5(10 )4000 8.94
180 10

t mm= =
!

 

     (c) At 0 :y = : 
3 3 3200(10 ) 15(10 )18 470(10 )p Pa= + =  
3

6

470(10 )4000 10.4
180 10

t mm= =
!

 

______________________________________________________________________________________ 
SOLUTION (13.25) 
 
 The thickness for circumferential stress: 

  
31.2(10 )(0.6) 12

24.0 2.4all

prt mm
!

= = =  

 The thickness for axial stress: 

  
12 6

2 2all

prt mm
!

= = =  

 Thus, 12reqt mm=  

______________________________________________________________________________________ 
SOLUTION (13.26) 
 

 
pr p h
t!" #= =  

 
3

6

9.81(10 )(150)(400)
120(10 ) 1.8req

all all

pr hrt !
" "

= = = 8.83 mm=  

______________________________________________________________________________________ 
SOLUTION (13.27) 
 

 
3

6

9.81(10 )(150)(400)
100(10 )req

all all

pr hrt !
" "

= = = 5.89 mm=  

______________________________________________________________________________________ 
SOLUTION (13.28) 
 

     (a) 1 2
max

1
( )

2 2 2 4 8
pr pr pr pd
t t t t

! !
"

#
= = # = =  

 
6

max
6

8 8 12 35 10
336

10 10
td mm
p
! " " "

= = =
"

 

 

     (b) 
6

1
10 10 168 140

12
pr MPa
t

!
" "

= = =  

______________________________________________________________________________________ 
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______________________________________________________________________________________ 
SOLUTION (13.29) 
 
 
 
 
 
 The given numerical values are: 
  mmr 1791180 =!="  

  mmr 79180 =!="             78280 =!=ir  

  MPap 08.0!=  prF i
2!=  

 
        Equation (13.46b) is therefore 

  )079.0(2
)1008.0()078.0(

)1(2

62

!
!

!" #

$== r
FN  

         mkN081.3=  
 and 
  MPa541.1002.0

3081 ==!"  
 Using Eq. (13.46a), 

  02.0
08.0

179.0
541.1

079.0 =+!"  
 or 
  max48.2 !!" == MPa  
______________________________________________________________________________________ 
SOLUTION (13.30) 
 
 
 
 
 
 
 
 
 
 
 Consider the portion of shell defined by .!  Vertical equilibrium of force yields, 

  )(sin2 22
00 brpNr != "#" #  

 from which 

  
0

0

0

22
0

2
)(

sin2
)(

r
brpa

r
brpN +! == ""  

 or 
  )sin( 2sin bN a

ab
pa += + !!!  

        Substituting !N  into Eq. (13.46a), setting ,ppz !=  and :ar =!  

  22
)(

0

0 pa
r
brprN == !"

"  

 Since ,)(sin 00 abrrr !== "#  from symmetry. 
 
  Note that !N  is constant throughout the shell from the condition of symmetry. 
______________________________________________________________________________________ 

F  

!N  

p 

b ! 

N" 
A 

!r  

0r  

a 
N! 
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______________________________________________________________________________________ 
SOLUTION (13.31) 
 
 Referring to Solution of Prob. 13.30, we have 
  maa 075.0,2)7.01(2 =!=  

  mbb 425.0,2)7.01(2 =+=  
 
        At point A (crotch): 
  )2()( 00max, trbrpaA +== !""  
 or 
  )2()( max,00 !"rbrpat +=  

   
)10210)(35.0(2

)425.035.0)(075.0)(10(2
6

6

!

+=  

     .791.0 reqtmm ==  

 Similarly, 
  t

pa
2=!"  

 or 

  mmt 357.0
)10210(2

75)10(2
6

6

==
!

 

 
______________________________________________________________________________________ 
SOLUTION (13.32) 
 
 
 
 
 
 
 
 
 
 
 
 Pressure at any level st is )( yapr != " . We have 

  !" # += 2  !tan0 yr =  
 
 Thus, the first of Eqs. (13.49) becomes 
  !

!"
# cos

tan)( yyaN $=  
 and 
  !

!"
#$ cos

tan)(
t

yya%=  
 
        The load F  is equal to the weight of liquid in cylindrical portion stuv: 
  !"# 2

3
2 tan)( yyayF +$$=  

 Then second of Eqs. (13.49) gives 
  !!"# cos2tan)( 3

2 yayN $=  
 and 
  !

!"
#$ cos

tan
2

)32(
t
yay %=  

______________________________________________________________________________________ 

N! N! 
u v 

s t 
y 

a # # 

r2 

O 

! 

@Seismicisolation@Seismicisolation

https://telegram.me/seismicisolation


 

Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity, Fifth Edition, © 2012 Pearson Education, Inc. 13–13 
 

______________________________________________________________________________________ 
SOLUTION (13.33) 
 
 Expressions for the components of pressure are: 
  0sincos ==!= xr ppppp """  
 Thus, 

  ! +"+""= )()]cos(cos[ 1
1 #### fdxpapN ax  

           )(cos2 1 !! fpx +=       (a) 

  !! sinpaN "=        (b) 

  ! ++""= )()sin( 2
2 1 ## # fdxpxN d

df
ax  

         )(sin 2
21 1 !! ! fpx d

df
a ++=       (c) 

 Boundary conditions: 0=xN  (at   x=0 and x=L)    give 02 =f  and 

  0sin 1
2

=+ !! d
df

a
pL L  

 or 
  cf pL +!= "" sin)( 21  
 
        Note that no torque is applied to the shell; .0=c Hence, 

  !! sinpaN "=  !sinpxN a
xL

x
""=  

  !! cos)( pxLNx ""=  
 
______________________________________________________________________________________ 
SOLUTION (13.34) 
 
 Now the cylinder length does not change: 

  0)(
2

2
=!"!

L

L x dxNN #$  

 Substituting Eqs. (b) of Example 13.7 into this, taking 01 =f  and integrating 
 the resulting expression, we have 

  !!"#! # cos)cos1()( 24
2

2

2Laf $$=  
 
        Referring to Example 13.7, the solution is thus, 
  )cos1(2 !"! #= aN   !"! sinaxN x =  

  !!"#! ## cos)cos1(cos 24
2

2

22 Lx
x aN $$+=  

 
______________________________________________________________________________________ 
SOLUTION (13.35) 
 
 Referring to Fig. 13.13b: 
  !sinppx =       !cosppz =          !cos0 xr =  
 
 Stress resultants due to weight: 
  !!" rdprF ##= sin2  
                       (CONT.) 
______________________________________________________________________________________ 
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______________________________________________________________________________________ 
13.35 (CONT.) 
 
 Since dxrd =!  and .cot!xr =  Then 
 

cpdxpxF x
x

+== ! )(cos2sincot2 20

2
"#""#  

       For a cone supported at its edge 0=c , since 0=F  at .0=x  Therefore, Eq. (13.46b)   
              gives 
  !! sin2

pxN "=         (1) 
 Equation (13.46a): 

  !
!

!" sin
cos

sin

2
0 pxN rpz #==        (2) 

 
 Stress resultants due to pressure:  
 Equation (13.46a) yields, 
  !!

!
" cotsin

cos xppN r
x

r #=#=       (3) 

 We now have 
  !!!" cos)sin2( rdpF r=  
 Following a procedure similar to that the preceding, we obtain 
  )(cos2 2

2 2x
rpF !"=  

 Equation (13.46a) leads to  
  !!

!
! cot2

1
sin2
cos xpN r
xpr "="=       (4) 

 
        Solution is determined by the superposition of the preceding results:  
 adding Eqs. (4) and (1), and (3) and (2). In so doing, we have 
 
  )cos(sin2 !! r

x
x ppN +"=  

 and 
  )cos(cot 2

1
rppxN +!= ""#  

 
 
         End of Chapter 13 
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