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NOTES TO THE INSTRUCTOR

The Solutions Manual for Advanced Mechanics of Materials and Applied Elasticity,
Fifth Edition supplements the study of stress and deformation analyses developed in the
book. The main objective of the manual is to provide efficient solutions for problems
dealing with variously loaded members. This manual can also serve to guide the
instructor in the assignments of problems, in grading these problems, and in preparing
lecture materials as well as examination questions. Every effort has been made to have a
solutions manual that can cut through the clutter and is as self-explanatory as possible,
thus reducing the work on the instructor. It is written and class-tested by the author,
Ansel Ugural.

As indicated in the book’s Preface, the text is designed for the senior and/or first
year graduate level courses in stress analysis. In order to accommodate courses of varying
emphasis, considerably more material has been presented in the book than can be covered
effectively in a single three-credit course. The instructor has the choice of assigning a
variety of problems in each chapter. Answers to selected problems are given at the end of
the text. A description of the topics covered is given in the introduction of each chapter
throughout the text. It is hoped that the foregoing materials will help instructor in
organizing his or her course to best fit the needs of his or her students.

Ansel C. Ugural
Holmdel, NJ


https://telegram.me/seismicisolation

CHAPTER 1

SOLUTION (1.1)
We have
A=50x75=3.7510") m*, 0 =90° —40° =50°,and 0, = P/ 4.

Equations (1.8), with 8 = 507:
o, =700(10%) = o, cos’ 50° = 0.4130, =110.18P

or
P=635kN
7| = 560(10*)0, sin50° cos 50° = 0.4920, = 131.2P

Solving
P=427kN =P,

SOLUTION (1.2)

Normal stress is

o, =L =809 _ 50 )Py

X A 0.05%0.05
(a) Equations (1.11), with 8 =90° —=70? =207 :
o, =50cos’20° = 44.15 MPa
T, ==50sin20° cos20° = -16.08 MPa

0, =50c0s*(20” +90”) = 5.849 MPa
5.849 MPa

T ox 44.15 MPa
\
16.08 MPa \/v o
v
)\ "N 20°
<

(b) Equations (1.11), with 8 = 45°:
o, =50cos’ 45° =25 MPa
T, ==508in45° cos45” = -25 MPa
0, =50cos’(45” +90”) = 25 MPa

25 MPa

Y w
N
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SOLUTION (1.3)

From Eq. (1.11a),
=% 5 __100 MPa

x cos? 6 cos?30°
For O =507, Egs. (1.11) give then
o, =-100cos’ 50° = -41.32 MPa

T, = =(~100)sin 50" cos 50° « 55,68 MPa 41.32 MPa
= 49.24 MPa 50°
Similarly, for 8 = 1407 :
0. =-100cos” 140° = -58.68 MPa >\
T, =-49.24 MPa < 4924 MPa
SOLUTION (1.4)

Refer to Fig. 1.6c. Equations (1.11) by substituting the double angle-trigonometric relations,

or Egs. (1.18) with 0, = 0 and 7,, = 0, become

(a)

O.=30,++0 cos20 and ﬁx.y.‘ =10, sin26
or

20 = £ (1+cos20) and 10 = £ sin 20
The foregoing lead to

2sin26 —cos260 =1

By introducing trigonometric identities, Eq. (a) becomes

4sin6 cos® —2cos’ 0 =0 or tanf =1/2. Hence

0 =26.56°
Thus,

20 = 55550 = (1+0.6)
gives

P=325kN
It can be shown that use of Mohr’s circle yields readily the same result.

SOLUTION (1.5)
Equations (1.12):
P -150(10°
1 =—=%=—76.4 MPCl
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SOLUTION (1.6)

Shaded transverse area:

A =2at =2(10)(75) =1.5(10°) mm”

Metal is capable of supporting the load
P=0A4=90(10°)(1.5x107) =135 kN
Apply Egs. (1.11):

o, =250 =L_3
1.5107)

%sin 55°cos55°, P =383 kN
1.5(107)

(cos’55°), P=114kN

6
T, =12(10°) = -

Thus,
P, =383 kN

SOLUTION (1.7)

Use Egs. (1.11):
o, =20(10°) =

—(cos’40°), P=51.1kN
1.5(10°)

T.,=8(10%=- P —sin40” cos40°, P =24.4 kN
: 1.5010°)

Thus,

P, =244 kN

a

SOLUTION (1.8)
A =15%30 =450 mm*

Apply Egs. (1.11):

3
o, = &10_)6@%2 40°) =156 MPa
450%10
3
= —&lolsin400 cos40° =-131 MPa
g 45010

SOLUTION (1.9)

We have 4 = 450(107°) m*>.  Use Egs. (1.11):
3

o = -100(107)

T 450%107°

-100(10°)

T e —
450107

(cos® 60°) = -55.6 MPa

sin 60°? cos 60° =96.2 MPa
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SOLUTION (1.10)

0 = 40° +90° = 130°
o, =L ____3183 MPq

x (0.082-0.07)

Equations (1.11):
o, =-31.83cos* 130° = -13.15 MPa <

Ty = 31.83sin130° cos130° = -15.67 MPa <

13.15 MPa V<

\

V 0

'\ Plane of weld

SOLUTION (1.11)

Use Egs. (1.14),
2x)+(2x)+(x)+F_ =0

(—y2)+(—2yz+x)+(0)+Fy =0
(z-4x)+(0)+(22)+F =0

Solving, we have (in ]\1]\7/71’13 ):
F =-3x+2xy Fy=—x+y2+2xz F =4xy +z (a) <«

Substituting x=-0.01 m, y=0.03 m, and z=0.06 m, Eqs. (a) yield the following values
F, =294 kN/m*  F, =145kN/m’  F, =588 kN/m’

Resultant body force is thus

F=\F?+F’+F’ =6732 kN/m’ <

SOLUTION (1.12)
Equations (1.14):
-2¢,y=2¢,y+0+0=0, 4c,y =0
O+c;z+0+0=0, c;z=0
0+0+0+0=0

No. Egs. (1.14) are not satisfied.
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SOLUTION (1.13)

(a) No. Egs. (1.14) are not satisfied. <
(b) Yes. Egs. (1.14) are satisfied. S|

SOLUTION (1.14)

Eqgs. (1.14) for the given stress field yield:

F.=F,=F. =0 <
SOLUTION (1.15)
1
y’k TxyyvAA
—Y0 A4
40 AA cos20° \ ’
50 A4 cos20° =
x2Q
50 AA sin20°
60 AA sin20°
Y F.=0: 0.A4+40cos’ 20" ~60A4sin’ 20°
-2(50AA4sin20° cos20°) =0
0,.=-3532+7.02+32.14=3.84 MPa <
Y F,=0: 7,,A4-40A45in20° cos 20°
—60AAsin 20° cos 20° = 50AA cos® 20°
+50AA4sin® 20° = 0
T, =12.86+19.28+44.15-5.85=70.4 MPa <
SOLUTION (1.16)
50 AA4 cos25°
15 AA4 cos25° l v y
15A4 si32<5°_ Z/S()vrx,y,AA
90 A4 sin25° &; AA
v
X
Y F.=0: 0,.A4+50A4c0s”25°
—90AAsin® 25° —=2(15AA4sin 25° c0s25°) =0
0. =-41.7+16.07+11.49 =-12.9 MPa <

(CONT.)
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1.16 (CONT.)

E F,=0: 7,,A4-50A4sin 25" cos 25°

—90AAsin 25° cos25° —15AA4 cos* 25° +15AA4sin* 25° =0
Ty = 19.154+34.47+12.32-2.68 =63.3 MPa

SOLUTION (1.17)

0 =20°

o, = %(—40 +60) + %(—40 —60)cos40° +50sin 40°
=10-38.3+32.1=-3.8 MPa

Ty = —%(—40—60) sin40° + 50 cos 40°
=32.14+38.3=70.4 MPa

SOLUTION (1.18)

(o}

X’k \ Tx'y'
\
e I
A‘ 6 :1150
_> X
y &« f > 5 MPa

50 Mpa

o, = %(90 -50) + %(90 +50)c0s230” —15sin 230”
=20-45+11.5=-13.5 MPa
Ty = —%(90 +50)sin 230” —15¢c0s230°

=53.62+9.64 =63.3 MPa
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SOLUTION (1.19)

Transform from @ = 40° to O = 0. For convenience in computations, Let

0, =-160 MPa, 0, =-80 MPa, T, =40 MPa and 6 = 40’
Then

o, = l(o’x +Uy)+%((7x -0,)c0s26 +7, sin20

= %(—160 -80) + %(—160 +80)cos(-80”) + 40sin(-80”)

=-138.6 MPa
Ty = —%(O’x -0,)sin20 +7_, cos 20

= —%(—160 +80)sin(-807) + 40 cos(-80°)

=-32.4 MPa
So 0,=0,+0,-0,=-160-80+138.6 =-101.4 MPa
For 6 =0": y 101.4 MPa

T 32.4 MPa

‘ | 138.6 MPa

T » X

SOLUTION (1.20)

6 =tan™' i =53.1°
3

B 45+90+45—90

o, 5
=67.5+6.28 =73.8 MPa
_45-90

c0s106.2°

sin106.2° =43.2 MPa

432 M‘P<<

73.8 MPa
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SOLUTION (1.21)

0 =60 51140° o =153.3 MPa

G+6O+O_6ocos140” o =231 MPa

SOLUTION (1.22)
T

60 MPa A
(MPa)

\\ —T> 50 MPa - 10 /, (60, 50)
O /’/r

1320(’ 40 MPa Rt C o (MPa)
\ & /
' (-40, -50) OXH

N

X

o =tan” ﬂ =398’
60

= (60 +50%)" =78.1
T, =sin79.8°(78.1) = 76.9 MPa

o, =c0s79.8°(78.1) = -13.83 MPa

Sketch of results is as shown in solution of Prob. 1.15

SOLUTION (1.23)
T (MPa)
50 MPa y
_>
= 13 MPa (99’ 15)
- '250 R
90 MPa (-50,-15) \% t o (MPa)
T» > 62.1
(Ox Ty y’)
o =tan™ E =12.1°
70 ¥ 14.22 MPa
1 4.6 MP
r=(15*+70%) =73.14 '\ \ 64.6 MPa
. 90 MPa
T, =73.14sin62.1° = 64.6 MPa \Az/so |
» X
0. =-73.14c0s62.1° + 20 o T %5 MPa
50 MPa

=-14.22 MPa
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SOLUTION (1.24)

T (MPa)
A
o« «— 0'=675 r=22.5
/
I,
45 MPa
‘ /53.10 O 0.(1\7[Pa)
'/& » X
l90 MPa 106 73. 80
X
(Ox’, —“Txy )
T, =22.5sin73.8" =21.6 MPa P
0,.=675+225c0s73.8° =73.8 MPa
Sketch of results is as shown in solution of Prob. 1.20.
SOLUTION (1.25)
T (MPa)
(@)
\ 140°
NN N
o< ,4\70" C \\ r o (MPa)
l —
-60 .
.. =-30=2 Ssind0’; 0 =153.3 MPa »
o-6
(b) )
o =231 MPa >
SOLUTION (1.26)
(a) From Mohr’s circle, Fig. (a):
o, =121 MPa o, =-71 MPa Toax = 96 MPa
Gp'=—19.3" 0,'=25.7° <
T
(MPa) Tmax A(100,60)
o. O/'/'; ’é\3 s+ 5—> 0 (MPa)
(CONT.)

Figure (a)
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1.26 (CONT.)

By applying Eq. (1.20):
0y, =2« 250 136000 | =25+ 96
or
o, =121 MPa 0, =-71 MPa <
Using Eq. (1.19):
tan260, = -3 =-0.8

.<
Qp'=—19.30 0,'=25.7°
(b) From Mohr’s circle, Fig. (b):
o, =200 MPa 0, =-50 MPa T = 125 MPa <
Hp'= 26.55° 0,'=71.55°
Figure (b)
Through the use of Eq. (1.20),
0y, =75=[22 4+ 10,000] =75+ 125
or
o, =200 MPa 0, =-50 MPa <
Using Eq. (1.19), tan 26, = 4/3:
Hp'= 26.55° 0,'=71.55° <
SOLUTION (1.27)
Referring to Mohr’s circle, Fig. 1.15:
0. =252 +2cos20 (a)
O, =752 - 5720820
T, =57%sin20 (b)
From Egs. (a),
O, +0,=0,+0, > |
By using cos” 26 + sin® 20 =1, and Egs. (a) and (b), we have
<

2
0,0, -T,,=0,"0, =const.
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SOLUTION (1.28)

We have
tan 26, = ;2 = 270 = ~0.583

o, T 50-(190)

20, =-30.26"  and 6, = ~15.13

Equations (1.18):
O, =210 4 300 cos(-30.26") — 70sin(-30.26°)
=-70+103.65+35.275 = 68.92 MPa = 0,
0,=0,+0,-0,=-208.9 MPa =0,

J 208.9 MPa
— 15.13°
68.92 MPa
SOLUTION (1.29)
0,-0,\2 2
Tmax = ( 2 ) +Txy

Substituting the given values
2 _ (6o+100 2
1407 = (g0} 472
or

T e = 114.19 MPa

SOLUTION (1.30)

Transform from 6 = 60° to 6 = 0° with o, = -20 MPa, 0, =60 MPa,
T, =-22 MPa,and 6 = -60°. Use Egs. (1.18):

O, =240 4 22060 ¢c052(-60") - 225in 2(-60°) = 59 MPa
0,=0,+0,-0,=-19 MPa
T, =-23.6 MPa
Y4 |19MPa
23.6 MPa
‘_T l—>59 MPa
T
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SOLUTION (1.31)

(a)

(b)

0,c0860°
TyyC0S60°
0,51n60°
30 MPa
Area =1
TyySin60°
Figure (a) Figure (b)
Figure (a):
o, = 14s5in60° =12.12 MPa
7., =14c0s60” =7 MPa
Figure (b):
Y F, =12.12¢0860° -7, 5in60° = 0
or
T, = 7 MPa (as before)
Y F, = -0, 5in60° +30+7cos60° = 0
or
o, =38.68 MPa
Equation (1.20) is therefore:

_ 386841212  |(38.68-1212Y2 72
O, =773 i|£ )+ 7 ]

o 0,=4041 MPa, 0, =10.39 MPa

Also,
Gp = %tan_l 38.628(—71)2.]2 =13.9°
Note: Eq. (1.18a) gives, 0, = 40.41 MPa .
Thus,
0,'=13.9°
10.39 MPa

40.41 MPa
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SOLUTION (1.32)

Oy
—> i» ™
<_l T_>Ox Figure (a)

T
Figure (a):

o, =100cos45° =70.7 MPa
0, =100sin45° = 70.7 MPa

7., =100c0s45° =70.7 MPa

Now, Egs. (1.18) give (Fig. b):
0, =70.7+0+70.7sin240° = 9.47 MPa
T, =-0+70.7c0s240° = -35.35 MPa

<
o, = 70.7-0-70.7sin240° =131.9 MPa
yT Oy Ox kb Tyy
, v
X \ iﬂxy //,/;/@ Figure (b)
Ox A n| F}””/’ (Y
\’ ’,/’*/360 .
WA/ﬂvFI—‘ '
SOLUTION (1.33)
o, = -70sin30° = =35 MPa <
7., =70c0s30° = 60.6 MPa
(a) Figure (a):
EF" =-150+0.50, + 60.6(0.866) = 0
or o, =195 MPa <

35c0s30°
60.6c0s30°
60.6sin30° Figure (a)
150 MPa PN
o,sin30
Area=1-"

(CONT.)
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1.33 (CONT.)

(b) Equation (1.20):
o, = 1952—30 + |:(1952+35)2 + 60.62]

or o, =210 MPa 0, =-50 MPa <
Also,

_ 1 -1 2(60.6) _ o
0, =7tan” {5555 =13.89

Equation (1.18a):
0. =80 +115c0s2(13.89°) + 60.6sin2(13.89°) = 210 MPa

Thus,
Hp'= 13.89° 50 MPa <
210 MPa
/'
_—”' X’
X
0’
SOLUTION (1.34)
For pure shear, 0| = —0,:
pro__pry P T01=P’”/f
t 2t 2mrt
from which
P=3mpr’ <4 — 0, =5 -3
SOLUTION (1.35)

(o
y 0
Table C.1: LL
A= 2mrt <—I l-' O +0, Figure (a)

J = 2wt — X

Stresses are (Fig. a):

0, =20, =96 MPa
T, === _ _694 MPa

Xy J 27(0.122)(0.005)

(CONT.)



https://telegram.me/seismicisolation

1.35 (CONT.)

Hence,

o, =48-25=23 MPa 0, =96 MPa

Therefore, we have

Tmax = i[(%)z + 6942] =+78.4 MPa

Also

o'=1(23+96) = 59.5 MPa Y4 6"
and ’ ¥ X
6, = Ltan™ ;2% — _13.87° [ X
s 2 2(-69.4) ' 59.4 MPa —
Equation (1.18b) with 6, = —13.87°: T’ 78.4 MPa
Ty = -16.99 -61.42 = -78.4 MPa
Figure (b)
Thus,
6" =13.87°
SOLUTION (1.36)

A =2mrt = 27(60)(4) = 1508 mm*
J =2m’t = 2w(60)*(4) = 5.429 x10° mm*

o, =2 =20 _75 MPa

(o
T = —Ir = _M y
i J 5.429(10°°)

= -5.526 MPa ‘_I l_>
o, =5+L£=375+L5 o,
(P innewtons) | T,
Thus g

o,.+0, o,-0,

»~O0y\2 2
o, =5 +(2)+rxy

Substituting the numerical values gives

80 =56.3+331.6x10°P + [(-18.75 +331.6x10°°P)* + (—5.526)2]

Solving,

P =64.01 kN
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SOLUTION (1.37)

Atpoint A, T =8kN and P =400 kN
P 4(400x 10°) — T,

Ox=__= —2=—509MPa
A m(0.1) > 4 <
3 Ox
T, = 167; - 16(8"12 ) 2407 MPa —
rd m(0.1)

Hence

O..2 2
Tmax = (7) +rxy

a

— J(-25.45)> +(40.7)
— 48 MPa = R A <

2y
o, s
0, = = ~25.45 MPa /C_\ \ g
v U'
" 40'7 " o .// "
tan20,"=—_""—. 0,"=29" ) e

25.45

SOLUTION (1.38)

0 =0 +90=50+90=140°

3
¥’ > » o =?A=95.5 MPa
‘% 0 I_, o == ~(0.04)°
R A 4
S 16(1.5x10™)
¥ oo LT r=—220 ) _119.4 MPa
3 ST m(0.04)
Equations(1.18):
o,=0 =?+i2'5005280”+119.4sir12800 =61.5 MPa <
and
955 . ., ,
T, =Ty === —sin 280" ~119.4005 280 = 47.02-20.73 = 26.3 MPa <
x’v\

h 140°

61.5 MPa ~ae
‘\// Q—» x
26.3 MPa /
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SOLUTION (1.39)

A=2(180> -120°) = 11.31x10° mm’
J =2Z(180* -120%) = 82.70x10° mm*

O, =-L=-7% =618 MPa, 0, =0
T =T — 200 _ 9176 MPa

Xy J 82.70x107°

Equation (1.20) is therefore

O = 0y = =S890 1 [(8139)2 4 (2] 76)?

= 6.885 MPa
SOLUTION (1.40)
P=1,Lt T,Lt
M =1 Lth =
o o] 15
A =2ht 2
=112y =2h° [e— 1 ——f M
Axial stress: O, = % = %
Bending stress: O, = % = 3;[;),L
Point A
T,
—
<—I A l_> O,t0, = %
—>

From Eqgs. (1.20) and (1.22), we obtain
7oL

0, = x5 +1
Tmax = TO V (%)2 + 1

Point B

Hence
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SOLUTION (1.41)

A=m(30° -15%) = 2.121(107) m*
I=2(30*-15%)=0.596(10"°) m* J =21

<—I A l—»aa"'ab

—  —>X

xp
We have
P _ 5000
0, =5 =7 = 23.58 MPa
_ My _ _20000.03) _
0, = Y = ZH0%- ~10.07 MPa
_ —Tr _ —5000003) _ _
T, ==f = S0 _ _12.58 MPa
Thus,
o, =23.58+10.07 =33.65 MPa 0'=16.83 MPa
T
(MPa) 4

/i\/s%i 12.58)
I <20
\ \:) » 0 (MPa)
S0
A
[}

—»| 16.83 |<—

From Mohr’s circle (Fig. a):
r=+12.58" +16.832 = 21.01 MPa 9 '=

Figure (a)

(@)

) %tan‘1 1e8 =18.39°

0, =16.83+21.01 =37.84 MPa
0, =-4.18 MPa

Results are shown in Fig. (b).

X’ Figure (b)
37.84 MPa
4.18 MPa
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SOLUTION (1.42)

y% Pk e @)
%0 N20° Figure (a
%1 ‘& 2y o8 60

¢ X 9 ,

(a) At O =-60° (Fig. a):
0 =257 + 227 c0s 2(~60°) + 7, sin 2(-60°)

or

0=0.50, +1.50, -1.7327, (a)

We also have

T, = —2575in 2(-60°) + cos 2(-60°)

or
o, =3464t,+0, (b)

Substituting Eq. (b) into (a), we obtain O, = 0. Results are shown in Fig. b.

T, =T,

y
T xy
— T_, o, =3464r,  Figure (b)
— —> X

Alternatively, using an element ABC (Fig. ¢):

A TO C
O io Figure (c)
To 27 Area=1
Y F, =0.50, - 0.866, - 0.866, = 0
or 0 =3.464t,, asbefore.

Stresses on planes at 207, taking 0 = =707 (Fig. b):
O, = [245% 4+ 345 cos(-1407) + sin(-140°)Jr, = -0.2377, <
T, =[-23sin(-140") + cos(-140°)Jr, = 0.3477, <

20

(CONT.)
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1.42 (CONT.)

(b) Principal stresses:

_ 3464 34622 2
O, =73 i[( ) "'170]

0,=3732t, 0, =-0.2681, <
The maximum principal stress is on plane inclined at
-1 4
Gp'= %taﬂ 1A7§02'ro =15 <
SOLUTION (1.43)

At a critical point on the shaft surface, the state of stress of stress is as shown in Fig. (a).

yA

{ }_ o,

xy
Figure (a) Figure (b)
We have
— _P _ M
O, =—-5- [’
__8100°) _ 1310°)(0075) _ _
20,0757 7(0.075)°/a 43.818 MPa
o _Ir _ _ (5611090075 _
Txy - J - 20075 2 23.54 MPa
Therefore,

o, = =B818 [(432818)2 + (_23'54)2]

or
o, =10.248 MPa, 0, = -54.066 MPa <
T =30, —0,)=32.157 MPa

and
0,"=tan” 2250 _ 23 53 <

Results are shown in Fig. (b).

SOLUTION (1.44)

Apply Egs. (1.20) to Fig. P1.44b, for 6 = =30°:
0., = -40sin2(=30°) = 20v/3 MPa
o, =203 MPa ®)
7., = —40c0s2(-30") = =20 MPa
(CONT.)
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1.44 (CONT.)

Now apply Egs. (1.18) to Fig. P1.44c, for 8 = —60°:
0. =10sin2(=60°) = =543 MPa

o, =5J3 MPa (©)
T, =10c0s2(-60") = =5 MPa

Superposing stresses in Egs. (b) and (c) and those in Fig. P1.44a, we obtain Fig. (a).

Y4 <_l£\/§ MPa
<—I l—» 15v/3 MPa

T 45 MPa

Figure (a)
Referring to Fig. (a):

0, =0z |£15\/§)2 + (-45)2]
or

0,=5196 MPa 0, =-51.96 MPa
When

1 -1 2(-45) _ _aq0
0,'=ztan" o5 =-30

is substituted into Eq. (1.18a), we have 51.96 MPa (Fig. b).

51.96 MPa

51.96 MPa
Figure (b)

SOLUTION (1.45)

Apply Egs. (1.18) to Fig. P1.45a, for O = —15 , to obtain stresses in Fig. (a):
o, =-2-3¢cos2(-15")=-27.99 MPa

xa 2 2
0,, =-15+15c082(-15°) = -2.01 MPa
T, =158in2(-15%) = -7.5 MPa

Superposition of stresses in Figs. (a) and P1.45b gives Fig. (b).
(CONT.)
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1.45 (CONT.)

2.01 MPa 47.99 MPa
27.99 MPa 27.99 MPa
30° 30°
TN o
7.5 MPa 7.5 MPa
Figure (a) Figure (b)
Apply Eq. (1.20) to Fig. (b):
0,, = 22419 4 [1 27,99~ 47.99)" 4 (-7.5)? |
or
0, =48.72 MPa,  ©, =-28.72 MPa <
When

= Llign~ ! 275 o
0, =stan” e gy = 5.58

is substituted into Eq. (1.18a), we obtain —28.72 MPa (Fig. c).
35.58°

X

Figure (c)

SOLUTION (1.46)

Equations (1.18) are applied to Fig. P1.46a, for 6 = =30°:

xa

0,, =25-(=5)c0s2(-30") = 27.5 MPa
= —(=5)sin2(=30°) = -4.33 MPa

o, =230 4 20-30¢082(-30") = 22.5 MPa

Txya

These stresses and that of Fig. P1.46b are superimposed to yield Fig. (a).
y 14.33 MPa

37.5 MPa

—» X

122.5 MPa

Figure (a)

(CONT.)
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1.46 (CONT.)

Principal stresses are thus

0, = 37.5;225 + [(37.5522‘5)2 + 14.332]

or
0, =46.17 MPa  ©, =13.83 MPa
Hence
T =30, —0,)=16.17 MPa
We have
6, =+tan™ 3550 = -31.2°
Equation (1.18a) results in
O, =313223 4 31.3:223 005(-62.4") — 14.335in(-62.4°) = 46.17 MPa
Therefore

0,=312" 2
Results are shown in a properly oriented element in Fig. (b).

13.83 MPa

X’ Figure (b)

46.17 MPa

SOLUTION (1.47)

State of stress is represented by Mohr’s circle in Fig. (a).

From this circle, we determine

o, =-40 MPa
Oy=20 MPa < ;O’(MPa)
0,'= ltan™' 4 =26.57°

(-0y,-40) Figure (a)

Results are shown in Fig. (b). ~— X

6 "
P Fi b
50 MPa igure (b)

~ 60 MPa
40 MPa
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SOLUTION (1.48)
27 MPa

NS L
\ l
/<>\lf,x

0,+0,=0,+0,

45-30=-27+0; o =42 MPa

45—30+45+30
2

o.=42= cos20 +15sin260

or

49.5=37.5c0s260 +15sin 260
T, ==21=-37.5sin26 +15c0s26

Multiply this by —2.5:

52.5=93.75sin20 - 37.5co0s 26
Add Egs. (1) and (2),

102 =108.75sin268, 26 =69.71°

or

6 =34.9° )

)

2

SOLUTION (1.49)

State of stress is represented by Mohr’s circle in Fig. (a).

(MPa)
/if\\(loo’.cxy)
[} 7
| <36,
0™ //1'/0’\ 10 » 0 (MPa) Figure (a)

Referring to this circle, we obtain the results (Fig. b).

-1 0
0, =ttan™ 3 =18.43
20 MPa

| 50 MPa X
6 1
{ 100 MPa X
110 MPa

| 30 MPa
(b)

(a)

Figure (b)
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SOLUTION (1.50)

0,=60 MPa 0,6 =-18 MPa

From Equation (1.18a):

30 = 818 4 8018 co5 26, — 155in 20,
or

13c0s20, —5sin26, -3=0

Solving

20, = 56.52° 0, =28.26°

We have
0,=0,+0,-0,.=12 MPa
Equation (1.14b) gives

T, =—5%sin56.52° -~ 15005 56.52°

SOLUTION (1.51)

T, =-15 MPa

= -40.8 MPa

o, =30 MPa

We have

4(217)10°
O =M (21m)

o 7(0.1)

=84 MPa

State of stress is represented by Mohr’s circle in Fig. (a).

T A
(MPa)

Figure (a)

T = (567 —42%) = 37.04 MPa
Thus

T =< = BI0700) _ 58 18 kN -m

Hence

P = 27T = 27(20)58.18 = 7311 kW

- ! (84,7)
— -
O
84 MPa

vai » 0 (MPa
42 ( )
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SOLUTION (1.52)

0,=20, O 0 ,/C o

From Mohr’s circle,
7., =(%)sin60” = 0.4330,
Therefore

30=04330, 0, =69.28 MPa

We have
o, =4 =69.28 p(BY) =69.28
Solving
p =2.771 MPa
SOLUTION (1.53)
pr
. 4
p :1:_ '. EE p

Mohr’s circle representing stress at point A is shown in Fig. (a).

T
(MPa)
(84,t4y)
/‘&60"
Ol 42w98 » 0 (MPa)
(56,1) %

Figure (a)

From this circle:
42=%=90p or p =467 kPa

Then
98(10°) = 29 +

Y
27(0.45)(0.005)
gives

P =1069 kN
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SOLUTION (1.54)

(a) T, =-36.625in35" = -21 MPa

(b) Because of symmetry:

Toy =-T, =21 MPa

x'y
and
o,+0,=0,.+0, =140 MPa
gives

o, = 40 MPa

30
cos35°?

=36.62 MPa

SOLUTION (1.55)

State of stress is represented by Mohr’s circle in Fig. (a).

Figure (a)

(a) Using this circle, we write

T, = [("*T”z)2 + 202]

. =14+0C=14+1(0, -12)

and

Solving,

o, =186 MPa

Note that, alternately,

(CONT.)
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1.55 (CONT.)

_ 14 — Ux2—12 _ Izox;—IZ)Z + 202]
yields 0 =186 MPa, as before.

(b) Wehave
o, = 1862—12 + E1862+12)2 + 202]

or
o, =188 MPa 0, =-14 MPa
and
T =30, —0,) =101 MPa
Also
0= Ltan 2 _571°

Results are shown in Fig. (b).

14 MPa

101 MPa
188 MPa
J—

X

6 '

P
Figure (b)

SOLUTION (1.56)

(a) o0, =96.05 MPa o, =23.05 MPa o,=0

(b) (TIZ)max = %(01 - 02) = 3605 MPCZ
(113)max = %(O—l _03) = 48.03 MPa
(TZS)max =%(02_G3)=11.98 MPa
Plane of (T,,)

is shown in Fig. (a). Other maximum shear planes are sketched similarly.

max

O3
O
(TIZ)max Figure (a)
28.15°

X
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SOLUTION (1.57)

A =277t = 27(60)(4) = 1508 mm”

O, =Ly VD 15_ 11684 MPa

1508(10°)
T (MPa)
A 5
«— © —»I
y 30 MPa <+ Ox _’l
t 1 .
<« —> O 640 N » O (MPa)
l ifngPa 11.684 U
0'=1(30+11.684) =20.84 MPa
r=+(30-11.684) =9.158 MPa
(a) O0.=0"'-rcos64’ =16.82 MPa
(b) T, = rsin 64° = 8.231 MPa
SOLUTION (1.58) T
0.009t MN / pr
o, =+
| ¢¢‘ <+ /_> 1 t

— Pr _ 0.0097
lOiz = 2t 27t

X’
21
7 50p
“flf \ A Figure (a)
y’ / 25p-2.5

Equilibrium of x' and )'directed forces results in (Fig. a):

21-50p(:3)’ - (25p-2.5)(4)* =0

or

P =494 kPa
and

7+(25p - 2.5)(%) - 50p(¥2) = 0
from which

p =547 kPa
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SOLUTION (1.59)

Direction cosines are:
L =~3/2 m =12 =0
L=-12 my=+3/2 n,=0
l,=0 my =0 ny =1
Equation (1.28a) is thus
0.=202)+0+0+ 2(12)(@)(%) +0+0=25392 MPa

Similarly, applying Egs. (1.28b) through (1.28¢), we obtain [T, ]:

25342 -2.66 —7.99
_2.66 -5392 16.16| MPa <
799 1616 6

Then, Egs. (1.34) result in

I,=1,"=26 MPa I, =1,'= =349 (MPa)’
I, = I,'= -6464 (MPa)’ <

SOLUTION (1.60)

Direction cosines are:
L =3/2 m =12 =0
L=-12 m=~3/2 n,=0
l,=0 my =0 ny =1

Equation (1.28a) is therefore
0. =60(2)+0+0+2(40)(2)L)+0+0

= 20[(2) + /3] = 79.64 MPa

Similarly, applying Egs. (1.28b) through (1.28¢), we obtain [T, ]:
79.64 -598 -44.64
-598 -19.64 -2.68| MPa <
-44.64 -2.68 20

Then, Egs. (1.34) lead to
I,=1,"=80 MPa I, = I,'= -2400 (MPa)’
I, = 1,'= 8000 (MPa)’
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SOLUTION (1.61)

Referring to Appendix B:
0,=13212 MPa  0,=5684 MPa 0, =-8.896 MPa
and
l,=0.9556 m, =0.1688  n, =0.2416
Thus,
T = 5(0, —03) =11.054 MPa <
SOLUTION (1.62)
Referring to Appendix B:
0,=66.016 MPa  ©,=28418 MPa o, =-44479 MPa <
and
l,=0.9556 m, =0.1688  n, =0.2416
SOLUTION (1.63)
Referring to Appendix B:
o, = 30.493 MPa 0, =12.485 MPa 0, =-16.979 MPa
Thus,
. =1(0,-0,)=23.736 MPa <
SOLUTION (1.64)
Referring to Appendix B:
0,=24747 MPa 0, =8.480 MPa o, =2.773 MPa <

and

[, =0.6467 m, =0.3958 n, =0.6421

SOLUTION (1.65)
(a) Equation (1.32) becomes
(30-0,) 0 20

0 -0 0 =0
20 0 -o

Expanding,
~0,[0,(0, -30) - 400] = 0

(CONT.)
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1.65 (CONT.)

or
o, =0, o, =-10, o, =40
Thus
o, =40 MPa, o, =0, 0, =-10 MPa <
(b) For 0, =40 MPa:
(30 —40)], + (O)ym, +20n, =0, I =2n,
(O)ml = 07 ml = 0
The condition 112 +0+ nl2 =1 gives
(2n)* +nf =1,  n =4
Thus
L =%, m, =0, n = <4
SOLUTION (1.66)
y
Y v
30° X,X
72 ¥ g A7 Figure (a)
(a) Atpoint(3,1,5) with respect to xyz axis, we have [Tii] :
10 0 0
0 -4 0| MPa (a)
0 0 8
Then, Egs. (1.34) result in
I, =14 MPa I, =8 (MPa)’ I, = =320 (MPa)’ <
Direction cosines of x’ y’ z’, referring to Fig. (a) are
=1 m=0 n =0
L=0 m,=1/2 n, =+/3/2
L=0 m=-+3/2 n,=1/2
Now Egs. (1.28) and (a) give [T, ]:
10 O 0
0 5 3V3| MPa <
0 33 -1

(CONT.)
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1.66 (CONT.)

Thus, Eqs. (1.34) yield
1,'=14 MPa 1,'=8 (MPa)’ 1,'= =320 (MPa)’

as before.

Figure (b)

22"

(b) Direction cosines are (Fig. b):

L, =2/5 m =-1/"5 n =0
L=1N5 m=2/5 n,=0

l,=0 my; =0 ny, =1

With these and Eq. (a), Egs. (1.28) yield [Ti'j'] :

72 56 0
56 -12 0| MPa
0 0 8

Thus, Egs. (1.34) result in
1,'"'=14 MPa 12"=8(M1Da)2 1,''=-320 (MPa)3

The I’s are thus invariants.

SOLUTION (1.67)

Introducing the given data into Eq. (1.28a), we obtain
o, =12(3)7 +10(E)* +14(0) + 2[6(1)(E)]+0+0
=15.696 MPa
Remaining stress components are determined in a like manner. The result, [T i'j'] , 1S
15.696 -3.866  7.089
~3.866 6304 -6.294| MPa
7.089 -6.294 14.
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SOLUTION (1.68)

Equations (1.34) become
I, =0,+0,

2
I,=0,0, -1, I,=0
Equation (1.33) is then

3 2 2
o0,-(0,+0))0,+(0,0, -1,)0,=0

p
or

2 2
o,-(0,+0,)0,+(0.0,-7,)=0
Solution of this quadratic equation is

o.+0,

0,="3>%4[0}+20,0,+0,-4(0,+0, —rfy)]%
_ ax;oy + [(UX;G},)Z +T§y]2
SOLUTION (1.69)
Referring to Appendix B, we obtain the following values.
(a) 0, =12.049 MPa  0,=-1521 MPa 0, =-4.528 MPa
and
[ =06184  m =05333  n =05772
(b) 0, =19.238 MPa o, =13.704 MPa 0, =4.648 MPa
and

1, =03339  m, =0.3862

n, = 0.8599
SOLUTION (1.70)
(a) Direction cosines are:
y
T [=4/5=0.8
C\oT o m=3/5=0.6
A v X n=0
A 3 B—> X

Equation (1.40) is thus

o =100(0.8)? + 60(0.6) + 2(40)(0.8)(0.6) = 124 MPa <
Equations (1.26) yield

p. =100(0.8) + 40(0.6) = 104 MPa

p, = 40(0.8) +60(0.6) = 68 MPa

p. =80(0.6) = 48 MPa
Equation (1.41) is then

7 =[104% + 682 + 487 — 124°]* = 48.66 MPa <
(CONT.)
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1.70 (CONT.)

(b)) Direction cosines are:
AY

Equation (1.40) results in

1=0
m =2/~320 = 0.447
n = 4/+20 = 0.894

o = 60(0.447)7 +20(0.894)* + 2(80)(0.447)(0.894) =91.913 MPa <«

Equations (1.26) yield
p, =40(0.447) =17.88 MPa

P, = 60(0.447) +80(0.894) = 98.34 MPa
p. =80(0.447) + 20(0.894) = 53.64 MPu

Equation (1.41) leads to

T =[17.88% +98.34% +53.66° - 91.9132]% = 66.481 MPa <

(c) Direction cosines are:

[ =0.512 m = 0.384
Equation (1.40) is therefore

o =100(0.512) + 60(0.384)> + 20(0.768)

+2[40(0.512)(0.384) + 80(0.384)(0.768)] = 109.77 MPa <

Equations (1.26) yield

p, =100(0.512) + 40(0.384) = 66.56 MPa

p, =40(0.512) + 60(0.384) + 80(0.768) = 104.96 MPa

p. =80(0.384) + 20(0.768) = 46.08 MPa

Equation (1.41) gives

T =[66.56" +104.96° + 46.08° — 109.772]% =T74.3 MPa <

SOLUTION (1.71)

(a) Direction cosines are:

I =2/413 =0.555

m =3/~/13 = 0.882
n=0
(CONT.)
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1.71 (CONT.)

Equation (1.40) is then
o =100(0.555)% + 60(0.832)° + 2(40)(0.555)(0.832) = 109.277 MPa -«

Equations (1.26) lead to
p. =100(0.555) + 40(0.832) = 88.78 MPa
D, = 40(0.555) + 60(0.832) = 72.12 MPa
p. =80(0.832) = 66.56 MPa

Equation (1.41) gives then
T =[88.78% + 72.12% + 66.56> ~109.277° ] = 74.67 MPa <

(b) Direction cosines are:
AY

[=0
m =1//5 =0.447
Z
B 1,0 n =2/~/5 = 0.894

¥z
Thus, the results are the same as those obtained in Solution of Prob. 1.70b.

(¢) Wehave 7, =3i,7,=2j,7, =k.

Equation (P1.70) is therefore
x=-3 y z
-3 2 0[=0
-3 0 1

or

2x+3y+6z=6

Direction cosines are:

-6
n=<

-~
I
)
o
;\{N
o
+
=N
o
I
]\
1
3w

With these and given stresses, Egs. (1.40) and (1.26) yield
o =102.449 MPa <
and

p, =45.714 MPa p, =105.714 MPa p. =51.429 MPa

Substituting the above values into Eq. (1.41), we obtain
T = 73.582 MPa <
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SOLUTION (1.72)

See: Hint, Prob. 1.70:
2 -

2
m
V32412422 N14

Equation (1.40) gives
0 =20(F)" +30(55)” + 50(- )’
+ 2[10(F) () = 10()(- )] = 51.43 MPa <
Equation (1.41):
7 = {[20() + 10k = 10(- 7T

+[10(Z) +30(75) + 01 + [-10(F) + 0+ 50(- )] - 51.34%)"
=7.413 MPa <

SOLUTION (1.73)

Direction cosines are

[ =co0s35° =0.8192 m =cos60° =0.5 n=cos73.6° =0.2823

Equation (1.40) results in
o = 60(0.8192)> - 40(0.5)* + 30(0.2823)*
+2[20(0.8192)(0.5) — 5(0.5)(0.2823) + 10(0.8192)(0.2823)]
=52.25 MPa <

Equations (1.26):
. =60(0.8192) +20(0.5) + 10(0.2823) = 61.9725 MPa

p, =20(0.8192) - 40(0.5) - 5(0.2823) = -5.0287 MPa
p. =10(0.8192) — 5(0.5) + 30(0.2823) = 14.1618 MPa

Equation (1.41) is thus
T =[(61.9725)> + (=5.0287)% + (14.1618)* — (52.25)* ]
=36.56 MPa <

SOLUTION (1.74)

Direction cosines are

[ =cos40° =0.766 m =cos75° =0.259 n =cos54° =0.588
(CONT.)
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1.74 (CONT.)

Equation (1.40):
o =40(0.766) + 20(0.259)* + 20(0.588)’
+ 2[40(0.766)(0.259) + 0 + 30(0.766)(0.588)]

—23.47+134+691+42.9
— 74.62 MPa <

Equation (1.41) gives
T = {[40(0.766) + 40(0.259) — 30(0.588)]
+[40(0.766) + 20(0.259) + 01> + [30(0.766) + 0 + 20(0.588)]* - 74.62°}>

— [3436.3 +1282.9 +1206.7 - 5568.1]*
= 18.93 MPa <

SOLUTION (1.75)

Note: Planes of maximum shear stresses can be determined upon following a procedure
similar to that used in Solution of Prob. 1.56.

(a) From Problem 1.69a:
o, =12.049 MPa o, =-1.521 MPa 0, =-4.528 MPa
Thus, (T}3) = 3(0, —0;) =8.288 MPa
() = (0, —0,) = 6.785 MPa <
(Ty) e = 3 (0, —03) =1.503 MPa

(b) From Problem 1.69b:
0,=19237 MPa  ©,=13.704 MPa o, =4.648 MPa

Thus, (T;3)p = 3(0, —03) =7.294 MPa
(T1) max = 3(0, —0,) =2.766 MPa
(Ty;) px = 3(0, —0;) =4.528 MPa

SOLUTION (1.76)

We have
o, =48 MPa o, =36 MPa o, =-72 MPa

(a) From Egs. (1.43) and (1.44):
T, =L1[(48-36)> +(36+72)" + (-T2 - 48)*]" = 53.96 MPa <

ct

O,, =3(48+36-72)=4 MPa

(b) Using Eq. (1.45),
T =3 (48-36) =6 MPa
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SOLUTION (1.77)

(-100-0,) 0 ~ 80
(a) 0 (20-0,) 0 |=0
- 80 0 (20-0,)
Expanding,

(20 - 0)[(0 +100)(0 = 20) - 6400] = 0
and

0, =60 MPa, ©,=20 MPa, o, =-140 MPa <

(b) Apply Egs. (1.43), (1.44), and (1.45):
T, =35[(60 - 20) + (20 +140)* + (-140 — 60)2]% =86.41 MPa
0, =1(60+20-140) = -20 MPa <
.. =1(60+140) =100 MPa

SOLUTION (1.78)

Octahedral and shearing stresses are given by
2 2 2 2
T, =5[(0,-0,)" +(0,-0;) +(0,-0))]

oct
2 2
Tinax = %(01 - 03)

max

2 2
Letussay, T, >T,., . Then

(%)2 > 5 [(o, _02)2 +(0o, _03)2 + (0, _01)2]

or
2 2 2
3(0,-03)>[(0,-0,) +(0,-0;) +(0;,-0))]
Subtracting (O, — 03)2 from both sides and noting that (0, — 0'3)2 = (0, -0, )2,
we have
2 2 2
%(O-I -0,) > (0,-0;) +(0,-0;)
But
(o, _03)2 > (0, _02)2 + (0, _03)2
Thus,

%(O-I _03)2 > (0, _02)2 +(0, _0'3)2 (@)

The squares of the difference between O, and O, will always be greater then the

sum of the squares of the difference between O, and O, , O, and O;,since O, > 0, > O5.

Hence, Eq. (a) is true and our assumption is correct. That is

<
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SOLUTION (1.79)

From Solution of Problem 1.64:

0,=24747 MPa 0, =848 MPa 0, =2.773 MPa
Applying Egs. (1.43) and (1.44):
= L[(24.747 - 8.48)" + (8.48 — 2.773)* + (2.773 - 24.747)’ |
=9.31 MPa
and 0, =1(24.747+8.48 +2.773) = 12 MPa

TO

ct

Therefore p,,, = (9.31% +12%)* =15.19 MPa

SOLUTION (1.80)

Shearing stress, in terms of principal stresses, is given by
v’ =0l +o,m’ +oin’ = (o’ +o,m’ +o.n’)’ (a)
We substitute n° =1—m> — /7 into Eq. (a), calculate its derivatives with respect to
[ and m , and equate these derivatives to zero:
& = (o, -0 ) +(0, -0,)m’ —=+(0,-0,)]=0 (b)
2~ (o, -0 )I* + (0, —0,)m’ -1 (0, -0,)]=0 (©)

m

Q. ~

One solution is / = m = 0. Solutions for the direction cosines of planes for which T is a
maximum of minimum can also be found as follows.

Take [ =0: Eq. (c) gives m = £4/1/2
Take m =0:  Eq.(c) gives [ = £4/1/2

There are, in general, no solutions of Eqs. (b) and (c) in which / and m are both different
from zero, for this case the expressions in brackets cannot both vanish.

By the above procedure we can form the following table.

Direction cosines for planes of T and T

I= 0 0 =1 0 =12 =12
0

m= 0 =1
n= =1 0

where T = 0. The last three
columns give planes through each principal axes bisecting the angles between the two other
principal axes. Substituting the latter direction cosines into Eq. (a), we have

(TZS)max = i% (TIS)maX ==

(TIZ)max =z U];UZ

The first three columns define the planes for 7, ,

0,-03

Similarly, introducing the direction cosines given in the above table into Eq. (1.37),
we obtain the normal stresses associated with the maximum shearing stresses:

(] 01+0, (] 01+03 [] O0,+03

O, = O3 =3 Oy ="
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SOLUTION (1.81)

1
T (MPE}B O = E(Gx +0,)
Ao—avg :60‘ 1
< P =E(100+20)=60 Mpa
Ox _Gv 2 2
V= —) +T
[
R 100-20
o3 c ST 5 (MPa) = \/ (— )’ +60°
r =72.1 MPa
0,=0,,+R=132.1 MPa

0, =-12.1 MPa

@ 0,=30MPa 0,=1321MPa  0,=-12.1 MPa
1
(Tmax)a =5(01 _03)

=%[132.1—(—12.1)]=72.1 MPa <

® 0,=-30MPa 0,=1321MPa 0o, =-12.1 MPa
1
(Tmax)a =5(01 _03)

=%[132.1—(—30)] - 81 MPa <

SOLUTION (1.82)

T (MPa)
A
» 0 (MPa
50 0 R Y e .
oL _(100,-20)
1002+60 =80

(CONT.)



https://telegram.me/seismicisolation

1.82 (CONT.)

From Mohr’s circle, we have

r=+20%+20° =28.3 MPa

0, =108 MPa 0, =51.7 MPa

<
o,=-50 MPa  6,'=22.5°
SOLUTION (1.83)
T (MPa) 4
G » O (MPa)
O3\ \ 107
-60 VO =20 N use
\\\\ w \r\\\ ///I
S _"(80,-40)
Referring to Mohr’s circle:
r =407 +40° = 56.57 MPa
" _ o
0,'=225
0,=96.57 MPa 0, =16.57 MPa <
SOLUTION (1.84)
(a) Intheyzplane:
50 MPa » 0=25 |«
AY At(MPa)
|
/’i\/\
Lo
T l el » 0 (MPa)
40 e 0O/ o1
. 15 MPa 15, Q /
«— 50 —»

(CONT.)
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1.84 (CONT.)

We have

r=+25 +15" =29.16 MPa

Thus
O, =r-0=2916-25=4.16 MPa
0,=-1r-0=-2916-25=-54.16 MPa
0, =-20 MPa

(b) Using Egs. (1.43) and (1.44):

T, = L[(4.16 +20)° + (=20 + 54.16)> + (=54.16 — 4.16)’|*
=23.92 MPa
o, =1(4.16 - 20 - 54.16) = —23.33 MPa
From Eq. (1.45),

T, =1(4.16+54.16)=29.16 MPa

SOLUTION (1.85)

A

It is noted that /> + m> +n’ =1.

Applying Eq. (1.37), we have
0 =35(2) - 14(%) - 28(2) = ~12.39 MPa

gives
T =26.2 MPa

Surface tractions. Equations (1.48) give

p, =0, =35(/%) =16.81 MPa
p, =0o,m=-14(/) = -3.88 MPa
p. =0,n = -28(,/3) = ~23.30 MPa

Check: p* = p + p, + pl =0’ +7° =840 (MPa)’

Observe that Approach I is more conveniently leads to results.

Equation (1.39), substituting the given data and the direction cosines determined above,

SOLUTION (1.86)

0, =1(40 +25+15) = 26.667 MPa

T, =L1[(40 - 25)> +(25-15) + (15 - 40)’]* =10.274 MPa

.<

<
(CONT.)
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1.86 (CONT.)
Wehavel=m=n=1/\/§. Note that > + m” +n° =1,

Surface tractions. Equations (1.48) give
p, =0, =40() = 23.09 MPa
p, =0,m= 25(%) =14.43 MPa
p,=0n= 15(%) =8.66 MPa

Check:
pP=pl+p +pl =0’ +1’ =816.7 (MPa)’

End of Chapter 1
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CHAPTER 2

SOLUTION (2.1)

(a) Yes.
Eqgs. (2.12) are satisfied.

(b) No.
Egs. (2.12) are not satisfied.

SOLUTION (2.2)
Apply Eqgs. (2.4):
e =2c €, = —-6¢cy Y = 2¢(x+ )

(a) Uy =jl}£xdx=4c=0.4 mm

512
Vo =ﬁ;gydy = -6 = -11.25¢ = 1125 mm

Thus,
L,z =2000.4 mm L, =1498.875 mm

(b) ¥y =2c(1+3)=300 u

(c) Wehave
u, =c(2x1+4)=2.25c v, =c(l’ -3x1)=025¢
and
X, =1+2.25¢=1000.225 mm
Y,y =0.5+0.25¢c =500.025 mm
SOLUTION (2.3)

Equations (2.4), for the given displacement field, yield [Ei].] :

2x 0 -y/2
0 2z 2y-x)/2|c
-y/2 Qy-x)/2 2z

At point (0,2,1), we have [€]:

0 0 -100
0 200 200 |u
-100 200 200



https://telegram.me/seismicisolation

SOLUTION (2.4)

First two of Egs. (2.4) give

e, =2a,xy’ +a,y’ +2a,xy

2
€, =byx" +bx

Equation (2.11):

or

This is satisfied if x = O :

(4a, +2a,) + (2b,)) = 2cyx + ¢,

2(2ay —cy)x+2(a, +by)—¢c, =0

2a,-¢, =0, ¢, =2a, <
2(a, +by)-c, =0, ¢, =2(a, +b,)
SOLUTION (2.5)
Equation (2.11) yields
2a, +12y° +2b, +12x% =3¢, (x* + ) + ¢,c,
Solving,
c, =4 c, =3(a, +b) <
SOLUTION (2.6)
The change in length of bar 4B is
8,5 = €,5L,p = (=500x107°)(400) = —0.2 mm
From triangles B’BF and EE’F:
250 .
<D0 23 o172 mm
B x 750-x
N ; . E
02mmi >~ F D £ From triangles DD’F and EE’F:
B | | 132.8 632.8
I\ | =222 8, =0.63 mm
DTN ! 0,
\\ i 3 mm Thus
| o) 0.63
x ! oy =L =—=1260 u <
< ‘g L., 500
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SOLUTION (2.7)

c
- B 2.5
- 1800
24m ' =-1389 u
-AL,. -0.0025cosa
€pc = =
3.0
_ —0.0025(1.8/3.0) 500 u
3.0
SOLUTION (2.8)
2.8
£ =——_=1400
(@) &, 2000 u
-1.3
e, =——=-1300
" 71000 3
Yy =0
(b) ACB =90°
A'C'B'=2tan™ l'OOIi =90.1547°
y =90° —90.1547° = -0.1547° = -2.7x10 rad
=-2700 u
SOLUTION (2.9)
(a) Equations (2.4) give
g, = = OIIS00TS _ 667
e, = g_; _ 0.0251—(()0—0.05) =750 u
and
ny — 0_1()6875 + [—0.1251—5(0—0405)] — _1250 M
(b) Equation (2.16) is therefore
€., = 667;750 + [(6675750)2 + 6252 ]%
or
g =1335u £,=82u
When Hp = %tan'l s =43.1°
and stresses are substituted into Eq. (2.14a), we obtain € , = 82 w . Thus,

0,"'=43.1"
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SOLUTION (2.10)

Use Eq. (2.16) with the strains obtained in Example 2.1:

1
£, = 1250-2000. 4 [(125052000)2 + 7502]2

or g =1415 u g, =-2165u
Apply Eq. (2.15):
0 =ltan™' S50 —12.39°

p =2 1250-2000

Substituting this angle and the stresses, Eq. (2.14a), gives 1415 u .

Thus,
Hp '=12.39°

SOLUTION (2.11)

We have, using Egs. (2.3):
g, =4 =080 =200 u

X ax

and

Yo = %+% =-1000-500=-1500 u
Then, Eq. (2.16) yields

€., = 2005250 +[( 200;250)2 + (_750)2]5

or
e =758 u g, =-808 u
Apply Eq. (2.15):

_ 1 -1 __1500 _ g
0, =3tan” 5295 = 36.65

For this angle, Eq. (2.14a) gives € ., = 758 w . Therefore,
0,'=-36.65

SOLUTION (2.12)

ZT 20 mm JE. 4

~
-
~ -

0. :é,:: 12 mm
e
Q C
We have, from geometry:
AC = QB =23.32 mm
0, =30.96° 0, =149.04°
Equation (2.14a) leads to

X

£, = 2001500 4 300500 ¢05.61.92° +100sin 61.92° = 441

(CONT.)
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2.12 (CONT.)

Thus,
Agp = 441u(23.32) = 0.01 mm <
Similarly,
€. = 400 —100c0s298.08° +100sin 298.08° = 265 u
and
_<

A . =265u(23.32) = 0.006 mm

SOLUTION (2.13)

y X
30 mm il
—TB
\\\ -~
s 15
.
Xy, 0. ’9// e mm
\\ - = 1 \\
{;?\ = T

We find, from geometry:

AC =QB =33.54 mm
0, =26.56° 0, =153.44°

Equation (2.14a) gives
= 4004200 4 00220 ¢05 53.127 +150sin53.12° = 240 u

E. =
Hence,
Ay = 240 u(33.54) = 0.008 mm <
In a like manner,
€. =300+100c0s306.88° —1505in306.88° =480 u
and
A . =480 u(33.54) = 0.016 mm <
SOLUTION (2.14) i
X

We obtain, from geometry:

AC =96.73 mm BD =32.29 mm
0,=11.93 0, =141.73

From Solution of Problem 1.42:
o, =3.464t, o,=0 T, =T,

Thus,
(CONT.)
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2.14 (CONT.)

_ 3.464(70x10%)
€= "one), = 1212 u

g, = -03(1212) = =364 u

2(1+0.3)(70x10°)
y,, =20 _ 910 o

200(10%)
(a) £, = 12125364 | 12124364 066 607 + 4555in 60° = 1212 u
A, = 1212 u(40) = 0.05 mm <
(b) €. =424 +788c0s23.86° + 455s5in23.86° =1328.7 u
A o =1328.7 14(96.73) = 0.13 mm <
Similarly,
€. =424 + 788c0s283.46° + 4555in283.46° =164.92 u
A, =164.92(32.29) = 0.005 mm <
(¢) £, = 12122—364 + [(1212+364)2 + 4552 ]%
. = 2
or
g, =1334u &, =486 u <
Substitution of
' -1 o <
Hp = %tan % =15
into Eq. (2.14a) yields 1334 u .
SOLUTION (2.15)
(a) Wehave
¥ =400 =200 =200 u <
Maximum shearing strain occurs on a plane oriented at 45° from the plane of principal strains.
£10%) 100
/T\,\(gx’%yxy)
A0
ol 200 7 a00 > €(107)
(gy 9_%’)/)()/) I
Figure (a)

(b) From Mohr’s circle Fig. (a):
€. =300+100cos60° =350 u

g, =300-100cos60° =250 u <
Y. =—(400-200)sin60” = -173 u
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SOLUTION (2.16)

Wehave u, =3 mm and v, =1.5 mm .

(a) Take: u=cxy V= C,Xy
Hence,
310°) =¢,(3x2), ¢, =500(10")
1.5(107) = ¢,(3x2), ¢, =250(107%)
Thus,
u =500(107")xy v =250(10")xy
(b) Using Egs. (2.3),
e, =500 uy €, =250 ux Yo =250u(2x + y)
which satisfy Eq. (2.11): the strain field is possible.
At point B, we thus have
(65 =1000p  (£,), =750 (y,), = 20004
(c) Weobtain 6 = tan™' 2 =33.69°.
Equation (2.14a) is therefore
€. =875+125c0s67.38” +1000sin 67.38° = 1846 u
SOLUTION (2.17)

(-300,450) 4 5(10°)

m o

14
/l 6 , 8
4 f 1
ST
s

[}
(-900.-450) | 0

Figure (a)

€

Refer to Mohr’s circle (Fig. a):
£,, = —600 = [(300)* + (450)°]*

or
g ==-59 u g, =-1141 u
and
20, = tan™ <502 _ 56.31°
or

0, =61.85
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SOLUTION (2.18)

600 (900,-450)

Figure (a)

Referring to Mohr’s circle shown in Fig. (a), we obtain
£,, = 600 = [(300)° + (450)°]"
from which
g =1141 u & =9 u <

and

-1 450(2) _ 0
20, = tan™ 20D _ 5631

or

0,'=—61.85 <

SOLUTION (2.19)

Referring to Fig. P2.19,
u, =—-0.0005 = c,(3x1x2), ¢, =-83.3(107°)
v, =0.0003=c,(6), ¢, =50(10")
w, =-0.0006 = ¢;(6), ¢, =-100(10")

Hence,

u=-83.3(10")xyz v =50(10")xyz w=-100(10"")xyz

(a) Using Egs. (2.4), we thus have
e, =-833wz €, =50 uxz e, =-100 uxy
Yy =(=83.3xz2+50yz) u Y. =(-100yz - 83.4xy) u
Y, =(50xy —=100xz) u
This forgoing expressions satisfy Egs. (2.12): the strain field is possible.

Substitute x=-3 m, y=1 m, and z=2 m into the above equations to obtain strains at A, [Eii] :
-167 -200 -225
~200 300 -225| u -

-225 =225 =300
(CONT.)
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2.19 (CONT.)
(b) Let, for example, x’-axis lie along the line from A to B (Fig. P2.19). The direction of
cosines of AB are
=3 = =—--2
[, = NE m, =0 n ===
Thus, Eq. (2.18a):
Ex' = gxllz + Eznlz + ylelnl
= -167(3) - 300(3%) - 450(F)()
=-416 u

(c) Lety’-axis be placed along AC (Fig. P2.19). The direction cosines of AC are
m, = -1 ,=0 n, =0
Equation (2.18b) is therefore
YX'))' = )/xyllmZ + yyznlm2
= ~400(7)(=1) - 450(Z)(-1)
=-582 u <
Negative sign shows that the angle BAC has increased.

SOLUTION (2.20)

We now have (Fig. P2.19):
u, =0.0006=c,(3x1x2), ¢ =100(10"°)
v, =-0.0003 = ¢, (6), ¢, ==50(10")
w, =-=0.0004 = c,(6), ¢, = -66.7(10"°)

Hence,

u =100(10")xyz v =-50(10"")xyz w=—-66.7(10")xyz

(a) Applying Egs. (2.4), we obtain
e, =100 wyz €, =-50uxz £ =-60.7 uxy
Y. = (100xz =50yz) u Y. =(-66.7yz +100xy) u
Y, = (100xy - 66.7xz) u
These expressions satisfy Egs. (2.12): the strain field is possible.

Introducing x=3 m, y=1 m, and z=2 m into the above equations we find strains at A, [Ei].] :

200 250 83.5
250 =300 -275 |u <
83.5 —275 200

(b) Let, for instance, x’-axis lie along the line from A to B (Fig. P2.19). The direction of
cosines of AB are

-__3 = - —_2
ll—‘m m, =0 n ===

(CONT.)
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2.20 (CONT.)

Therefore, Eq. (2.18a):
Ex' = gxllz + Eznlz + ylelnl
=200(%) — 200(5%) — 167(%)(%)
=-154 u

(c) Lety’-axis be placed along (Fig. P2.19). The direction cosines of AC are
m, = -1 ,=0 n, =0
Equation (2.18b) is thus
Vey = nyllmz +v,.nm,
= 500(7%)(=1) - 550(%)(-1)
111 u

Positive sign means that the angle BAC has decreased.

SOLUTION (2.21)
(a) Applying Egs. (2.21),
J, =200-100-400=-300 u
J, =(=2-8+4-9-4-25)10%) = -44(10*) (u)’

and

200 300 200
J,=300 -100  500|=58(10°) (u)’
200 500 —400

(b) Table of direction cosines:

X y oz
X (V32 12 0
Vv =12 B2 0
200 0 1

Thus, using Egs. (2.18a),
e, =€l +em +y Lm,

= 2000:5)" ~100(3)° +600()(4) = 385 u

(c) Use Table B.1 (with 0 —> & and T =y /2):
£ =598 u g, =-126 u e,==-T7712 u

(d) Y. =598+772=1370 u
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SOLUTION (2.22)

(a) Applying Egs. (2.21),

J, =400+ 0+600=1(10°) u »
J, =(0+24+0-1-4-0)(10") =19(10*) (u)’
and
400 100 0
J; =100 0 -200|=-22(10% (w)’ <
0 -200 600
(b) Using Eq. (2.18a),
£, = 400(5) +200(3)(}) =387 u <
(c) Use Table B.1 (with 0 —> € and T =y /2):
g, =664 u g, =416 u g, =-80 u »
(d) Ymax = 004 +80 =744 u >
SOLUTION (2.23)
Use Table B.1 (with 0 — & and T — 7 /2):
e, =1807 u e, =-228 u g, =-679 u <4
and
[,=0.6184 m, =0.5333 n, =0.5772
SOLUTION (2.24)
e=2=00=2000 u
_ P _ 1610  _
o==%4= 0ir = 141.5 MPa
p 141.5(107°°)
(a) E=2= 2003(10_6) =70.8 GPa <
(b) AS =ved =0.33(2000x107°)(12) = 7.92(107) mm <

e=e(1-2v) =2000(10")(1 -2 x0.33) = 6.80(10™

A

SOLUTION (2.25)

Nominal strain

g, =42 =333 u

(CONT.)
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2.25 (CONT.)

Nominal stress

919) _ _ 79577 MPa

0= 7(0.012)* /4
Modulus of elasticity

E = 12570%) _ 938 97 GPqg

333(107%)

True strain
€ =1In(1+0.000333) =333 u

True stress

o =79.577(1+0.000333) = 79.603 MPa

SOLUTION (2.26)
#d
SKN «—]| [ —»5kN
2 r—1 ] e
2 mm
3 3
~5(107) 20(10%) 160x10°

x wd’ /4 T adt

d_ =0.0063 m=6.3 mm
Also,
6
£ = 100x100 0107
0.002/L
or
L. =2.625m
SOLUTION (2.27)

(a) Axialstressinthebar O, =0, =0 is
o =¢.E. =600210) =126 MPa

Hence

P=0d-= 126[%(402)] ~158.3 kN

(b) Axial strain in aluminum equals

o, 126(10°)

]

“"E,_ 70(10°)
Therefore

0=¢,L,+¢L,
=[1,800(0.5) +600(1.5)]107° = 1.8 mm
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SOLUTION (2.28)
A=2(wx40°[4) = 2.513x mm’

3
(a) o=£=M=239MPa
A 25137(10°)

Since O < O, the result is valid.
_ o 239(10%)

£ =
E  200(10°)
AL = Le =510°)(1195x10™) = 5.98 mm <

Thus, =1195 u

b & =-ve =—0.3(1195)(10") = -358 u
Ad = -358(10"°)(40) = -0.014 mm <

SOLUTION (2.29)

P ~150(10°)
AE ~ 70(10°)(7r/4)(0.1% - 0.08?)

E =

(o}
— =-758

B u

(a) AL=¢eL=-75810"°)(0.4x10%) = -0.303 mm <
(b) AD=v(eD)=0.3(758)(10°)100 = 0.023 mm <

© At=v(et)=0.3(758)(10")10 = 0.0023 mm <

SOLUTION (2.30)

(a) According to assumption 1, the rubber is in triaxial stress:

4
O-X=O-Z=_p’ ()'y:— Q = — Q2
£d2 ﬂd
4
Strains are: €, =€, = 0. The first of Egs. (2.34) gives

1
e =0=—[0_-v(0,6+0.)] o
x E X y z I y
or
40
nd’
Solving, o v
__ WO
ad*(1-v) <
(CONT.)

0= p-v(-—Z-p) “, |

p
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2.30 (CONT.)

(b) Substituting the data,

3
_ 4(0.3)€§><10 ) _ 1.091 MPa (C) b
7(0.05)*(1-0.3)
SOLUTION (2.31)
p=160 MPa= -0
—T O,=0, =0,=-0
d=250 mm ' g ’
A A_L

4

V =—ar = 47”(1253) =8.18(10%) mm’

3

(a) & =—1[o-v(0+0)]=-%(1-2v)
~160(10%)
=—(1-0.6)=-914
Tox10? (700 a

Ad=¢d= —914(10'6)250 =-0.229 mm
Decrease in circumference:

7(Ad) = -0.2297 = -0.72 mm <

by AV =(»1-2v)e ]V,
= (0.4)(-914)(107°)(8.18x10°%) = -2291 mm’ <

SOLUTION (2.32)

()

X & (W

(500, -75)

~500-100

1 75
0 '=—tan"' —=7°
) 300 )

6,"=45+7=52"")

r=+75% +300> =309 u

y. =2R=618 u

g, =200+309 =509 u <
€, =-390+200=-109 u

=200 u

(CONT.)
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2.32 (CONT.)

/

, /
I NS
i 3 200 pt//4\f618 h

b & =¢ = —%(500-100) —-172

Thus,
(Ve ), =509 +172 =681 u <
SOLUTION (2.33)
s A 1
= 430 € = E(b‘x +€,)
\ = l(480 +800) = 640 u
Vv 2
\c R B - -
oEm G r = /(640 - 800)” +560
- s 1 =582 u
(a) 81,2 = gavg xr
g, =640+582=1222 u <
£, =640-582=58 u
®) v, =2r=2(582)=1164 u <
© (V) =€ -8 =6-0=1222 <
SOLUTION (2.34)
3
@ oL 200 o4 mpg
A (0.06x0.006)
o, 69.410°)
Y E 200(10%) <

g, =-ve, =—(0.3)(347x107°) = ~104

(CONT.)
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2.34 (CONT.)

(b) €.= %(sx +8y)+%(8x —¢€,)cos20

For O = -30° :
€. = %(347 -104) + %(347 +104)cos(-60") =182 u

£, = %(347 ~104) - %(347 +104) cos(-60°) = 8.8 u

(¢) For 6 =-30":
Yoy =—(€,—€,)sin20

= (347 +104)sin(=60") = 391 u

SOLUTION (2.35)
Substituting 6, =0°, 6, =45°, and 6, =907, Egs (2.44) give

1
g, =€, E =€, Eb=5(8x+8x+)/xy)

a x?

E, =€, E,=€., YV, =26 (¢, + £,) (P2.35)

Thus, we have

£, =-800u, & =400y, 7, =2(~1000)-(-800+400) = ~1600

Thus,
e - =800+400 i\/(_1200)2 L1000 0041000
’ 2 2 2
£ =800u, & =-1200 u
~1600
0 =ltan'[—————]=26.6°
ro? [—800—400]

€. =-200-600c0s53.2° -800sin53.2° =-1200 u = ¢,

Thus,

0,"=26.6"
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SOLUTION (2.36)

10 MPa DB =0.005v2 m
D 5 MPa
S0 m;n
4&50 < X’T—»zo MPa
) 4 \)\
y N //‘45 N X
B
(a) Hooke’s law gives
_ (20-03x10) _ |7 _(10-03x20) _ 4
€, = E = E 8y - E = E
_ 5(26) _ 13
ny = "E T E

Then, using Eq. (2.14a) with 6 =0 +7/2,

€, =35(17+4)-0-453sin90" = 4

Thus,
A,y =(€y,)(BD)=%m -«
(b) Applying Egs. (1.18a,c):
0. =32+1c0s90° +5sin90° = 20 MPa
0, =15-5c0890” - 5sin90° = 10 MPa
As before, Hooke’s law yields
_ (10-03x20) _ 4
€n="TF =%
and
Agp =(5y')(BD)=%m <
SOLUTION (2.37)
The generalized Hooke’s law gives
¢, =0=1[0, -v(0, +0.)]
¢.=0=4lo.-v(0o,+0,)]
or O, -VO,_=vO, -VOo,+0,=v0,
Solving,
OX = GZ = ﬁay
Thus
0,=0,=-1% <
SOLUTION (2.38)

Using Eqgs. (2.46):

£, = +{(~100 +100) = [(=200)> + 100> *} = 1.(0 = 224)

(CONT.)
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2.38 (CONT.)

or g =112 u e, =-112 u
0, = 22000 + (2]

or
0,=172 MPa  0,=-172 MPa <

and

6, =+tan™ 2% = -13.28"

Equations (2.44),

£ .=¢, €, =€, Yo =2¢, —€, €,

Equation (2.14a) gives
€. =0-100cos(-26.56") + 50sin(-26.56") = =112 u

Thus,
Hp"=—l3.28” <

SOLUTION (2.39)

We have
e, +e, =¢,+¢€,=1200 u

and the first two of Egs. (2.44):
1000 = &, cos®(-15%) + €, sin®(-15°) + Y, SI(=15%) cos(-15%)

-250 = £, cos® 30° + £, sin” 30° +y, sin30” cos 30°

These may be written

e, =1200-¢,
1000 = 0.933¢, +0.067¢, - 0.25y ,
-250=0.75¢, +0.25¢ , + 0.433y

Solving,

e, =522 u €, =078 u Yo =—1873 u <
SOLUTION (2.40)
(a) Wehave
e, =¢,==-50u <

First two of Egs. (2.44):
400 = £ (3) = 50(3) + 7, (H)(E)
300 =£,(3) = 50() + 7., (- ()

Solving,
.<

e, =482 u Y, =116 u
(CONT.)
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2.40 (CONT.)

Applying Eq. (2.16),
0 = SFL £ [(559) 4 587
or
£, =489 u g, =-56u
Thus,
Vimx =€ — €, =545 u

(b) Using Eq. (3.11b) of Chap.3,
£. = -2 (483.50) = 217 u =&,
Hence,

(},max)t = 81 _83 = 706 M

SOLUTION (2.41)

From Eqgs. (2.35), (2.37), and (2.38), we have
v =209 _q_025

2(80x10°)

2 = 02920000 _ g10)%)

1.25%0.5

and

e=200+300=500 u

Then, Eqs. (2.36) lead to the following stress components, [T, ]:

72 16 0
16 88 64| MPa
0 64 40

SOLUTION (2.42)

Equation (2.35) yields

_ 200(10°)
V= 2(80x10%) 0.25

Then, introducing the given data into the generalized Hooke’s law, Egs. (2.34), we calculate

the following strain components, [Eil.] :

81.25 -25 31.25
-25 -4375 625 |u
31.25 625 50
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SOLUTION (2.43)

Using Eq. (2.35),
G = 305 = 26.92 GPa

For x=1 m, y=2 m, and z=4 m, we obtain [T ]:

[34 48 8
48 5 1| MPa
8 15

Then, Egs. (2.34) yield [¢,]:
443 892 149
892 -96 19| u
149 19 -96

SOLUTION (2.44)

Substituting x=3/4 m, y=1/4 m, and z=1/2 m into Egs. (d) of Example 1.2, we have [‘L‘y.] :
-0.359 2.625 0.234
0.234 0.875 0 MPa
0.234 0 0.125
Equation (2.35) gives,
G - 248 - 50 P

Applying Hooke’s law, we compute the strain components [Eil.] :

-3 33 3
33 5 0flu
300

SOLUTION (2.45)

We have 0, = 0. Using Hooke’s law:
£, =3(0,-v0o ) =-"(60-2)=1286 u

70x10°

e, = (0, -v0) = k- (00 - 9) = 1571

70x10°

e, =0, +0,) = =ik (60490) = 714

(a) A, =¢,b=(1571x107)(400) = 0.628 mm
(b) e=¢, +¢&,+¢&, =1286+1571-714=2143 u
V, =300x400x10=1.2x10° mm’
AV =eV, =(2143x107°)(1.2x10°) = 2,571.6 mm’
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SOLUTION (2.46)

(a) Using generalized Hooke’s law,

£, = 205("1609 [-60-0.3(-50-40)]=-165 u
€, = 200(103 [-50-0.3(-60-40)]=-100 u
g = 200(103 [-40 - 0.3(-60-50)] =-35 u

Thus,
Aa =ae, =-0.04125 mm
Ab =be, =-0.02 mm <
Ac = ce_ =-0.00525 mm

(b) e=¢ +¢e, +¢e =-300 u
and AV = e(abc) = -2250 mm’ <4
SOLUTION (2.47)

Applying generalized Hooke’s law,
£, = 701(‘1)09 [70-1(-30-15)]=1214 u
€, = 70(103 [-30-4(70-15)]=-691 u
£ = 70(10)[ 15-4(70-30)] = -405 u

Thus,
Aa =ae, =0.1821 mm
Ab =be, = -0.0691 mm <
Ac = ce, =-0.0304 mm

(b) e=¢ +¢e,+e =118 u

and

AV = e(abc) =132.75 mm’ <«
SOLUTION (2.48)

We have
G =35 = 76.96 GPa
A = 0320000 _111.11(10°)
Let g =5c g, =4c g, =3c

We then obtain e=12c.

(CONT.)
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2.48 (CONT.)

Using the first of Eqgs. (2.36),
0, =2G¢g, + Ae
or
140(10°) = 2(76.96 x 10°)(5¢) + 111.11(10°)(12¢)
This yields
¢ =66.587(10°°)
Hence,

€, =332935u £, =266.348 u g, =199.761 u

Now applying Egs. (2.36), we calculate the principal stresses as follows:
o, =51.165+88.782 =139.947 MPa

0, =40.975+88.782 =129.757 MPa
0, =30.731+88.782 =119.513 MPa

Therefore

0,:0,:0, =119.513:129.757 :139.947

or
0,:0,:0,=1:1.086:1.171
SOLUTION (2.49)
= = — vo _ 0v
(a) gx_%_g_z gy__%_g

Integrating;
u=gx+f(y) v=-Fy+g) (a)

Then
Jol v
# + = 0

gives
Iy 4 dg(x) _ dg(x) _ _ o) _
a—yy+£’a—x—00r S =g =C

Integration leads to
gx)=cx+d f(y)=-cy+e

Equations (a) are thus
u=%x-cy+e v=-—2y+cx+d

Boundary conditions u(0,0)=0 and v(0,0)=0 result in c=d=e=0. Thus
u=<%<Xx v=-2y

(b) g, =% =const. £, = — % = const.
Hence €, = u/x and €, = —V/y. Therefore

=g = =Y
U=%xadv=-2y
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SOLUTION (2.50)

Equations (2.34) become
2 2
_ ol -
€, = E gy -

Integrating,

—ex?+vey?

u(x, y) = fe.dx =55 Gy’x +w) + g,(7)
v(x,y) = [,dy = =Byix+w?) + g,(x)

: . = = 9u 4 v _
Given: ‘L’xy—O Txy_6y+ax_0
From Eq. (1),

ou _ 9% c
W= t2EXy

Equation (2) leads to
v d c
S=w2Ew

ax dx
Substituting Egs. (a) and (b) into Eq. (3):
%‘=2§xy+al %=—2%xy+a1

from which, after integration,
.2
gl(y)=%xy +ta,y+a,

g,(x) = _%yxz —aqx—a,

(M
2
3)

(a)

(b)

“4)

Constants @, and a, are obtained upon satisfying the prescribed boundary conditions.

Substitution of Egs. (4) into Egs. (1) and (2) yields the solution for displacement field.

SOLUTION (2.51)
Equations (2.39) and (2.35) give
= __E _ 2G0+w)
K = 3(1-2v) . 3(1-2v)
_ E _ 2E(1+v)
Also, K = 3(1-2v) . 3(1+v)(1=2v)
_ EQ@v+l-2v) vE E
T 3(1wv)(1-2v) T (1+v)(1-2v) + 3(1+v)
G
A+ (39)
Equations (2.39) and (2.35) yield
G = 302 _ E/(1-2v) __ EYu-2v)
T 2(1wv) T (3-1+2v)/(1-2v) T E{[3/(1-2v)]-1}
3E?
_ 3E(1—2V) _ 3KE
- 9E 1 ~ 9K-E
3 1-2v E

Equations (2.35) and (2.39) give,
E=2G(1+v) E=3K(1-2F)

and

E_[3\+ L

G(3+2G) _ 2(1+v) 1+v

A+G E
)\' + 2(1+v)

The above expression, after substituting A from Eq. (2.38) and simplifying, reduce to E.

(CONT.)
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2.51 (CONT.)

From formula (2.39),

(1-2v) =&
| _ _E_ _ 3K-E
or T2 76K T 6K
We also have
G=£-1 (1+v)=%
or
- _E <
VvV = 256~ 1
This expression is written as
3K(-2v) _ 1 _ 3K _ 6K
V=" —l=5-% -1
from which
v+ & =v(1+&)=3%-1
or
_ 3K-2G
V =36k
Finally, we write
Ao 2 _ G
2(14+v)(1-2v) 1-2v
or
(1-2v)A-2vG =0
This yields,
= A <
V = 56+0)
SOLUTION (2.52)
Equations (2.4) yield,
(a-x) _ (a-x) — v vy _
8x=yE 8)/__WE VYo =~ F T 5 =
The stresses are therefore,
o, =-L(e, +ve,)=v(a-x)
o,="(e, +ve,)=0 <
7, =Gy, =0
At x=0 and x=a, we have
o,=ya 0,=0 <
Applying Egs. (1.48) at x=a, we obtain
p.] [0 0 0](1) (O
p,t=10 0 oflol=Jo
p.l o o oflo| |o
<

This is, boundary conditions at x=a are satisfied.

(CONT.)
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2.52 (CONT.)

At y = =D, stresses are

o, =y(a-x) 0,=7,=0
and
D, (x=a)y 0 0](0 0
D, = 0 0 Od=1L=1]0
D, 0 0 0ff0 0
We see that boundary conditions at y = +b are also satisfied. S|
SOLUTION (2.53)
Equations (2.4) give,
e==F, &=-F @

™
]

z %9 ‘)/xy =sz=)/xz=0

Equations (2.12) are satisfied by the above strains.

Equations (2.36) and (a) yield,
o, =2Ge +Ae, +¢,+¢.)=0
and

Oy=0 O—Z=‘}/Z ny=ryx=rxz=0

Notethat F, =F, =0 and F, =-y
Thus, the first of Eqs. (1.14) are satisfied, and the third leads to
0+0+°=+F. =0ory-y=0

Atends, since x’ and z are parallel, n=cos(x’,z)=* 1.
Thus, boundary conditions (1.48) at z=L.:

p,=0+0+0=0 p,=0+0+0=0
p.=0+0+yL(1)=9yL
as required. Similarly, at z=0:

p. =0 p,=0 p.=y(0)-1)=0

Therefore, all equations of elasticity are satisfied. <
SOLUTION (2.54)
Using Eq. (2.59), with P, = P, + P;:
U = BR)L <

2AE

(CONT.)
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2.54 (CONT.)

From Example 2.8, with P, = P =P:
U, =%z (AL) i U, = %(AL) = %

<
Hence,
_ _nPL
U= UV + Ud = 2ﬁ
SOLUTION (2.55)
We have
2 _ PX(L4) |, PPBLM4) _ s

U, =% Uz = T24E 2E(24) §U

And

_PAU8) | PPLS) _ s
U3 = T 24E 2E(34) _EUl

Comparison of these results show that strain energy decreases as the volume of
the bar is increased, although all three bars have the same maximum stress.

SOLUTION (2.56)

Stress field is described by
0,=0,=0,=-p, T,=7_=7,=0
(a) Equation (2.37) reduces to

_ _3=2v)p . _ __30-eBp
€= E 2 0.005 = 110(10%)

or
p =550 MPa
(b) Equation (2.52) becomes
Uy=3(p* +p* +p*)-%(p* + P’ + p*) =
= 3OO (1 _2) =1 375 MPa

3p (1 2v)

2(110x10%)
Thus,
U=UJ, =137510°)(*£ x 0.15%)
=19.439 kN -m
SOLUTION (2.57)

Substituting the given data into Eq. (2.52), we have
U, = 7260 +50% + 40?) — 2249 (3000 + 2400 + 2000)

2(200) 200

=8.15 kPa

Thus,
U =U,(abc)
=8.15(10°)(0.25% 0.2 x 0.15)
=61.125 N-m
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SOLUTION (2.58)

Equation (2.59) leads to
2 2
U =26y P _ pPL 3+L)

n 24E 2(n*AE 8AE
= 143n° P_ZL
4n® 24E
We have
forn=1: U]=fjé
Thus, forn=7: U, = Z
forn=2: Uz—lig'
Hence,
Uj,>U, ad U,<U,
SOLUTION (2.59)

(a) U=ﬁfdxfosz=ﬁfdxf(§ + 2032 4
Since fydA = (, this becomes:

U=f§fﬁif f2E1 =U,+U,

Here
U, =& [ [ M2+ f Mf,de]
0 0
= 2EI [f( MOY) dx+f(M°X ]
6E1L2 (a + b )
Thus, U =Zk+25 (a® +b%)

(b) Substituting the given data:
(8x10°)2(1.2) + (2x10*)?(0.027+0.729)

2(7.5x107°)(70x10%) ~ 6(70x10°)(0.075%0.13/12)(1.2)?

=0.0731+0.8=0.8731 N -m

SOLUTION (2.60)

_ T2 T (L/2)
U= Esz =— ..t

T 4
2(—d;)G 2(—d;)G
(32 1) (32 2)

_8TL (1 4 1
TG \gf + di
¢ = E — T(L/2) T2
—dl —zdg‘c
_ 1670 (1 _)
aG \ g} a2

Solving 7" from Eq. (b) and substituting into Eq. (a) result in Eq. (P2.60).

(a)

(b)
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SOLUTION (2.61)

We have for segment AB, T,, = 3T and for segment BC,

97T2(1.2a)  _ T%a
x(l4d) Glie 44.977 d*G

16T%a
d*G

(a) Uy =

(ZJG 4B =
Uy

The total energy is thus

U =60.981L¢

(b) Substituting the given data into the above equation,

U = 60.981 L0V 05) _ 5 @31 N -

(0.02)* (42x10%)

and c = (W)Bc

Tye =T

SOLUTION (2.62)
/ 2
}27( x—x)

HMHHH%

I' 744
>| 2
The maximum bending moment occurs at the midspan:

_ Mywe L R)(H2) _ 3pL°
max 1 b /12 4bh?

Maximum strain energy density,

U = Ul%mx 9.’72L4
0,max 2E 3 ELn*

Using Eq. (2.63), we obtain

= 2EIfL( ) (Lx - x ) dx

2L 2L
- 24051 20Ebh?
It is required to find c:

(o}

or

9p2L4
32Eb*h*

bhl

_ 45
P2 [20Ebk®

Thus, Cc= ==

and

N Ea

SOLUTION (2.63)

&
I
A

aQ
I
Rl
~

(CONT.)
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2.63 (CONT.)

We have
Uy = 2E1f(Px)dx =5
_ 1 Pax\2 Jy' _ P2d’L
Bc—mj:(L) dx' =54

Therefore

U=UAB+UBC= i “(L+a)

SOLUTION (2.64)
MO lP Ny
6;{_ C %B M, =E-7)x
P M, x X LM, MBC=(§+A/20)XV
27 L &— L2 —¥e— L2 2 L
We have
Uy = 2E1f/MAde (___) (48E1)+M o )(SEI 451
Upe = ﬁijBcdx' = (%"' ) (48E1
Thus
U=U,;+Ug,
_opp o PM | ML
= 96EI 16EI 6EI
SOLUTION (2.65)
Equation (2.66) yields
7,, =+[(-19-4.6)* + (4.6 +8.3)* + (-8.3+19)°
+6.452 +11.8°] =15.11 MPa

Applying Egs. (2. 65) and (2.64), respectively,

Ui = 3eeaa; (15117 = 2226.71 Pa
and
(-19+4.6-8.3)%(10'?)
UOV 18(166.67x10°) =171.76 Pa

It follows that
Uod

=12.96=13
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SOLUTION (2.66)

Dilatational stress is

o, =300 = 63.33 MPa

Distortional stresses are then
o, -0, =200-63.33 =136.6 MPa
o,-0, = -50-63.33=-113.3 MPa
o, -0, =40-63.33=-23.33 MPa

Dilatational and deviator stress matrices are, respectively,

[63.33 0 0

0 6333 0 MPa
0 0 63.33

and

[136.6 20 10

20 -1133 0 MPa
10 0 -23.33

Next, substitute the above deviator stresses into Eq. (1.33). Then, solve the resulting
equation for principal deviator stresses, using Table B.1:

o, =1388 MPa 0, =-239 MPa  o©,, =-114.9 MPa

SOLUTION (2.67)
Only existing stresses are: O, = O T,=T
Here,
_ 2T _ 2(20x10°) _
T =2 = 20000 _ 58,95 MPa
_aM _ 405x10%)
O = 4 - 200) _ g8 42 MPa
We have

G = 2E K = 2E

3

Equations (2.64) and (2.65):

U. =< =< _ (8842)°(10°)
Ov — 18K ~ 12E —  12(200)
=3.258 kPa

Upy = 7 (07 +377) = 200 (7818.1+10,425.3)

= 38.007 kPa
Thus,

U, =U,, +U,, =41.265 kPa
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SOLUTION (2.68)

Principal stresses are
_o o? 297 —
01,2_71[7"'1]’ O—3—0
and

L(D 2 61'2%
Toct=§(o+ )

Equations (2.64) and (2.65) are therefore

_ 1 2 2 _ g’ — 1=2v 2
Uy =507 +0,) =3 =30

SOLUTION (2.69)

Only existing stress components are: O, = O T =T

where,

o=2- =2
T T

The area properties are: A = 7 J ="

Thus, Egs. (2.64) and (2.65) become

U =< =lvg?_ o
Ov E

)
>
N
&
oo

The components of strain energy are

U, = [UpdV =g [Frdx =Lk

1272E

- =5 2 S
Ud _fUOddV_ﬁfde+4Efjdx
_ 5P 5T2L

T 12mE  2mE

Total strain energy is therefore

U=sLt(P*+55)

2w E

End of Chapter 2
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CHAPTER 3

SOLUTION (3.1)

(a) We obtain
a‘e il

e~ _12 pxy +=0 W=6pxy

ax* )%

Thus, V*'® = —12pxy + 2(6 pxy) = 0

and the given stress field represents a possible solution. <
(b) 20 = pxy’ = 2px’y

Integrating twice

O =B+ fi(y)x + f,()

The above is substituted into V*® = 0 to obtain
4, 4,
SAO) 4 LEO) g

dy dy4
This is possible only if
P H) _ “hHw _
dy4 - O dy4 - O
We find then

3 2
fi=cy +ey +ey+o

3 2
fr=cy oyt ey +ey
Therefore,

3.3 5
D = pxey - pfoy +(c4y3 +Csy2 +Céy+c7)x+csy3 +ng2 tCpyte, <
(c¢) Edgey=0:

V. =fa T tdx =fa (25 4 ¢))tdx = 220+ 2cat <
P, = o= (Oydx=0 <
Edge y=b:
V. = f” (=2 px*b? +¢b* + 2+ ¢ )tdx
= —pa’(b® =)t + 2a(c,b® +c))t <
P = f (pxb’ =2px’b)dx = 0 <
SOLUTION (3.2)
Edge x = xa :
7,=0: -3pa’y* +cy* +ipat+c, =0
7,=0: -3pa’y’ +cy’+ipat+c,=0

Adding, (=3pa’ +2¢,)y” + pa* +2¢, =0
(CONT.)
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3.2 (CONT.)

or ¢, =3pa’ ¢, = -1 pa <
Edge x =a .
o,=0: pa’y —2cay +c,y =0
or
¢, =2pa’ <
SOLUTION (3.3)

(a) Equations (3.6) become
T

TerGr=0 =0
Substituting the given stresses, we have
c,y—-2c,y=0
Thus
c, = 263 ¢, = arbitrary <

(b) O,=c¢y+c,xy rw=%(b2—y2)

Assume ¢, >0 and ¢, > 0.

vt
N » _ S (ph2 _ 4,2
Txy =%(b2 _y2) b Txy -2 (b y )
3 > X
o,=c¢ b N\
=6V M '¢ o, =(c,+ca)y
- .
SOLUTION (3.4)
Boundary conditions, Eq. (3.6):
90, 07, 0T, do,
ox + ay = 0 ox W =
or (2ab - 2ab)x =0 (-2ab +2ab)y =0

are fulfilled.
However, equation of compatibility:

9> 9* _ . .
(= + ay_Z)(ax +0,) =0 or 4ab = 0 is not satisfied.

Thus, the stress field given does not meet requirements for solution.

SOLUTION (3.5)

It is readily shown that
V4(I)l =0 is satisfied <
V4CI)2 =0 is satisfied
(CONT.)
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3.5 (CONT.)

We have
92D, 9%D, 02D,

o =tt=2¢, 0,=%%-2a, T, --T3--b

Thus, stresses are uniform over the body.
Similarly, for @, :

o, =2cx + 6dy O, =6ax +2by T, =-2bx-2cy

Thus, stresses vary linearly with respect to x and y over the body.

SOLUTION (3.6)

Note: Since 0, = 0and €, = 0, we have plane stress in xy plane and plane strain

in xz plane, respectively.
Equations of compatibility and equilibrium are satisfied by

o, =-0, o, =-c o, =0
T)Cy =Ty2 =T)CZ = 0
We have
£, = 0
Stress-strain relations become
_ (o,~vo,) _ (o,~vo,)
gx - E H y E
-v(o,+0,)

gz= E > }/xy=)/yz=),xz=0
Substituting Egs. (a,b) into Egs. (¢), and solving

= = Yan)oy
o, =-v0o, £, =—7%
- _ 0 =
€, =—"GF e, =0

Then, Egs. (2.3) yield, after integrating:

(1=vHopx

U=—-——" v=0

v(l+v)o,z

w= i

(a)

(®)

(©)

SOLUTION (3.7)

Equations of equilibrium,

do, 9T,y _
wt =0, 2axy + 2axy =0

at,, 9
ay
are satisfied. Equation (3.12) gives

(%+;v—22)(ax +0,)=-4ay =0

+ :; =0, ay’ —ay® =0

Compatibility is violated; solution is not valid.
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SOLUTION (3.8)

We have

e, o, _ Py
P 0 PR —2ay axdy

Equation of compatibility, Eq. (3.8) is satisfied. Stresses are
o, =L (e, +ve,) =L (x° +vx’y)

1-v? 1-v

=2ay

0, =L(e, +ve,) =L (x’y +Wx’)

2

Ty = G)/xy = 2(lllfv) Xy
Equations (3.6) become

%(3)62 +2wxy) + £ xy =0

1+v

E_+,2 E 2
Y iy =0

These cannot be true for all values of x and y. Thus, Solution is not valid.

SOLUTION (3.9)
- _ _ - | . 2
€, = az = —2vex gy Ty T 2ax \ Y * 2Eac
Yo =t i="2cy+2cy=0 4
Thus 2al o > X
= _E = =
o, —m(sx +vsy)—0 T, —nyy P b .
= _E = B
o, =%t5(¢e, +ve,)=2Ecx /\*\,, 2Eac
Note that this is a state of pure bending.

SOLUTION (3.10)

(a) O, =";27‘f=0, o, =6pxy T, =-3px
Note that V*® = 0 is satisfied.
(b)
o, =6pb X
2
y T, = 3px
O =
o, =0 1/_ ’
b
o = . l/-rxy = 3pa2
— \—» > X

(c) Edge x=0: V. =P =0
Edge x =a: P =0

(CONT.)
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3.10 (CONT.)

V, = [Tty =3pabt | <
Edge y =0: P =0
V. =j:1,'xytdx = pa’t — <
Edge y=b: V. =pa't <
P, = [0 tdx = 3pa’bt 1 <
SOLUTION (3.11)
(a) Wehave V'® = 0 is not satisfied.
_ oo _ '’ _ p(x*+xp) _ (4xy+y°)
(b) g
o, =ptt 2t X
o, =
__»n'|a
xy 24°
a
o, = O,rxy =0 P
-0: (2 gy =1 - <
(c) Edge x=0: Vy—ozazdy—6pat P =0
Edge x = a:
v, =j:rxytdy =1Ipat | <
P, =j:0xtdy =3 pat —
Edge y =0: V.=0 P, =0 <
Edge y=a:
V. =j:rxytdx =3 pat < <

P, =j:oyptdx = pat |

SOLUTION (3.12)

(a) Wehave V'@ = 0 is satisfied. The stresses are

= 20 _ _px _ D _
O'X—ay—z——b3(6b—12y) O'y—axz—o
— 2o _ 6y p
Txy T axdy T3 (b y)

(CONT.)
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3.12 (CONT.)

(b)
1
ooy o, = -2 (6b-12y)
bl Ty ¥ T
Y .
A «——> X
)
SOLUTION (3.13)
We have
o _ _ P -1y xy o _ _ Py -y
o= -wltanT T+l =T
b _ _P[_x (+y*)x-2y"x
E)yz - i [x2+y2 + (xz+yz)2 ]

The stresses are thus,

Qe 2P X°
O = = — ==
x P T (Payt)
o =20 _ _2p 0
y ox? i (x2+yz)2
T =% _2p ¥
xy axdy T (xP4y?)?

SOLUTION (3.14)

Various derivatives of @ are:

2 3 .2

9 _To ., Y _ ¥ 9D _

w =3 (V-0 e =0
i'e_ _ PN S S
c')xziiyz Bt axdy 4 h W’
Pd _To (s _ O SLy
6y2_4h( 2x -7+ 20+ %)

o _ D _

ox* _O’ 6y4 O

It is clear that Eqgs. (a) satisfy Eq. (3.17). On the basis of Eq. (a) and (3.16), we obtain

(a)

(CONT.)
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3.14 (CONT.)

0, =3 (2x-2+2L+%"), 0,=0
T 2y 3y2 (b)
T, =-3(0-5 -3+
From Egs. (b), we determine
Edge y = h: o,=0 T, =T,
Edge y =-h: o,=0 7,=0
. T 2 3y?

Edge x=1L: o, =0, ‘L’xy=—7"(l—7y—hi2)
It is observed from the above that boundary conditions are satisfied at y = =/,
butnotat x = L. <

SOLUTION (3.15)
(a) For V'® =0, e = —=5d and a, b, ¢ are arbitrary.
Thus @ =ax’ +bx’y +cy’ +d(y° -5x°y°) (1) <
(b) The stresses:
o, = f;}—@ = 6¢cy +10d(2y° - 3x%y) @)
2 3

0, =%2%=2a+2by-10dy 3)

T, =—42 = -2bx - 30dxy’ (4)
Boundary conditions:

O,=-p 7, =0 (aty=h) (%)
Equations (3), (4), and (5) give

b =-15dh* 2a -40dh’ = -p (6)

fh ody=0 fh yo.dy=0 jﬁhrxydy =0 (at x=0) (7
Equations (2), (4), and (7) yield

c = -2dh’ (8)
Similarly

o, = 0 7,=0 (at y=-h)
give  a=20dh’ 9)

Solution of Egs. (6), (8), and (9) results in
3
The stresses are therefore
3 3 2
0, ==+ L2y -3x7y)
3 3

_ 3mx _i
txy Y (1 h2
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SOLUTION (3.16)

We obtain
o =20 _ p(x*-2y%)
x o2 - 2
Y a
2
_ o _ py
Oy - ax? - a? (a) <
_ _ 9 _ _2py
Txy = oxay a?

Taking higher derivatives of @ , it is seen that Eq. (3.17) is not satisfied.

Stress field along the edges of the plate, as determined from Egs. (a),
is sketched bellow.

y
A (fy = }7 2
Ty =2P7%
Bl 0 5 s 5
T' )
a
o, =
a
o, = 0,7
SOLUTION (3.17)

The first of Egs. (3.6) with /. =0

0T, _ oy
av 1
Integrating,
2
_
Ty =721 + f,(x) (a)

The boundary condition,
(Ty)yos = 0= 57+ £,(1)
gives f,(x)=- pxh2/21. Equation (a) becomes
T, = -5 -y") (b) <

Clearly, (Txy) = 0 is satisfied by Eq. (b).

y==h
Then, the second of Egs. (3.6) with F = 0 results in

90, _ ph’-y*)

ay 21
Integrating,
2 2
o, =357 y(h" =5)+ f,(x) ©)

Boundary condition, with ¢ = 3/ / 2h? ,
(CONT.)
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3.17 (CONT.)

(Gy)y=—h =_£= (h2 )+f2(‘x)
gives f,(x) = —ph3/3] . Equation (c) is thus

o, =&Bhy -y’ =2h")
This satisfies the condition that (0,),_, = 0.

Note that Eq. (3.12) is not satisfied: the solution obtained does not provide
a compatible displacement field.

(d) <

SOLUTION (3.18)

Substituting the stresses from Eqs. (3.10) into Egs. (3.6) and taking F, = F )= 0:

ay ,

E o

-~ G =0
3}'u

1-v2 = 0

or

av 2v_ 0v 6 u Ry =
2(1+v) [l—v a2 i 1-v dxdy Tz y + 6x9y] O

[2 av v ' 0% azv]_o
2(1+v) 1-v ay 1-v axdy axdy ax

The foregoing become

0u 1+v azu_l+v 0% au
a2 + 1-v gx2 1-v axdy +44=0

2%y l+v 9% 1+v 6 v
>t 1-v g2 1-v axay =0

or
2
0124+6u+1+v6 6u+dv) O

ay? I-v ox \ox

8 v 8 v 1+v 9 dv
e o 0
ot a1y )

SOLUTION (3.19)

It is readily found that

do, _ _pwy 9Ty _ pw
ax I ay 1
60

2 Ty 2 2
And = "(h+y) 2 ==L(h"-y7)
Thus, Eqs. (3.6) are satisfied: stress field is possible.

We have x, =1.5m, y, =0.05m , and

3 2(0.04)0.1)° -5 4
[ =200 2 2000007 _ ) 67(107) m
Substituting the given data, Eqgs. (P3.19) yield at Q:

o, = =100 _(5510° +2x0.1°)0.05 + =12 _(125x107*)

10(2.67x107%) 3(2.67x107)

=-21.09 MPa

(CONT.)
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3.19 (CONT.)

T =40 _(( 12 - 0.05%) = -2.106 MPa

xy 2(2.67x107%)

=100 (2 % (.1° - 3% 0.0005 + 0.05%) = =0.039 MPa

Gy 6(2.67x107°)

Applying Eq. (2.29), we have
G = 2000 _ 769 MPq

2(1+0.3)
Hooke’s law is therefore

g =—L (=21.09+0.3x0.039)10° = -105 u

X 200(10%)
€ (=0.039 +0.3x21.09)10° =31.4 u

=1
Y 200010%)

= 20600 _p gy

Vo = 76.9(10%)
Principal strains are

£, = 051314 [(%)2 + (-227.4)2]%

o £=328u & =-106u <
We have Hp = %tan'l okt = 5.65°
For this angle, Eq. (2.14a) yield € , = 32.8 u . Thus,
<
Hp'= 5.65°
SOLUTION (3.20)
Assume € =€, =0, o, =0, O, =0, = constant
which satisfy Egs. (3.6) and (3.27). Hooke’s law becomes
¢, =3(0,-vo )+al, =0 (a)
e, =¢(0,-vo)+al, =0 (b)
¢, =%(-0,-0)+al; =0 (c)
From Egs. (a) and (b), we obtain 0, = O v Therefore,
e, =2(1-v)+al, =0 <
This yields
o,=0,="1 <

Then, Eq. (c) becomes
e. =2 4 o, <

z

Wealsohave: T, =T, =T = 0 and Vo =V =V

SOLUTION (3.21)

The nonzero strain components are
e, =¢,=¢ =al
(CONT.)
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3.21 (CONT.)

Compatibility equations reduce to

- 2 2

e, 0E, vy
ay? ax? dydx
e, %,
az2 a? oz
3282 r?zsx — 62yxz
ax? 922 daxdz

Adding the above equations and substituting the given data:

8T L 9T | 9T
205(6)52 +ort 322) =0

or

2 2 2
6§+872"+3§=0
ax 0 [0):4

This equation, for a time independent temperature field, has the solution
1 1 1 1
T=c'x+c,'y+c'z+¢,
which may be written as
ol =cx+c,y+c,z+¢, S |

SOLUTION (3.22)

Stress is O, = =0, regardless of 7, and still we have €, = 0. The second of Eqs. (3.26a)

is thus

g, =5(0,+vo,)+al, =0
or o, =-vo, - Eadl, (a)
The first of Egs. (3.26a) and (a) result in

e, =100 +(1+v)aT, (b)

Now, Hooke’s law

e.=-%(0,-0,)+aT
leads to

g. =Yg +(1+v)aT, (©)
Then Equations (2.4) yield, after integration,

u=¢.x v=0 w=E¢z <

Here, €, and &, are given by Egs. (b) and (c).

SOLUTION (3.23)

P+ P,
M M,

z

Equation (3.27) reduces to
;71(ox +aET) =0

(CONT.)



https://telegram.me/seismicisolation

3.23 (CONT.)

from which
o, =-0ET +cy+c,
=-aET(a,y+a,)+cy+c,
Referring to Part (b) of Example 3.2: ¢, = ¢, = 0 and

o, =-akE(a,y+a,)

We have
P =fh o tdy = -2Fahta, <
M. =fh0xwdy - -Eatf*- + 4~
- —h
=-2Eath’a, <

The P. and M _ are opposite to that shown above.

SOLUTION (3.24)

Assume a stress distribution:

T,=T7,=T7,=0,=0,= 0 O, = constant (a)
which satisfy Egs. (3.6) and (3.27). Then, Hooke’s law becomes

e . =2>+al, e, =¢ =-—p+al (b

Yo =V =V =0 (d)

Due to constraint imposed by the walls and because of the uniformity of the
temperature distribution: we take € = 0. Equations (a) and (b) give

o, =-oET

Equation (c) is then
¢, =¢. =al(l+V) = constant
The compressive force P on the tube is
P. =0 A=-EoAt <
Substituting the data given
P. = -120(10°)(16.8 x 10*) x (800 x 10~*)(100)
=-161.3 kN <

SOLUTION (3.25)

Derivatives of the given stress function are

P _ 10® _ _ PO G 1% _ POgin@ — 2P
~>=0, Lot =—-L0sing, oy =2rsinf —2-cosb
Equation (3.40) becomes

4 2 2
VO = (5 + 14 +-525) (-2 cosh)

(CONT.)
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3.25 (CONT.)
After performing the derivatives, we obtain V*® = 0.
Substituting the derivatives obtained above, into Egs. (3.32):
— _ PO PO G 2p
0, =-2%sin0 + £2sin0 — 2> cos O
.<

r

=_2P
=—-22cos0

Similarly, we find 0y =0 and 7,, = 0.

SOLUTION (3.26)
Refer to Fig. P3.26a. Let Ay =1 and hence 4,, = cos@, 4,. =sinf .

EFx =0:
o, =0,cos0cosl +0,sinfsinb - 2t,, sinf cos O

EFY =0:
T, =0,c080sin6 -0, sinf cosO +7,, cos cos

-T,,81n0sin6

Similarly, from Fig. P3.26b:

EFy=O:

0, =0,sin’ 6 + 0, cos’ 0 + 21, sin 6 cos O

Check: EFx =0:
T,, =0, sin6 cosd — 0, sinb cosO +7,,(cos’ O —sin’ H)

Thus, quoted equations are derived.

SOLUTION (3.27)
Apply the chain rule (Sec. 3.9):

D _ 0D _10® g
> =22cost) —LSrsinf
2’0 _ 9’0 2 _ 9’®_ sinf cos6 0D sin 6 _ " 9P sinfcosh 9’® sin’ 6
and T =25C08" O - 2 5 snarest 4 SR 0 D S0 SEsl 4 STt (a)
Similarly,
’D _ 9’D 32 8°®_ sin6 cosf ﬂcosze 0P sinfcosH 9’® cos’6
o = 2 Sin 0 + 2 L2 sinbeost 4 OB cos 0 4 ) O SO 4 (b)
Adding Egs. (a) and (b), we have
9’0 | *® _ *® , 19D 1 *®
L2 =42 4 L4t Lo c
ax? E)yz ar? roor 062 ( )
By referring to the identity

4 .2 2 2 2

T =

o' o'
ax* (’)xzayz ay

and Eq. (c), we can readily write the equation quoted, Eq. (3.40).

SOLUTION (3.28)

Equation (3.28) is written as
d> 4 1 d\(d*® 4 1 do d> ,1dY =
(Gt i+ )+ BTGz +53) =0

(CONT.)
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3.28 (CONT.)

or ar? rodr
or
14 (pd2)y+aET =0
SOLUTION (3.29)

_ -M
(a) Let C ~ 2(sin2a-2acos2a) ® and

® = C(sin20 - 26 cos2a)

Various derivatives of @ are:

9 _ 2o _
a”_o arz_o

4 =2Ccos20 —2Ccos2a
0 = —4C'sin 26

26?

and
2@ — 1 9*® _ _ 4Csin20
VD = 2% = 200
re 00 r

We thus obtain

4 ; : .
VP = C[8s1'2‘29 _ 245;2120 + 165;129] = O
=L 0% _ _ 4Csin20 -
(b) 0, =120 - _acin 0y =0
T,y = =4 (1 55) = 2 (cos 20 - cos2a)

(¢)
Letting @ = 71/2: C = = M /27 . 1t follows that

__ 2Msin26 —
o, =20 o,=0

_ 2C _ _ 2Mcos*0
T,y =25(c0820 +1) = - 24<

where cos” 6 = (1 + co0s20)/2

SOLUTION (3.30)

Using Eq. (3.48) and Fig. P3.30:
F - j;/z(orrde)sinH _ j(:/ (22 c0s 6 5in 0)d6

_22ligin?glf o2 —»
—ﬂ‘zsm G‘O—ﬂ -

Similarly,
F, =ff/(0,rd6)cost9 =f/:/(%cos2 0)do

%
_%=P¢

= 2P |0 4 1 ¢
=2 |2+4sm28
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SOLUTION (3.31)

NOTE: (In Probs. 3.31, 3.32, and 3.33), the P, L, and ¢ are constants. It can readily
be verified that, the maximum values of the functions in parentheses occur:

4 (sinfcos* ) =0,or tan’ @ =1 when 6 = +30°

4 (sin’ @ cos’ ) =0,0r tan’ 6 =1 when 6 = +45°

Maximum stresses, using Eqs. (3.37) and (3.43):
(Gx)elast. = -

L(a+%sin2a)

s (a)
(T ) — _Psinfcos’ 6
xy /Jelast. L(a+%sin2a)
Elementary solution of maximum stresses are
=P =
(Gx)elem. ~ 2Ltana ? (Txy)elem. =0 (b)

(a) For a =15% (o ++sin2a = 0.512):

(0.) . = P/0.512L at 0 =0°
(T etast. = P/2.195L at @ =15°
(0.) iem. = P/0.536L at any 0

Thus,
(Gx )elast. = 1047(Ox)

elem.

(b) For a =60, (o +1sin2a =1.48):

(0 ) tasr. = P/1.48L at 0 =0°
() etase, = P/4.557L at O =30°
(0,)en. = P/3.464L at any 0
Thus,
(0 etasr. = 2.341(0 ) ey,
SOLUTION (3.32)

See: NOTE, solution of Prob. 3.31.

Substitute @ = 307 into Eqs. (a) and (b) of Solution of Prob. 3.31.

(0.) 1. = P/0.957L at 6 =0°
(T o) etast. = P/2.946L at 6 =30°
(0.) e, = P/1.155L at any 0

Thus,
(Gx )elast. = 1207(0x)

elem.
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SOLUTION (3.33)

See: NOTE, solution of Prob. 3.31.
Wehave 7= L/cos@, h,, /2 =c=L-tana, and I = 2¢*/3.
Equations (3.43) give

3
__ _Fsinfcos 6
(Ox)elast. - L(a—%sinZOz)

Fsin®6 cos” 0 <
(Txy)elast. = m
Elementary solution:
(Gx)elem. = 31;1‘/202 ’ (Txy)elem. = 3F/4C <4
(a) For a =157 (o ++sin2a = 0.512):
(0.) ., = 19.43F /L at 0 =15
(T o, = 521F/L at =15
(0.).1,. = 20.89F/L at 0 =15°
(T etem. = 2.8F /L at 0 =0’
Thus, (Gx)elast. = 0'93(0x)e/e171.
<
(Txy)elast. = 1'86(Txy)elem.
(b) For a =60, (a -+sin2a =0.614):
(6.).y =0.529F/L at 6 = 30°
(T ). = 0.407F/L at 6 = 45°
(0.)iem. = 0.5F/L at 6 = 60°
(T uim. = 0433F/L at 6 = 0°
Thus,
(Gx)elast. = 1'058(0x)elem. >
(Txy)elast. = 0'94(Txy)elem.
SOLUTION (3.34)

With x = r-cos6 , Egs. (3.50) become
3
o, =-(%)cos” 0
< 2
0, =—(4)sin” 6 cos6

7,, = —(%)sin6 cos’ 6

Substituting,
do, =-2(Z%)cos’ 6 = —2Lcos’ 6dO
= —224in? = —Lgj
do, =--Fsin” 0, dt,, =—-~£sin26d6

(CONT.)
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3.34 (CONT.)

Integrating,

(o}

(o}

, =—2[2(6, - 0,) - (sin 260, —sin26,)]
= +-[c0s 26, - cos20,]

- f c0s> 0d0 = —£[2(0, - 6,) + (sin 26,

-sin20,)]

SOLUTION (3.35)
APPROACH (a):
a2 ’fi | 1 dh
(? r dr)( : r d_rl) = 0 (d)
We have
d*f, & (4 d'f,
l) = F( drzl) = dr4l
d (14N _ -2 df; -1 d*f;
dr 77;) =-r"+r Tzl
4% (1 4h 2df  2df 14
pE G Rl i i
1 (d Ly _ 14N
r dr = ar
Ld (14 1 df; d*f,
TG =T CET )
Then, Eq. (d) becomes
d*f, d*f; d*f, df; ,
AT ety =0 @

The first equation of Problem 3.35 may be written as:
1 df;
}1’ dr {r dr [r I?I (”' l)]} 0

-1 dfy

%d {rdr[r dr df]]} O

LT G e R = 0
r;{r‘d”l+“+r”‘} 0
-2 df, -1 d*f, d*f, d/
L{r T 7;+2—; '} 0
or 1 dh 1 4 2de1

at f1
P odr - Pdr? + Tar ar’ } O
which is the same as Eq. (d’).
Now let us integrate the expression:

rdr{ dr[rdr dfl)} 0
rd} rdr(rdfl)]_cl

ahy
14 (pSy=c/Inr+c,

rd - clfrlnrdr+c2frdr

dfl — 2 4 2
ro-=cl5nr-4]+c, 5 +c
df1

L =crinr+cp’ +c,Inr+c,

(CONT.)
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3.35 (CONT.)

2 2
or fi=cr lnr+c,r’ +c;lnr+¢,

Expression (e) may be treated in a like manner.

APPROACH (b):
Letting ¢ = ln 7, we have

dr dt dr ~ r dr
dfl = L (dfl_dfl)

M-laﬂsgnz@

df1= (dfl_ dfi+11dzfl 6‘”‘)
t3

Substituting these derivatives into Eq. (d’), we obtain:

d'f &/, f _
dr* 4 ar’ +4 ar 0
This is an ordinary differential equation with constant coefficients. It has a solution

2 2
fi=cr Inr+c,r” +c;lnr+c,
Ina like manner, it can be shown that,
44 f 1 4 45y _
(L+ld -+t B -2 =0

rodp?

is solved to yield Eq. (g) of Section 3.12.

SOLUTION (3.36)
(a)
4% £
= +
o o o,
v v

20

_ 0[(1__)+(1+3“ %)cosZB]
o, =7°[(1+f_2)_(1+%)00526]
%(1_%‘+%)sin28

<
2
]

and
0,5 = F[(1-%) + 1+ - 42) cos2(0 +90°)]
Oy = 5 [(1+4) = (1+35) cos2(6 +90°)]
T,y =—2(1 —3%44+%2)c052(0 +90%)

(CONT.)
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3.36 (CONT.)

We have, by superposition:
0,=0,+0, Op =0y +0p, Tig =Tio1 T T,p2
Hence, atr=aand 6 = 7/2,
o, =0 o,=0
0y =30, Ogy = —0,
Ty =0 Tygp =0
lead to the solution:
o,=0 o, =20, T, =0 <4

(b) Referring to the results of part ( a ), we write
Grl = O O'r2 = 0

Oy, = 300 Oy, =0
Ty =0 Ty, =0
Thus,
o,=0 o, =40, T,, =0 <
SOLUTION (3.37)
We have

d
D

Then, from Fig. D.8: K =~ 2.3 . Hence
(0}

max = K & =23 5505055 = 207 MPa <
SOLUTION (3.38)
K =Zme 130y s
o,., 80
From Fig. D.1: 7/d = 0.25 . Then
D=2r+d
gives
40 =2(0.25d)+d =1.5d
or
d =26.7 mm
<
r=6.67 mm
SOLUTION (3.39)
For I 0.15:
d

D=2r+d; 40=2(0.15d)+d =1.3d
(CONT.)
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3.39 (CONT.)

or d =30.76 We thus have

Dois
d

Figure D.1 gives K =1.7. Hence,

P
o, =250(10°)=1.7 all

(20)(30.76)
or P, =90.5 kN

SOLUTION (3.40)
Tyoe =1kN-m —» T, =2 kN -m—»
Then, T, = ZT/JIC3 yields

T, = 20109 _ 79.6 MPa
P (0.02)°

3
L L200) o
7(0.025)

Thus
T, =Kt =(1.6)81.5)=130.4 MPa
SOLUTION (3.41)
(a) Wehave
D_20_ T2 0057
d 35 d 35
Hence, by Fig. D4, K =1.6.
We have
JT JTU
J=—(d) =—(35)" =147.3(10° !
32( ) 32( ) (10°) mm
o o gl 00001 o
» J 147.3(107)
SOLUTION (3.42)
We have
D_40_ o8 oo
d 16 d 16
From Fig. D.6 ,K =~1.31
Tc 16T

T, =T, =K7; 250(10°) =1.31 ]

max

7(0.016)°

or

T=1535N"m
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SOLUTION (3.43)

Hence O, = (17“—;“2* = % =87.2 MPa

nom

and P, =do, =(25x10)(87.2)=21.8 kN <

a

SOLUTION (3.44)

At a section through B
M, =400(0.3) =120 N-m
My 120(0.02)

- 1 -37.5 MPa
I L 0.012)(0.04)
12
@ L=>_015 2_.9Y_15. k-165 (Fig. D.2)
d 40 d 40
o, =1.65037.5)=61.9 MPa <
o L= 025 2.9 15 k_141FieD2
d 40 d 40
o, =141(37.5)=52.8 MPa <
SOLUTION (3.45)
4%
0
J— _b'a _._e_. .l
v
Without hole:
09 = % Ga = %
With hole:
420, 420,
= +
O'a o'a
v (1) ¢(2)

(CONT.)
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3.45 (CONT.)

We use Eq. (3.55b), with r=a.
Ogy =% [(1+%5) - (1+3%) cos 26

=0,[1-2cos20] <
0y, =20, [1-2c0s2(6 +90°)] <
For 6 =0°:
Og = -0, 0y, =60,
For 0 =7/2:
0y =30, 0y, = -20,
Therefore, superposing the results at 8 = 0°:
o, =50, =5pd [4t <
at 0 =m/2:
<
o, =0, = pd[4t
SOLUTION (3.46)
(a) Wehave D/d=1.1 and r/d=0.05. Then, we find from Figs. D.6, D.7, and D.5 that
K, =1.64 K, =22 K,=23
Then, Egs. (b) of Example 3.5 yield
o, =230 22“Wm> 4.42 MPa
w(0.2)° 702y’ ’
L, =1.6422%9 _ 2 61 MPa
7(02)
Equation (a) of Example 3.4 is therefore
o 442 [(442) +(2. 61) ]2
or o, = 5.63 MPa o, =-121 MPa <
(b) T, =+(5.63+1.21)=3.42 MPa »
(¢) 0,,=+(5.63-121)=1.47 MPa <
T, =+[(5.63+1.21)* + (=1.21)* +(=5.63)*]* =2.98 MPa <

SOLUTION (3.47)

(a) We have D/d=2 and r/d=0.04. Then, we find from Figs. D.7 and D.6 that
K, =26 K =19
Equation (b) of Example 3.5 is therefore

0, =2.62CY) _33 9 )Py

7(0.125)

=1.929%) _9 73 MPqg

7(0.125)°

(CONT.)
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3.47 (CONT.)
Equation (a) of Example 3.5:

0., =52+ [(32) +(9.73)°T
oo 0,=365MPa  0,=-2.59 MPa

(b) 7, =1(36.5+2.59)=16.96 MPa

max

(¢) o,,=1(365-2.59)=11.3 MPa
T,, =1[(36.5+2.59)* +(-2.59)* + (-36.5)’] =17.85 MPa

SOLUTION (3.48)

We apply Egs. (3.63).
(a) a=0.88[2EMORNX0TS) 15 _ () 635 1

(200x10°)(0.0125)

(b) 0, =0.62[500(200x 10°)? (550225 )T = 596.1 MPa

025%0.0375

(¢) & =1.54[(500) (~———0005 ) =5.339(107) mm

2(200x10°)2(0.025x0.0375)

SOLUTION (3.49)
(a) Use Eq. (3.62):

= 0.62[200) 15 _ 1933 Apg

4(0.025)
(b) Apply Egs. (3.60) and (3.59) for 1; =1, =¥ and £, = E, = E to obtain the formula

0, = 0.617[2£T
Thus, O, = 0.617[222%4 15 _ 1959 MPa

(0.025)>

SOLUTION (3.50)

Using Eqgs. (3.73), (3.74), and the second of (3.70), we have
m = =0.6154

- 4(200)(10 ) 2 9304(1011)

3(1-0.3%)
cosa = = (E=0n28 = 02308 or  a =76.66"
Interpolating Table 3.3:
c, =1.1774 c, =0.8616
Apply Egs. (3.69):
a = 1.774[2000D 15 _ 5 393 gy

2.9304x10"!

4
(1/0.4)+(1/0.25)

b = 0.8616[*OOSH 1 _ | 759

2.9304x10"!
Thus,

o =15—20% ____ 4555 MPq

¢ (2.393x1.752)107°
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SOLUTION (3.51)

Use Egs. (3.67):

0, = 04182051 = 418 MPa <
_ 2.5(10°)(0.005) 13y _ _
2b = Z{I'SZ[W] } =2(0.038) =0.076 mm <4

SOLUTION (3.52)

Equations (3.65), for v, =v, =025 E, =E, =E, r,=1, =r:

o, = 0.412[200C0402) 1 _ g4 Mpg <
2(10°)(0.2)
2b = 2{1. 545[200 o (2)] }=2(1.545) =3.09 mm <
SOLUTION (3.53)

Refer to Example 3.6.

1/n'=0 1/n'=0 0=x/2

—‘;ﬁlgxz‘gf 2.9867(10'")

cosa = = {rHun = 04286 or = 64.62°

Table 3.3: ¢, = 1.3862 c, =0.7758
_ 5x10°(0.5714) 15 _

b =0.7558[ZCOSTO T _ 1 605 mm

2.9867x10"!

Thus, o =15—299 ____5052 MPa

c 77(2.994x1.605)107°

SOLUTION (3.54)

Refer to Example 3.6. We now have 7; = 7, = 7. Thus, Equations (3.75) and (3.76) become
=2r=2(02)=04

_ 4
M = am+am

_ Wn-r _ =90°
cosa = = 0, a =90

From Table 3.3 it can be concluded that surface of contact has a circular

boundary:c, =c, =1.
4(210)(109 2 98667(1011)

3(1-0.25%)
5(10°)(04) 15 _
a=>b=I1[7 "] =1885 mm <
Thus,
_ 5(10%) _
o= 1'5—:1(1.885)210’6 =671.9 MPa -«
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SOLUTION (3.55)

Case B (1* column ), Table 3.2 with r; = 1,, E, =E,.

(a) A=+++== =141z
a =0.883/F £+ =0.883/400 213(1129 =0.604 mm
=15~ — 400 _
(5) Py =15 nd® =15 7(0.604)2(107°) =349 MPa

(c) Equations (3.68) at z=0:

0, =0, =—p[(1+v)=1]= =12 p = _0.8(349) = 279 MPa
0. = —p, =349 MPa
T, =7 _=4(0,-0)=-2(0.8-1)=349 MPa

SOLUTION (3.56)

Refer 2™ column of C, Table 3.2.
E =E,=E=210GPa 1r,=8mm r,=50mm F =240 kN/m

Hence
A=%=4=+ n=-1L___1 -105

210(10°)  105(10°) 0.008  0.05

(a) a=1.076-2% 13 2 0.159 mm

105(10)(105)

(b) py =24 = 25150k = 961 MPa

T 0.159(107)

SOLUTION (3.57)

Wehave 7; =0.48 m, r, =034 m, r,' =, r," =00, and O = 90°. Thus, using
Eqs.(3.72) through (3.74):

m= % =0.796 n =420 ~3.0769(10'")
0.48 0.34

A=, B==3(G-+

cosar =£ =+ i <0143, a=81.78°

Interpolating from Table 3.3: ¢, =1.104, ¢, =0.911. Hence
a = 110402000795 _ 2 4058 mm

3.0769(10'")
b =091 [‘*3@)(;6)9(?13?16)]% 1.9852 mm
Thus  p, =152 =1.5——09____400 MPa

71(2.4058x1.9852x10™°)



https://telegram.me/seismicisolation

SOLUTION (3.58)

Given quantities are:

1—”1 =0.025 m r, ==0.03 m
r'=-0.125m v=03  E=200 GPa

Thus,
M=t =0.10345
04025+0.025 0.3 0.125
n = 4200 _ 93.04029(10°)
Also

A=%—m_1933301
B =10 + (£ -1) + 20)] = 12.66667
a = cos™! 1286667 _ 49 (06645

From Table 3.3, we find
¢, =1.78611 ¢, = 0.63409

The semiaxes are then

a = 1.7861 [R5 15 _ ) 00154 1 = 1.54 mm

293.04029(10%)

b = 0.67409[L2ROIB4) 15 _ ) 00055 1 = 0.55 mm

293.04029(10%)
Maximum contact pressure is therefore

0, =1.5——1%____1014.7 MPa

7(1.54x0.55)(107%)

SOLUTION (3.59)

Now given data is as follows:

1—”1 =0.02 m r, ==0.022 m
r'=-0.125m v=03  E=200 GPa

Therefore,
m=———4—— —0.08594

0.02° 0.02 0.022 0.125

n = 420400 _ 293.0403(10°)

We have
A=2=232721
B=i%[ 007 0125]_18 7273
a =cos™ 18283 — 36.42°

Using Table 3.3
¢, =2323 ¢, =0.541

(CONT.)
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3.59 (CONT.)

Then, the semiaxes are:

a = 2.323[ BR8N 1T _ ) 00188 m = 1.88 mm

293.0403x10°

b = 0.541[BROQB99 5 _ 0 00044 m = 0.44 mm

293.0403x10°

Maximum contact stress is now obtained as

o, =1.5—1%0____1039 MPqg

7(1.88x0.44)107°

End of Chapter 3
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CHAPTER 4

SOLUTION (4.1)

60 mm o, = 0
M 4 P |
R S e
T M=15kN-m |
P Mc 4P 32(1.5x10%)
P4 T 7(0.06)>  7(0.06)°
=-353.7-70.74x10°
We have
g -g0,+0, =0, o |0,]= ‘oyp‘
So,
353.7+70.74x10° =250x10°, P, =707 kN <
SOLUTION (4.2)
p =7.86(9.81)(wd?/4) = 60.6d> kN/m
p=60.6d" «—
PO I LI LI ly { . I , M
T=325N-m 44 C B T Y oad’

l— 2.5m 25m —p

—> ¢ =16T/nd’

o - 32(pL’ /8)  32(60.6d°)(25)10° 1.93x10°

: rd’ 8rd’ d
_16(325) _ 1.66x10°
rd’ d’

Equation (4.9a), O'f +317 = 0311

6 3
(1.93;10 . +3(—1-6§3><10 )* = (100x10°)’

or

3.725x10°  8.267
d2 + dé
Solving by trial & error:  d =32.8 mm.

=100x10°

Use a 33 — mm diameter shaft.

A A
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SOLUTION (4.3)

o,=100 MPa 7, =-80 MPa 0, =0
o, = 250 MPa (Table D.1)

Hence
O -0
O,=—"= L) 41l
1,2 5 B ) X
=50 = /(=50)* +(-80)> =50+94.3
or

0,=1443 MPa 0, =-433 MPa

(a) Maximum shear stress memory:
(0}
w
0,-0,| =
n

250

144.3-(-43.3)|< s

187.6 >166.7

Failure will occur.
(b) Maximum energy of distortion theory:
(o]
2 2 w
0 —0,0,+0, =( i )

(144.3)° - (144.3)(-43.3) - (-43.3)2\1/ " <166.7
160.1<166.7

Failure will not occur.

SOLUTION (4.4)

State of stress is given by

oy — _32M 4P — —
0,=0 7(0.1)° + 7(0.1)2 0, =05 0

Refer to Table 4.1 and Eq. (2.66):
0470, =0470 or o,_=0

3y _ 32(17) 4P
Thus, 221(10 ) = Z01) + 7(0.1)2

Solving,

P =3757 kN

SOLUTION (4.5)

From TableD.1: 0, = 250 MPa
We have

0, =52 =[( =0-0)? 4+ (-40)° ]

(CONT.)
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4.5 (CONT.)
o 0,=1021MPa  ©,=-42.1 MPa

(a) Equation (4.2a) gives
102.1+42.1) = 2

or n=1.73

(b) Equation (4.5a) leads to
(102.1)2 -(102.1)(-42.1) + (—42.1)2 = (%)2

from which

n=1.95

SOLUTION (4.6)

Referring to Appendix B, we obtain
0,=1013 MPa  0,=0 0,=-51.32 MPa

(a) |‘71‘G3|=‘7yp

oo 0, =[101.3+51.32)=152.6 MPa

(b) T, = %[(101.3)2 +(101.3+ 51.32)2 + (51.32)2]% =63.41 MPa
Thus,
o, = 63.41/0.47 =134.9 MPa

SOLUTION (4.7)

Using Eq. (4.6), we have

o, 1 2 2 213
047-r=3[(0, -0,) +0; +0;,] (a)
Here
O,=2+1[0? +40°]
1,2 2 — 2
_ 32M | 4P _ ler
and O = s +nd2, T pvE

Substituting the given data:
[32(4x103) 4(45x103)]

1
0,=>
L2 7 2L z0.12)° 7(0.12)?

1 gr32(4x10°) | 4(45x10°) 92 16(11.2x10°) 121 3
2 {[ (0.12)° 7(0.12)? ] +4[ 7(0.12)° ] }

or  0,=4955MPa 0, =-21.99 MPa
Equation (a) is then

14120 = [(71.54)* + (49.55) + (-21.99)° ]
Solving,

n=44
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SOLUTION (4.8)

Maximum stresses, occurring at the fixed end are:

From Eq. (4.9a), we have
o, =0’ +3r° =(280x10°)’
Therefore, at neutral axis 0 = 0 :

o, = \/E‘L' gives t=1.45 mm

¥
At the extreme fibers, T = 0 :
o, =0 gives t =8.45 mm
Allowable width is thus
t, =845 mm
SOLUTION (4.9)
We have
T, =—=175 MPa, 0, =-0,=1
CR: -
or
d =2795 mm
(b) 0,=%=x1iVo’ +47°
Here

o = 2M _ RGER)
ad? nd?

= 22 [L7d?(77x10°)107]
=77(10°)/d
T =10 1O _9547.77/d°

Using Eq. (4.8a):
Zr =o? + 417
350(10 ) [( 77x105) + 4(2547 77) ]%

or

5. 444(1016) _ 5929(10‘3) + 2.594(107)

d()

Solving, by trial and error:

d =0.0368 m =36.8 mm
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SOLUTION (4.10)

(a)

(b)

We have 0, = 90/1.2 = 75 MPa
O, =|0, -0y =634+122=756>75  Failure occurs
202, =(63.4-0.53)" +(0.53+12.2)> +(-12.2 - 63.4)

or
o, =70<75 No failure

SOLUTION (4.11)

(a)

(b)

Using the torsion formula,

_ _T(0.05) - 5093T

T (0052
and o, = -0, =5093T
Equation (4.5a) yields then
[280(10°)] = (50937)? + (50937)(50937) + (=50937T')’
Solving,

T=3174 kN -m

We now have

o =0 _ 160 MPa

7(0.05)°

T =5093T (as before)

Principal stresses are:

0y, =109 4 11160 x10°)* + 4(5093T)°
%/_/

b

b

(TN

=da

With this notation, Eq. (4.5a) becomes
O'jp =(a+b)y -(a*-b*)+(a-b)’ =a’ +3b°
Thus,
(280 x10°)? = (16210°)2 1 3[(160 x 10°)* + 4(50937)°]

Solving,

T =26.05kN-m

SOLUTION (4.12)

Maximum moment is

M = P2 _ 805" _ 1 688 kN -m

3 s =
and hence

_ _ My _ 1.688(0.125)10° _
O=0,=7T = f2 = 1.62 MPa

(CONT.)
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4.12 (CONT.)

(a) oi=\/012_0=01

% =1.62
from which
n=17.3 <
(b) o) =0 ==
or n=17.3 R |

SOLUTION (4.13)

Referring to Appendix B, we compute

0,=1205 MPa  ©,=-1.521 MPa o, = -4.528 MPa

Using Eq. (4.52),
202 =(12.05+1.521)> + (=1.521 + 4.528)* + (-4.528 — 12.05)°

=468
Solving,
o, =153 MPa
Hence,
T, =15.3(0.577) = 8.828 MPa
Therefore
<

o, = 2(5%) = 2.039 MPa
0, =3(3%) = 3.058 MPa

SOLUTION (4.14)

R
P YTA 1.2m * Jv
4—«€ d —»—P> —>x
T T
M 4
‘_
‘{ A }'O’x
—b;L—

Wehave P=50R, T =0.8R, and M =1.2R.

Stresses are

_ 3aM _ 32012R) _

0, =2 = 2020 _ 97,784 8R
= _ler _ -16(08R) _ _

T = = = 2005y 32,595R

=R =25464.8R

O, = 7(0.05)%/4
o,=0,+0, =123,249.6R
(CONT.)
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4.14 (CONT.)

(a) Equation (4.8a):
26000 _ R[(123,249.6)° + 4(-32,595)° ]

or  R=932N <
(b) Equation (4.9a):
130x10° = R[(123,249.6)* + 3(=32,595)’]*
or R=959 N <
SOLUTION (4.15)
Referring to Appendix B,
0,=1974 MPa 0, =-1444 MPa o, = -72.96 MPa
Applying Eq. (4.4b):
20; =(197.4 +14.44)> + (-14.44 + 72.96)* + (-72.96 - 197.4)*
or o, = 246.4 MPa
Hence,
T, =346.4(0.577) = 142.2 MPa
Thus,
o, =404 =39.38 MPa <
o, =504 = 49.23 MPa
SOLUTION (4.16)
Stresses are
o, = ? = i = 50p
o,=%=25p
(a) Applying Eq. (4.5a),
(50p)> —1250p> + (25p)> = (280)°
or p =6.466 MPa )
(b) Using Eq. (4.2a),
50p - 0] = 280
or
p=5.6 MPa <

SOLUTION (4.17)

We have (0 ), =13 = 68.33 MPa.

Referring to Appendix B:
0, =63.44 MPa 0, =0.533 MPa

0, =-12.17 MPa

(CONT.)



https://telegram.me/seismicisolation

4.17 (CONT.)

(a) Using Eq. (4.1),

0, =[63.44 +12.17 = 75.6>68.33: Failure oceurs <
(b) Applying Eq. (4.4b)

207, = (63.44-0.533)” +(0.533+12.17)% + (-12.17 - 63.44)

or o, =70.13>68.33: Failure occurs <
SOLUTION (4.18)
Referring to Appendix B:

o, =162.4 MPa o, =46.15 MPa 0, =1.468 MPa
(a) Equation (4.1) yields

_ 300  _
n =131 = 1.80 <
(b) Equation (4.4b) gives
n2 _ 2073, _ 2(300)>
(0,-04)*+(0,-03)* +(03-0,)* (116.25)% +(44.682)%+(160.932)?
or n=2.09 <
SOLUTION (4.19)
Referring to Appendix B:

0,=1562 MPa  ©,=4213 MPa o, =11.7 MPa

(a) Equation (4.1) gives
20 1.5 <

N = 1565117
(b) Equation (4.4b) yields

n? = 203, _ 2(220)
(0,-0,)+(0,-03)* +(03-0,)? (114.07)2+(30.43)? +(~144.5)*
or
n=1.67 <
SOLUTION (4.20)
J =27t
Oy 6
A pr 5107)(105)
i T
- l—wa =52.5 MPa
| T
v o =L£L 22625 MPa
2t
3
_Te  S0A002D 4y 4
J 27(0.105)°(0.01)
26.2 2. 26.25-52.
o, = 6 52+5 > i\/( 6 52 52510 L (~1444)) =39.42145

(CONT.)
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420 (CONT.)

0, =1844 MPa 0, =-105.6 MPa
250

Thus, o0, =2¢; 1844="20 =14
n n
and 0, =2 2105.6=-220 49 <
n n
SOLUTION (4.21)
EMA =0: 150(2)(1)-R,(1.2)=0, R, =250 kN
Y F,=0: R, =50 kN
150 kN/m V4
ATl : . %0,
- e
50 kN T 1.2m BT 08m ]
250 kN b
o3V _3130x10° _97.5x10°
™24 2 2b° b
And T, =0, =-0,
Thus,
3
T =0, 97'5])—>2<IO=120><106, b =28.5 mm
Use a 30 mm by 60 mm rectangular beam. <

SOLUTION (4.22)

(CONT.)
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422 (CONT.)

(a) Upon following the procedure described in Sec. 4.11, Mohr’s circle is constructed as shown
in the sketch above.

The circle representing the given loading is then drawn by a trial and error procedure,
as is indicated by the dashed lines. From the diagram, we measure the following values:

0,=71 MPa 0, =-308 MPa <
(b) Applying Eq. (4.12a),
o
or
Solving,
0,=75MPa o, =-300 MPa <
SOLUTION (4.23)

Principal stresses are
1
_ —180 1802 212
0,,=7 =[(13H)° +2007°]°

or  0,=1293 MPa, 0, =-3093 MPa

(a) Equation (4.11a):
|0,|<290 MPa
But since

|02| >290 MPa : failure occurs <

(b) Equation (4.12a):

1293 _ =3093 _ 1
290 650

gives 0.446 + 0.476 = 0.922<1

Thus, no fracture -

Note that Coulomb-Mohr theory is the most reliable when O ,'>> 0, as in this example.

SOLUTION (4.24)
=P, P
Ox - 2t + 2mrt
_2.8(10%)125 45(10%) _
="36) T Zx00.0250005) — 46.46 MPa
6
Oy = % = 2.8(1(; )125 - 70 MPa
T 31360100 _
T 2wt 2m(0.125%)(0.005) 63.89 MPa
Thus,

0\, = L1(46.46 + 70) = [1(46.46 — 70)* + (63.89)* ]
(CONT.)
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4.24 (CONT.)

o  0,=1232MPa 0, =-6.74 MPa

(a) Equation (4.12a),

1232 _ =674 _ |
210 500

gives 0.587 +0.013=0.6<1

Thus, no fracture >

(b) Equations (4.11a) shows

123.2<210, no fracture
6.14<210, no fracture <
SOLUTION (4.25)

State of stress is represented by Mohr’s circle shown below.

T 4

k.

From the circle, we obtain

t=0,/J3) -G =10,

and  6,'=1tan” 2 =26.57 <

Orientation of the fracture plane is shown below.

Fracture surface

SOLUTION (4.26)

Principal stresses are

0\, = (200 +20) = [(90)* + (150%)]*
or

0, =2849 MPa 0, =-64.9 MPa

(a) 284.9 = 420, n=147 <4
649 =420 =647

(CONT.)
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426 (CONT.)

: . 2849 _ —649 _ 1
(b) Equation (4.12a): <55 — <55~ = 7

Solving, n =1.33

SOLUTION (4.27)

Uniform shear stress T acts on a typical element as shown.

___» T = P/ndt

X7
l/ E\T—— 0,=-0,=T

\\ 2
KN "%
—

(a) |01|=0 or |O3 =0
(b)

td.
or P= Py

SOLUTION (4.28)

Table 4.3: K, = 2341000 MPa~mm o,, =444 MPa
Note that the values of crack length a and plate thickness ¢ satisfy Table 4.3.
Table4.2: 4 = 5-=0.2 A =137

w

Equation (4.18), with n=1:

_ K. _ 231000  _
Oatl = i = 137)Jx(25) 59.91 MPa

Therefore
P, =0, (wt) =59.91(125x 25) = 187.2 kN

Note, the nominal stress at fracture:

0 =L = 18200 _ 93 6 VP <444 MPa

t(w—a) — 20(125-25)

SOLUTION (4.29)

We have a/w = 0.005/5 = 0.001 and A =1 by Table 4.2. From Table 4.3:
K, =59 MPa\m o, =1503 ksi

(a) K =Ao+ma = (1)(100)4/7(0.03) = 30.7 MPavm

This is well below the yield strength.
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SOLUTION (4.30)

By Table 4.3: K, = 6641000 MPavmm and 0 ,, =1149 MPa. Table 4.2:
4=8=0.15 A=1.02

We have
S 66+/1000 _
o= nma — (1.02)(2.2)4fw(10) 165.9 MPa
Thus
==L = WU _ 927 mm

req . 2wo . 2(65)(165.9)
A thickness of 9.3 mm should be used. Note that both values of @ and ¢ satisfy Table 4.3.

SOLUTION (4.31)

Refer to Example 4.5. We now have 4 = % =0.2.

Table 4.2: A, =137 A, =1.06

Table 4.3: K, =59+41000 MPa~Nmm o, =1503 MPa

Equation (a) of Example 4.5, with M = 0.17P :
Ao = (1.37)m +1.06-20 — _ 71,000P

(0.01)(0.04)2

By Eq. (4.18):
Ao =t 71,000P = 2500
from which
P =92.09 kN
The nominal stress at fracture:
O=—L - 92.09(10%)
1(w=a) — (0.01)(0.04-0.008)

=287.8 MPa <1503 MPa

SOLUTION (4.32)

From Table 4.3: K =23+v1000 MPa~/mm and o, = 444 MPa
Case B of Table 4.2: a/w =016, A =112

By Eq.(4.18), with n =1
o =K - 2000 _ 7479 \pg

T Afma | L12Jm(24)

It follows that
P = o(wt) = 74.79(150x 30) = 337 kN
Then

o=—"F 00 ___ _ 09 15 MPa

= Gv—a)t — (0.15-0.024)(0.03)

=89.15 MPa < o,
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SOLUTION (4.33)

Case A of Table 4.2 and Table 4.3:

K, =59v1000 MPaNmm o, =1503 MPa

A=1.01 (assumed)

By Eq.(4.18):
K __ 591000  _
O = me T @aonre 213 MPa <o,
(2) o=, py=%="5"=T1MPa
(®) o=, p,=L(71)=355 MPa

SOLUTION (4.34)

Table43: K, =31 MPa\Jm o, =392 MPa
Case D of Table 4.2: < =0.4 SA=1.32

Using Eq.(4.18) with n =1 and O = 6M/tw2 :
K, =)»f71‘§\/:ta; 31(10%) =1.32 M

0.03(0.12)?

J(0.048)

Solving
M =435kN-m
SOLUTION (4.35)
_12010%) _
0, = s = 48 MPa
9y |, Om _ 1. 1200F, 48(10°)
and o, T PR 240(10%) © 700(10°%)

or F,=186.3 kN

SOLUTION (4.36)
Gla _G3a = lsp - 0 = Gea
Olm _G3m = 9p—0 =Gem
Then,
15p + 9p

250(10%) © 300(10°)
or

p=11.11 MPa
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SOLUTION (4.37)

We have
U[I

O = 10,/0,) @

where,
Fmax Fmin Fmax _Fmin
O, = 2+A > O, =772 (b)
Substituting Egs. (b) into (a):
— (Fmax_Fmin)/zA

Ocr = Tyt Foin) 240,

Solving,
o,
A= ovl" [Fmax - %(F‘max + Fmin )(1 - a_u)]
SOLUTION (4.38)

We have O, = 0,. Using Table 4.4:

O Om —
51013 1 1030715 = 1

from which 0, = 228.8 MPa.

At the fixed end:
M, =PL=10(0.05=0.5N-m
Hence,
M,, =3t =025 N -m
and
_ _ 6M, _ 6(025 _ 300 _ 6
Oy =0 =702 T2 = 22 — 228.8(10°)
Solving,
t=1.145 mm
SOLUTION (4.39)

We have O, = O0,,. From Table 4.4:

Om Om —_
740/2.5 + 1500/2.5 — 1

or

o, =198.2 MPa.

At the center of the beam:

M, = PL/4 = (0.25)(20)(0.125) = 0.625 N - m

Hence,

M,, =Wwtu) (03125 N-m

a,m

and

O =0 =%=M=w_198.2(106)

a m b2 0.01¢2 2
Solving,

t=0.973 mm
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SOLUTION (4.40)

= = Mc = AM =
max O-mm - Ié b Gm T ol Ga - 0
= Ir = = = Ir
Tmax - Jr H Tmin - 09 Tm _Ta - r3
and
o,=0, T, =T, o,=0,=1,=7,=0
Equations (4.21) yield

2 2 2
w/0 +3t, =0, w/Gm +3t, =0,

Then, Soderberg relation becomes
— L
o ] wlo,zn+3r,i

Tp
O, 2 2
or o, = qwlom +3t, + \/gra

or

o

1
0, = 2[(24) +3( L) + 2L

Solving this expression for r, we obtain Eq. (P4.40).

SOLUTION (4.41)
Oyq+0yq Oxa=Oya \2 2 1
Ola,Za = 2 —* [( 2 ) +Txya:|2
O o [T 2
=5+ T,

90 SO0 4 4(10%)]°
or

o,, =942.44 MPa, 0,, = -42.44 MPa
Similarly,

o, =161.8 MPa, 0, =-61.8 MPa
Thus,

o, =0,,-0,, =984.88 MPa
o, =0,, +0, =233.6 MPa

(a) Modified Goodman relation:
0, = andsmy = 1086 MPa

cr

_ In(0.9x2400/800) _
b——ln(lwws) =-0.0863

N, =10°(526)""7 Z2.89(10°) cycles <

(b) Soderberg criterion:
O, = 1-(2%?67?600) =1145 MPa

cr

N, =10°(g25)™""" = 1.57(10°) cycles

(CONT.)
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4.41 (CONT.)

(c) The SAE criterion:
o, =1086 MPa, b =-0.0596

N, = 1(186)71077 — (0.59(10°) cycles <
(d) Gerber criterion:
O, = Tomist s =993.51 MPa
N, =10°(32231)7"% =8.12(10°) cycles <
SOLUTION (4.42)

0., =(800+600)/2 = 700 MPa
o, = (800 -600)/2 =100 MPa
0, = (500 +300)/2 = 400 MPa
o, = (500 -300)/2 =100 MPa
T, = (200 +150)/2 =175 MPa
T, =(200-150)/2 =25 MPa

Equations (4.21) give then
202 = (700 - 400)* + 400> + 700 + 6(175)>

202, = (200 - 100)> + 100> +100° + 6(25)
oo 0, =679.61 MPa, 0o, =108.97 MPa

(a) Modified Goodman criterion:

o, = % =729.27 MPa
b= 1n(0.91>r<11(Tg§);(1)658x)1600) — _0.08509
N, = 103(% T2 2 2.97(10%) cycles <
(b) Soderberg criterion:
o, = % =762.72 MPa
N, =10°(Z22:)""7 =1.75(10°) cycles <
SOLUTION (4.43)
0, = Moo )e
o = UamMue  pr_ pp

Substituting these into Soderberg relation, we obtain
_ 20,1 1-A
Mmax ~ (I+A)e T 1 Mmin

(CONT.)
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4.43 (CONT.)

= % _ 2
where A = o =3

P 20,1 4 1=2 __2(200x109)(0.05%0.1%)

1/3
ThuS, max c(1+A)L 1+A T min W + %(1 0,000)

=16,667 + 2000 = 18.7 kN

SOLUTION (4.44)

Wehave W =mg =80x9.81=784.8 N
From Eq. (4.29);

O pax = (L 1+ 35) 7
Solving, with O, = WL/ AE , we obtain
h = %(Agmax - 2W)
Substituting the given data:
= Q000 (950350 —1569.6) = 0.365 m

2(105x10° )(784.8)

(a)

SOLUTION (4.45)

Through the use of Eq. (4.29):

O = L[1+ ,/1+§—ﬁ], Imd 11 =1+ 2h0,,

from which
2 2
Omax A4 2034 _ 2hAE
e el =142

Solving for W, we obtain Eq. (P4.45).

SOLUTION (4.46)

The kinetic energy is

Wl 1090(240x27/60)* (0.35)° .
E, = e = 358D =4300 N -m

But E, =1T¢p  where T =2

Thus,
¢ = 1/2LE,{/JG

Substituting the data given:
¢ = [ ZLSBO2 1 _ 08309 rad = 4.76°

80.5(10% )7 (0.0625)

Introducing

p=IL ==L _i
GJ r GJ rG

into Eq. (a), we obtain

T = \J4GE, [ AL where A4 = mic’

Substituting the numerical values,

T = [AEB01: _ 974 3 Mrpg

(0.0625)*(1.5)

(a)
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SOLUTION (4.47)

[w]
—F
0.75m

; 1

& 12m
Wehave 0, = Mc/] = PLC/]
from which

pP= ol _ 280(10°)(0.05%/12) — 4.86 kN

Lc 1.2(0.025)

End deflection is

_4860(1.2)°(12)
6max T 3(200x10°)(0.05)" 26.86 mm

But
W (0.75 + 0.02686) = 1 (4860)(0.02686)

Solving,

W =284.02 N

End of Chapter 4
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CHAPTER 5

SOLUTION (5.1)
M
—>’f<— 15 mm
N& T
N
150 mm s.-’_f> Z C ¢
< "‘-j—>. z
51 E ™ . _y15mm
Y04
A R RRERESL | 7
v 40 At
yY 4, J
[— 135 mm

Az+Ayzy _ (150x15)7.5+(135x15)[15+(135/2)

= Tax4, T 150x15+135x15
or z=y =43 mm
Then,
1, =5(150)(15)° + (150 x15)(35.5)* + {5 (15)(135)°
+(135x15)(39.5)
or 1, =1, =9.11(10°) mm’*
I, = (150 x 15)(=32)(=35.5) + (135 x 15)(35.5)(39.5)
=5.4(10%) mm*
We have the moment components:
M, =0, M_=-11.250.9)=-10.125 kN -m
Thus,
_ —10125(5.4)(0.107)+10125(9.11)(0.043) _
(OX)A - [(9.11)2~(5.4)21(107%) = =35 MPa <

Equation (5.15) gives
tan¢g = g% = 0.593

or

¢ = 30.66°

SOLUTION (5.2)

150mm | C N >z
L \ J¢ = 63.8°

kN #30°

I, =Lhb’ =1 (150)(80)° = 6.4x10° mm

y
(CONT.)
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5.2 (CONT.)

I, =5 bh’ =L(80)(150) =22.5x10° mm*
M, =(Psina)L =600 N -m

M_ =(Pcosa)L =1,039.2 N-m
Vg ==15 mm z, =40 mm

(a) Equation (5.15) with /. =0
tan¢=f—ﬁ%=f—ﬁtana S =638 <

(b) Thus, maximum tensile stress is at point A.
Equation (5.16) gives
o = 80004 103920075 _ 1395 AfPg <

max 225106 64x10°

SOLUTION (5.3)

=L hb® = (40)(100)* =3.33x10° mm*
= L bk’ = £(100)(40)’ = 0.533x10° mm*

M, =M,cosa =800(cos25”) =725 N -m
M, =M, sino =800(sin25°) =338.1 N-m
(a) Equation (5.15) with / _ =0

I M)' I . o
tan¢g = 77 = 7 cota S =189 )
(b) There, maximum compressive stress is at A.
100 mm
L
40 mm N ; o
v [N 7% =189

Equation (5.16) results in
o = 125005 3381002) _ 93 57 \Pg <

max 3.33(107%)  0.533(107%)

SOLUTION (5.4)

I, = 2[5 +240 x 34°] + 25 ~ 85(10*) mm*
[ =202 +240x19%]+ %8‘ =21.2(10*) mm*
I,, = [0+240(19)(-34)] + [0+ 240(-19)(34) + 0 = =31(10*) mm*

Using Eq. (5.14):
M, [21.2+1.5(-31)]z = M,[-31+1.5x85]y
(CONT.)
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5.4 (CONT.)

or z=-3.81y
Thus, point A is the farthest from the N.A., as shown.

A!?'
_NA.

Hence, Eq. (5.13) gives

6 [21.2+1.5(~31)]0.03-[-31+1.5(85)](-0.034)
(0,),=28010") = M,

[85x21.2—(-31)21107®
from which

M, =2668 N-m

SOLUTION (5.5)

Bending moment at the midspan is
M, = -24(4) - 24(2) = —48 kN - m
From Fig. 5.4 and Example 5.1:
z, =0.105m z, =0
vy =-0.045 m yp =-0.045 m
I, =1, =11.596(10") m*
1, =-6.7910") m*

Then, Eq. (5.13) with M =0

_ 0-(-48000)(11.596)(-0.045) _
(OX)D T [(11.596)2-(6.79)*1107¢ 283.4 MPa

Similarly,

_ —48000[-6.79(0.105)-11.596(-0.045)] _
(Gx)E - [(11.596)*~(6.79)*1107° 103.8 MPa

SOLUTION (5.6)

j”', 60 mm v
-- A,
80 mm %ﬂ G 20 mm
s O e S,
4’2‘:2 N —
| ~ 1= ? .
?{ﬁ r N.A. fora =15
ey 0
A N.A. foro =30
< 20 mm

(CONT.)
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5.6 (CONT.)

_ 80x20(10)+60x20(50) _
R0oa0rena0 = 27-14 mm

1, =302 1 20 x80(17.14)7 + 2260 + 20 x 60(22.86)”

=15.1048(10%) mm*
1, = $020C 4 D[ 290 4 20 % 30(25)°] = 8.933(10%) mm”

z

NI

Due to the symmetry 7, = 0.

(a) Wehave
oa=0° M =0 M_=15P

y
Equation (5.13) is thus,
290(10°) _ L5Py _ 1.5P(0.04)

1.2 I 8.933(1077)

or P=36kN

(b) Now we have @ =15 and
M, =15Pcos15’ =1.4489P

M, =1.5Psin15” = 0.3882P
Equation (5.14):

0.3882P(8.933)z = 1.4489 P(15.1048) y
from which

z=63105y

The farthest point from the N.A. is A. Equation (5.13):

(O ) 290(106 __ 0.3882P(8.933)(=0.02714)-1.4889 P(15.1048)0.04
4 8.933(15.1048)1077

Solving, P =3.36 kN

SOLUTION (5.7)

Given o = 30° and
M, =15Pcos30° =1.299P
M, =1.5Psin30° = 0.75P

The area properties are already found in Solution of Prob. 5.6.
Equation (5.14) gives
0.75P(8.933)z = 1.299 P(15.1048) y

or z=29287y

As before, the maximum stress occurs at A. Equation (5.13):

(O ), = 290(106 _ 0.75P(8.933)(~0.02714)-1.299 P(15.1048)0.04
4 8.933(15.1048)107

Solving,

P =337 kN
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SOLUTION (5.8)
/N.A

]

O
\.T‘
N

.
==

y

Wehave M =0 and M, =PL
Equation (5.14) becomes
I,z=1y or —th’z =%th3y

or
y=-%
Point A is the farthest from the N.A. Thus, with
yy=—h-3 and z,=-%
Equation (5.13) yields
_ PLI=th(=t/2)-th> [3) 1 (= h-1/2)
(0., = (201 [3)(81h* [3)~(~1h*)?
or
3PL(2.5:+2h)
(GX)A = 7t113+ = O—max <
SOLUTION (5.9)
3
1, =4 =20 = 1.62(10°) mm*
3
I, =t = 200 — 0.96(10°) mm*

M, =-3(10)sin20° = —1.026 kN - m
M, =3(10%)cos20° = 2.819 kN - m

(a) Equation (5.15):
¢ = tan"'[22 tan(-20°)] = -12.17°

1.62

(b) Point A is the farthest from the N.A. Equation (5.16):

_ -1026(-0.03) _ 2819(-0.04) _ P
47 1620107 0.96(10-°) 136.5 MPa
SOLUTION (5.10)
’ 2 3 3
(a) 0O, =%7= —Cu Xy —5CsX°Y — CeXY
_ 9 _ ) 5
Gy o Cr X — C3XY — 5 C5 XY
— 92D _ o 2 <y 2 2 2 < 4
T, =B r 5 v 50 ey 1y

(CONT.)
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5.10 (CONT.)

and "21? =0, fT? = —6c,xV, aj;;‘;z = —4csxy
Thus, V'® =6c,xy +8c,xy =0
or
6c, +8cs =0 (a)
Aty=h/2: 0,=0:
c3h csh?
¢, -4 -5 =0 ®)
Aty=-h/2: o,=-px/Lt:
2¢5 3
(c; +oy-=)x=-4
or
csh esh?
A s rR i 7 ©
Adding Egs. (b) and (c),
¢, =—3r
Substituting this into Eq. (b):
c3h csh®
Tt = (d)
Ony=x4, 7.,=0
_Cl_%xz_%hz_%h2x2_§_zh4 =0
or
c csh? 2 c,h? ceh®
FHEXTH (e + -+ ) =0 ©
This is of form A+ B + C = 0, where A, B,C are independent. Thus,
c csh?
c,h? ceh?
¢+ +4 =0 (€9)

Multiply Eq. (f) by /4 and subtract it from Eq. (d) to find

= _3r
Cs =~
Then, Egs. (g) and (a) give
_ 3r _ 4p
C3 = 2L > Co = WL

Onx=0: V=0:

[ rotdy = [ (= = 45" = 55y = 0

2 4
or ¢ +¢,(5) +¢(355) = 0 (h)
Subtracting Eq. (h) from (g), together with the value of ¢, already obtained, we have
3
Cy =~

Finally, substitute ¢, and ¢, into Eq. (g) to determine

= P
C1 = 301z

(CONT.)
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5.10 (CONT.)

The stress function is thus,
3.3 5
Pl oy £ Xy oy w®
O =Llgxw-5-% +10h+ fE 5h3]
and the stresses are

_prr3 2,3 4 3
o, =qlsxw+5xy-5x]

(b) O, = Mo = (LI 2

(c¢) The maximum stresses are

(Ox )elast. = ﬁ[ Ay
(O'x)elem‘ = pf(])%lt)- = 100(%)
(Gx)elast. = 998(%) at y = i%
Thus,
(Gx )elast. = 0998(0x )glem_
SOLUTION (5.11)

(a) We can show that given ® satisfies V*® = 0. From Egs. (3.13):

o, =512[0.78 - tan™' 21- 2232} "
o, = 743 12[0.78 - tan™' 2]-2 - 2Xy } .
‘L—x)’ =~ % xfi}j)z (C)

To test which stress is maximum we rewrite O 5 in the form:

-1 2(x2 412 5
g, = 557 {2[0.78 - tan %]_%yyz)*_ zxyz}

= 545 12[0.78 - tan™" 2] _ﬂ _ 2(x y) 2Axrfy

x+y

Comparing this with Eq. (a), noting 2(x — )/)2/()62 + %) > 0, we conclude that o,>0,.
When y =0, Egs. (a) to (¢) yield 0, =3.63p, 0, = - p/0.43, 7, = - p/0.43

Maximum stress occurs at y = 0:

=3.63(2) = 7.26 MPa

)C max

(b) (Ox)elen1. =M = %pXZ(g) = 3[7 =6 MPa

1 x3/3
Thus,

elem.

(Gx )elast. = 1 2 l(ax )
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SOLUTION (5.12)

Opottom __ b 3 L b l
Oop - %) - c |)_} = cl
>
and ¢, =22.5 mm 15 mm z
o 90 mm
¢, =67.5 mm . l
Thus - | I+ 15mm
— Ay, y
y=c= EA’

(15)(90)(45)+(b-15)(15)(7.5) _
1500+ (b-15)15)  — 22.5 mm

_60.750+(h-15)(112.5) _
= TU350+(-15)15) 22.5 mm

Solving,
b =150 mm
SOLUTION (5.13)
T _ VO _ pL (th/2)(h/4) _ 3 pL
max ~ b 2 (th3/12)t T 4
_ Mc _ b h2 3 Y
Gmax =7 = pT th3/12 T4
p t
YYVYYVY VY vy h
fe— 1 —
Thus,
O max — L
Towx
from which
Opuh _ 84(0.15) _
L = Tl“'dX 0'7 - 1 8 m <
Then,
4 Ty (th) 4 700(0.05x0.15)
P=3—"1 =73 8
=3.88 kN -m <
SOLUTION (5.14)
lP 4500

1
V) 4500
— > x
£ 42250
(N -m) — X
6750

(CONT.)
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5.14 (CONT.)

We have

12
" - 0.7(10%)
= 2250 __ ()2 %(.025 % 0.1125 + 0.1x 0.05 x 0.05)(2)

160.417x107°(0.05)

[ =208 20— 160.417(107°) m*
T

Then,

Solving,
P =932 kN

Similarly,
o == 7(106) _ (0.75P-3375)(0.125)

160.417x107°
or P=16478 kN

Thus, P, =9.32 kN <
SOLUTION (5.15)
0, =150 MPa 7 a
and *t
3 I ’
=2 L oanm-ry B
12 12 oy -
_ L a20ya7oy - Laooyasoy S T
12 12 T, l
1 w b
=21.005(10%) mm* i G
(a) Therefore <+« ) —’I
Mc
Ou = [_zs
-6
or M=£oa,, =w150(106)=37.1kN'm <
¢ 0.085
w LM 937’100 — =0.0252
r.  EI  (70x10°)(21.005)(10™)
r. =39.68 m <
SOLUTION (5.16)
1 4 4 JU 4 4 3 4
[ =—(D*-d*)=—=(60* - 40") =510.509(10
P 4( ) 6 4( ) (10°) mm

(a) y,=30mm=0.03m
My,  (600)(0.03)

= =~ =35.3 MPa
I 510.509(107")

o, =

(CONT.)
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5.16 (CONT.)

(b)

Yy =20 mm=0.02 m
My,  (600)(0.02)

o, = = ~—=23.5 MPa
I 510.509(107)
© 1 M
c —_—=—
r. EI Z‘,\M
B 600
70(10°)(510.509%107%)
=0.0168
r.=59.56 m
D
Hence, \
pooole 9930 50548 m
v 029
SOLUTION (5.17)
5o XA 245+ AT,
YA 24+4 &on
_ 2(150x25)(75) + (350 25)(137.5) A f”;;;, -
2(150%25) + (350% 25) , < i "‘g = j/‘  isomm
=108.65 mm o | S z_s,ij« y
I AN, < A
So ¢, =108.65 mm and ¢, =41.35 mm e N
350 mm

I = 2%(25)(150)3 +(25%150)(33.65)* ]+

%(350)(25)3 +(350%25)(28.85)* =30.29(10°) mm"*

M. =M = %PL - %P(2.4) =1.2P

Therefore
Me o0ty - —1'2P(0'10i65), P=14.4 MPa
] 30.29(10°)
Me o0y - —1'2P(0'041_653), P=36.6 kN
] 30.29(10°)

Hence P, =14.4 kN <
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SOLUTION (5.18)

M, =épL2 =%(12)(3)2 =13.5kN-m

I= %(80)(120)3 =11.52x10° mm*

_ Mc 13.5x10°(45x107)

O — =52.7 MPa
1 11.52x10
_Ou _ 9 _ 18
o,. 2.7
Use Fig. D.3. For K =1.8, §=%=1.33:
L-0.14
d
Thus,
r.. =0.14(90) =12.6 mm <
SOLUTION (5.19)
V4
@ YV IVY v Yv b by by 71
A L A L7 s
pL2 P b
K kNI/\/M\
"":""'f-’a;.-._.
.%-’.-"4*’-{4?-’.-*,- S— _;::f_.-:» - —

. 3V _3pLj2_3pL "
™24 2 bh 4 bh

o _Mc_pL’/8(h2) _3 pL’
L b12 4 bR

Thus,
T /O = H/L (3) <

2

For example, if L = 10/ , the above ratio is 1/10.

(b) From Eq. (3), we have:
L=pZa_ 0.16(%) ~1.029 m

T

.4
(CONT.)
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5.19 (CONT.)

Equation (1) gives then
4 bh 4 0.05x0.16

I 1.4%x10°) =10.34 kN/m
Par=3 7 %<3 009 ) /
SOLUTION (5.20) |
J<— 3m —»P '
| 60| || |60
M =3P 20
n=E_[E, =20
[, = 20007 _1170(10°) mm*
+ |<- 400 .>|
y=150 Y N

PO

60 »le vy ¥ |60

The allowable stress in the transformed section is
=6 MPa <7 MPa
Thus, the stress in the steel is the controlling stress. Hence,

_3p = Tmadi

c

_ 6(10‘)1170(10 ®)
= (0.15)

or P =156 kN

SOLUTION (5.21)
5 kN/ L|<—P|l80mm
YYvvyvvvy i t
.- 2 0 >, 300 mm
fe— 4m — L '
vy

M _ ol _ 25x103(4) =50 kN -m

max 8

= L (180)(300)* + 2[2%%0%) 4 (1260)(10)(155)*] = 1010.64(10°) mm*
t 12

—P%<—I80mm
.>
Z
le— 180x7=1260 mm ——»

_ Mc _ S50x10°(0.15) _
Omax = 7, 1010.64(107%) 7.4 MPa

TMe _ TS0A0016) _ 55 4 Arp
a,max 1, 1010.64(107%) 55. a
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SOLUTION (5.22)

Equation (5.54) becomes
(kd)* + (kd)(555)(1200) - (5%)(500)(1200) = 0
or  (kd)® +180kd — 40(10°) = 0
Solving,
kd =164 mm
Hence,
500 - kd =336 mm
From Egs. () of Example 5.5:
M, =30, (bkd)(d -*
= 1(12x10°)(0.3x 0.164)(0.5 — %16¢)
=89.5 kN -m
and M =0,A(d-*%
= 150(10°)(1200 x 107)(0.445)

=819 kN -m
Thus,
M, =81.9 MPa
SOLUTION (5.23)
Rl
T | Jei=kd
o] AN
d 1D
LA LB
S s fe

The stresses in concrete and the equivalent of the steel (Fig. 514b) have the values shown in
the preceding figure. From the similarity of AECD and AEAB we find

or
¢ = % =5
Equation (d) of Example 5.5:
130.(c,b)=0 A,
1(5)(32)300 = 804,
or A =1563 mm’*
Then, we have from Eq. (e) of Example 5.5,
M=o A(d-%
= 80(106)(1563 X 10_6)(0.5 - %)
=556 kN -m
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SOLUTION (5.24)

The shearing stress at a distance s is given by

T = Vj% =%ijcosG(th0)

w, .
=z sio

This shows that T = O at the free ends and T ma

. at the neutral axis, same as for a

rectangular section. The shearing stress produces the following twisting moment about O:

T = [tRdA = j;’ 2o p(Rtder)

4RV,
T

By applying the principle of moment at O: Vye =M. Thus,

e=4£
SOLUTION (5.25)
Shearing stress in the web is neglected. Moment of the forces about S:
. e V.
Vie, =V,e,; o =T (@)

Let M, and M, be bending moments on flanges 1 and 2, respectively.

Curvature-moment are related by
M, L_ M

L _ M 1 —
T OEL n ~ EDL (b)

By assuming #; = 7,, we have
M, M, dM, _ dM,

EI, ~ EI° T, T,

Introducing dM /dx = =V, Eq. (c) gives

h_4

VZ - ]2
Equation (a) now becomes

a_5n

e

: 7 € _ L
Since e, +e, =h; [(h—el)] =7
Thus,
_ Lk

€ = U+h)

where
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SOLUTION (5.26) A
o

Az

e ey

_ [ 1
Z

Yi A
Fig. (a)

ke

o < '¢
N

Location of centroid C (Fig. a):

= 15.5x75(=37.5)+049.5x125(62.5) _
z s 5T5r0 55005025 = 0-481 mm

= 15.5x75(-250)+0+9.5x125(<125) _
Y = T sasosasiosas - = —124.339 mm

Moment of inertia:

1, =5(15.5)(75)° +(15.5x 75)(43.98)°
+5(250)(9.5)° +250(9.5)(6.48)°
+5(9.5)(125)° +9.5(125)(56.01)°

=8.18(10%) mm*

I = 5(75)(15.5)° + (75x15.5)(125.6)°
+(9.5)(250)° + (9.5 % 250)(0.65)?
+1(125)(9.5)° +(125x9.5)(124.3)

= 49.10(10%) mm*

I, = (15.5x75)(=125)(-43.98)

+(9.5 % 250)(=0.65)(=6.48)
+(9.5x 125)(124.3)(56)

=14.70(10°) mm*

6, =+tan™'[- 5] = 17.85°
Then,

1, =10°[S1880L 4 818091 00535.7% ~14.7sin35.7°] = 3.45(10°) mm*
Similarly, we compute

I, =1, =53.8510%) mm*
I, =1, =34510°) mm*

From geometry of section (Fig. b):
HB =144.57 mm BC =39.05 mm
Thus,

T, =% =[5(0.1445 - 15in17.85°]

Xz

(CONT.)
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5.26 (CONT.)

Shear force due to V/, (Fig. b):

F = jg T_tds = 2200 LWS [0.14455 — <-5in17.851ds = 0.1108,,

54.1x107°
We write

V,-e. =0.25F =0250.1108V,)

y

or e, =0.0277 m =277 mm

Shear force due to V. Now assume that the

direction of £ shown in the figure is reversed. Then,

vy D075 ) .
=7 \ [0.03905s — -cos17.85% ]ds
=0.1928V,

We write

V. -e, =0.250.1928V,)

or

e, = 0.0482 m =48.2 mm »

Figure (b)

SOLUTION (5.27)
X

%(po %)X\J‘L’

2 v X
M= /mﬂ% L
C A

Wehave EIV = M =4 pox’ =4 poLx + % p,’
Integrating

P 4 _ ok 2 polz
EN'=3%x" —=5-X" +4-x+¢

V(0)=0; ¢ =0.

L
EN'= 2o x* —’Lx + Lo p"

Integrating
5 PoL PoL
Elv = 55 x> - & x’® +—x +c,

v(0) = 0; ¢, =0.

(a) V=13mm (¥’ =10L°x" +20L°x7)
(b) Letx=L in this equation: vV = 4557

3
(¢) Letx=LinEq.(a): 0, =45

(a)

A
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SOLUTION (5.28)

En"'"'=p ENn"

'
=px+c

"w__ 1 2
EN"=3px” +cx+c,

"1 3 1 2
EN'= ¢ px” +5¢x" +¢,x + ¢4

=Lox* +lexd +1e 2
Elv=5;px" +¢0 X" +56,X" +cx+¢,

Boundary conditions:

EIV(0) = 0;
EIV''(0) = 0;
EIv(L) = 0;

c, =0
c, =0

+

ENV'(L) = -El &5 =

or

Substituting Eq. (b) into (a), we obtain reaction at right end:

— _BpL _
¢ =--735 =R

+c3—0

(a)

(b)

SOLUTION (5.29)

J<c+
A

4— b=L-c

—>

MR

y S

1,

Segment AD:
Eh''=M,-R,x
2
Elv, =1 M ,x
Segment BD:

Elv,'=

1 3
-sRx +cx+c,

Ev,""=M,-R,x+P(x-c)

Eh,'=M x

2 3
Elv, =tM x> LR X’ +LP(x-c) +cx+c,

Boundary conditions:
v(0) = 0;
v'(0) = 0;

c, =0
¢ =0

M,

—————aﬁ;?}_>x

2 2
-3R,x"+3P(x-c) +c

MAX—7

(a)

(b)

(CONT.)
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5.29 (CONT.)

v,(c) =v,(c); cic+c, =0

v,"(c) =v,"(c); ¢, =0, ¢, =0

and
v,'(L)=0=M,L-LR,[’ +1Pb’ (©)
v,(L)=0=1M,’-L1R,[’ +1Pb’ (d)
Solving Egs.(c) and (d),
L =2 (Be+b) =B 20+ L) <
Substituting of this into Eq. (c) gives
_ Pcb* _ Pe(L-c) <
MA = PLz - 2

Thus, introducing the values of M ,,R,, and ¢, = ¢, = ¢; = ¢, = 0 into Egs. (a) and (b)
we obtain the deflections.
For Osx=<c:

v, = 2L of s (3¢cL = 2c¢x - Lx)

6 EIL

Forcsxs<L:

V, = P(EE;LLX (BcL - 2cx - Lx) + £+ 6E1 (x - C)

SOLUTION (5.30)

M
( A BA X
) —C
The reactions are statically indeterminate. We have
EN'=M =R,x-R,L+M,
2

EN'=1Ryx" — RyLx + M x + ¢,
V(0)=0; ¢ =0.

Elv=1R,x’ -1 R, Lx* + 1 M x* +c,
v(0) =0; c, =0
W(L)=0; R, = «

The preceding equation gives

Myx*(x-L) <

V="Zrr
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SOLUTION (5.31)

Fig. (a) Bent beam

(a) Static equilibrium gives

Pl=Pz=P M1+M2=Ph
Equation (5.9):
M. =50 M. =5
1= 27

r

Interface strains must be the same:
R h/2 _ P, /2
a,AT + i T - =0, AT - Eh
— —~
dueto dueto dueto
temp. axial bending
increase Jorce (fromEq.5.9)
This yields an expression for the interface curvature:
1 _ 12(o, —a ) AT _
r = Th(d+n+jn) where n = E, /Ez- <4

(b) Atthe interface
P Eh_
o, =5+5=(0,), <
- _P _ Bl _
O, =-%-%3=-(0,),
(c¢) Summing these equations.
h(E,-E,)
(Gyp)l - (pr)z = _#
It follows that
(0,,)1-(0,,), _ b 24(ay-oy)AT
E\-E, T 2 h(l4+n+l/n)
from which
_ 14+n+l/n (0,,1=(0,5)2
AT = 6(ay-ay) pEl—Ez - <
SOLUTION (5.32)
Case B
- b —»
Y Ul
>l |t

C
>z
] 1 ,_}_y_l
2
y TA

Q = Qoutsia’e - Qinside
=50 = y)) =12 [(h=1)" = »]

1

= bht =L bt* +th> +1° -1y}
(CONT.)
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5.32 (CONT.)

a=1%f 9__dA

(width)?
) -t (bht+thz—%—2ht2+t3—tylz)2 (bht—%+th2—2ht2+t3—ty12)2
-l bz 2udy, + [ . bay, ]
or = Ai,b =1+ 2(/?—;)
where
A =2bh —(b-2t)(2h - 2t) = 2bt + 4th — 4t°
A,,, =2(2h =2t)t = 4ht - 4t
I=2bk* -2(b-20)(h-1)°
allling
Case B 52 t

«t

O=(h-t-y)ty +5(h=t=y)]

= _ e 2 _br 1,2
=4 —ht” + 5+ bht -2~ - % y,;

~

2 2 3 2 2 2 3
P - (bht+ht2—%—%—b}7+% 2 (bht+ht2+%—%—ty7‘+%)z
o =41 _ tdy, +
0 h-t

b? bdyl ]

<
where

A =2bt+(2h =2t)t = 2bt + 2th - 21>
A, =(2h=2t)t = 2ht - 2t*

I =512k =2t) + 2[5 b8 + bt(h - £)*]

Note: For thin-walled sections flange and web thicknesses are small with compared with
to unity and their products are neglected.

Case C

(CONT.)
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5.32 (CONT.)

We write 4 = % (6 - sin 0) =area of segment
A——(l c0s0)dO = r*(1 - 2%)61’9

0= [ A= [ (reosty(1-cos’
- r3j: (cos§ —cos’ §)dO = r’[2sin§ - 3sin§ (cos” § +2)]

=2,3[sin? - sin 2 cos? £
= 37r’[sin§ —sin§cos” §]

o= _f(wzdth)

2m 0 6 ,0
x [ (sin—-sin—cos’ )
=4 j;z A r*(1-cos® £)d6

2
y (2rsin7)2

. 2 2
Since, A =umr 1" =%

We have, after simplification:

a_—f( £Y(1 = cos? £)°d = 10

Case D

02 012

Q=Q2_Q1

=27/ [sing - sin&cos’ £]- 25’ [sin% - sin$ cos® 4]

- 21f —& (1= cos” $)d0 [ L1 (1= cos* $)dg)
2511’15

(2rsm )
Letting
2 2 2 2 4 4

A=n(r, -1"), I" =% -n)
after integration, we obtain

a=2

SOLUTION (5.33)
Since stress is symmetrical, Eq. (3.40) reduces to
o P’ L 1oy ' 4 200 1o’ 4 1 ad _
(F+r)EF+1 ) =03 +242 - 522+ L2 =0

The given @ satisfies this equation. Equations (3.32) lead to
F=4+B(1+2-Inr)+2C

=(-4)+B3+2-Inr) +2C

1
”
a

o,
G_

The constants A, B, and C are determined from the boundary conditions (b) and (d)
of Sec. 5.13. In so doing, we arrive at the solution given by Eq. (5.67).
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SOLUTION (5.34)

[&—— 46 mm
6 mm

T

»z 30 mm

_

7,k

<_
a9 w
B

e
6 mm o

R
W e

A1 y"

Ay
z =502 =16.14 mm
We have
7 =136.14 mm 1, =120 mm r, =166 mm
R= 4 =% 420 —— =134.7045 mm, e=7r -R=1.4355 mm
120 7 126 "

Wehave M = —=(30+120+16.14)P = -166.14P

Outer Edge. Applying Eq. (5.73),

QO _N_ — P 166.14P(1347045-166)
OV 2 T 420 420(1.4355)(166)
or P=1614kN=P, <
Inner Edge. Using Eq. (5.73),
N _ P, 166.14P(134.7045-126)
80 oo = 420 T 22001.4355)(126)
Solving,
P=3.73 kN <
SOLUTION (5.35)
M
B A
Figure (a)

(a) Equation (5.66) yields
N =(1-2L) — 408 1n% 01 = 0,082

0.2? 0.2? 0.2

M = PR =70(10°)x0.15=10.5 kN - m
Thus, from Eq. (5.67):

(09 )A = 0.05‘(‘(().120)’25?3)082) [(1 - %)(1 +1n 1) - (1 + 1) In %]

=163 MPa
(04)5 = 0.054(‘(()2))’25?(()).)082) [(1- %)(1 +In2)-(1+ %) In2]
=103 MPa

(CONT.)
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5.35 (CONT.)
Referring to Fig. (a),

Opx =(0,), -5 =-163-2=-177 MPa <
O, =(0,); -L£=103-14 =89 MPa
(b) Wehave
1, =100 mm, r, =200 mm, R =100/In2 =144.2695
A4=5000 mm®, e=5.7305
Thus,
(0,), = —L[1+™2]1=-176.2 MPa
7(R-r,) <
(0,); =—4[1+—"1=88.1 MPa
SOLUTION (5.36)
A=20b+2(60x10) =20b+ 2400
We have 7, = 60 mm and 7, =140 mm . Applying Eq. (5.70):
o g, L CMDR=r) (MR
Aer, Aer,
from which
ry(R-r)=-r(R-r), 140(R - 60) = —-60(R -140)
or R =134 mm
A
Then R= E d7A
I
or A=84[f80bdr +f”°2(10)dr} =84[bln§+201n5]
0 80 r 6 8
=24.1653b +1880.3091
Hence 20b + 2400 =24.16535+1880.3091
or b=124.8 mm S |
SOLUTION (5.37)
P
} 7T\ 3
M=-P(a+1 )
o4 B

R= %[7+ V7P =c?]  (by Table5.2)
= %[25+ V25% —10%]=23.9564 mm

We have c=ld=10mm ¥=b+c=25mm l‘_
2 ——

|

|

kmL

e=7-R=1.0436 mm

A=mnc’ =Jr(10)2 =314.16 mm*
(CONT.)
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5.37 (CONT.)
(a) From Eq.(5.74):

O" _—— e —_— -
14 Aer, A[

800 . (50)(23.9564-15)

| @+ P)R-1))

= 31416

(b) Using Eq.(5.74):

Oy=——-—— B [l4
"4 Aer, A[

(1.0436)(15)

]

1=75.4 MPa <

(a+7)R-rp)

__800 .\ S029.1421-35), 0o P
314.16 1.0436(35)
SOLUTION (5.38)

Locate centroid :

150 mm _,I

—+_ _F (0]
50 mm 75 mm 4
£ %\ v
100 mm l
!
N
7 .

_ AR+ 47

A+ A4,

_ (5625)(150) + (3750)(200)
- 5625 +3750

A= %(50 +75)(150) = 9375 mm*

Rl

=170 mm

1
Ehz(bl +b,)

R =
(br, ~byr)In ">~ h(b, ~b,)
I
2
- (0.5)150) (7;;’ >0) ~158.9165 mm
[(75)(250) - (50)(100)]1n 0" (150)(75 - 50)
e=7-R=11.0825 mm
P
(a) Use Eq.(5.75a), l
P M(R-r P 7(R-r
(0y), =L MEB=r) Py [ TR=1),
A Aer, er,
_50(10°) 1, 170)(158.9175 ~100) B |
9375 (11.0825)(100) P ——*0
=Pr
= -53.5 MPa P{, -

(CONT.)
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5.38 (CONT.)

(b) From Eq.(5.75b):

P r(R-r
(0), = -2+ B2,
A ery
3
5010°) 1+(170)(158.9175—250) 045 ki <
9375 11.0825(250)
SOLUTION (5.39)
A=Lbh
2
The section width w varies linearly with ». Thus
w=c,+cr nH
Since
w=b (atr=r)
w=0 (atr=r) @ _" i
= =1 |
Substituting Eq.(1) into Eq.(2); —*— E lo
b br, ~ -
¢ = _Z Cy = ) ? v I
« h —»L—Vi —>!
Then I
— . ——
f ad —f —d C, t¢r dr
Inserting ¢, and ¢, into this, after integrating and rearranging,
we have
fd—A —blemle
r h
Therefore
f Lyl <
r h
SOLUTION (5.40)
A=mc’

Through use of the polar coordinates we write:

w=2csina r=7v—-ccosa
dr =csinado

dA = wdr = 2¢* sin® ada

fd_A =f! EcZ sin’ a o
v 07 —-ccosa

(CONT.)
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5.40 (CONT.)

=2 2 2 2 2
_2f"C(1 cos’ a) zﬂtr ccosa—(r-c)

7 —ccosa 7 —ccosf
— _ da
= 2f(r +ccosa)do - 2(7> —cz)f_—
0 07 —ccosa
a
r? —c” tan—
— | . T —2 2 2 -1 2
=2roz|0 +2cs1noz|0 -2(r'-c") tan —
2o r+c
0
This gives
dA _
f—= 2n(7 -r’=c?)
r
Hence, it can be shown that
————(r +\7 +c)
SOLUTION (5.41)
1
A=—(b +b)h «— 7 —>|1—Vi—!
2 W — !
The section width w varies _+_b +— B lo
linearly with r as - ==g by 7
w=c,+cr ) I —r :
We have 2l |
w=b (atr=r) . —
w=b, (atr=r,)
Introduce Eq.(1) into Eq.(2), then solve for ¢, and ¢,
r, b rb, b -b,
c, = ¢ =—-——> 3)
h h

Then, we write

fd—A=fn)Kdr=fuid —coln +c(r,-r)
r Loy .
This gives, substituting Egs.(3):
rb,
[ b,
r
Hence
1
y S +b)
k= 7 r
IT (r,b, - nbz)lnf - (b -b,)
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SOLUTION (5.42)

%\ )
P v Ay
We have
Z= “i‘j‘l:jff) =12.5 mm
7 =525 mm A4=0.0008 m’ v, =40 mm r, =80 mm
R= 4 =— 800 =50.4502 mm, e=7r —R=2.0498 mm

zfdA fo 50dr +f80 2(5)dr
r
40 " 50 "

M =(0.06+0.04 +0.0125)P =337.5 N -m

Inner Edge. Using Eq. (5.73),

(O ) _ 3000 _ 337.5(50.4502-40)10
674 = 0.0008  0.0008(2.0498)(40)10°
= -57.5 MPa <

Outer Edge. Applying Eq. (5.73),

(O) 3000 337.5(50.4502-80)107
0/8 0.0008  0.0008(2.0498)(80)10°°

=74.6 MPa >

SOLUTION (5.43)

Using Eq. (P5.44), at section A-B of Fig. P5.43:
M =-0.182Pr =-0.182(0.75b)P = -0.136 Pb

(a) Equation (5.66) yields,
N = (1-1)* —4()(In2)* = 0.082
Point A. Applying Eq. (5.67),
(@), =3 [(1- (1 +In1)-2-In2]+ £

_ 4(=0.136Pb) 3 P
=~ 008) [+ -1.3863]++

=5.22P/bt

Point B. Using Eq. (5.67),

(0))y = “SLI 4 (14 1n2) - 102+ £

= - 1.68P/bt <
(CONT.)
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5.43 (CONT.)

(b) Wehave 7 =0.75b, r, =0.5b, and 7, =b . Thus, R = (%)/In2 =0.7213b
Points A and B. Apply Eq. (5.74) with P = P/2 and M = -0.136Pb:

(0,),=L+42L=52P/bt <
(0,), =L —2.642 =—1.64P/bt <
(c) (GH)A,B = (%)i(%)
Here c= % I = %
Thus, (04), =+ 2™ = £+ 3.26f = 4.26P/bt <
and  (0,), =L -3.26L=-2.26P/bt <
Comparing the result, we observe the following differences:
At the point A:
Elasticity vs. hyperbolic 0.4 % <
Elasticity vs. linear 18 %
At the point B:
Elasticity vs. hyperbolic 2.4 % <

Elasticity vs. Linear 34.5 %

SOLUTION (5.44)
From the condition of symmetry, the distribution of stress in any quadrant is known to be
the same as the other.

P2
At any angle 6, the bending moment referring to this figure is expressed as follows
M,=M,6-+Pr(1-cosf) (a)

The problem is statically indeterminate and value of M, is found first. Note that shear

component of the load will be omitted in our solution.

Applying Castigliano’s theorem, we have:
W — 4 2 M. Mo g
aw, = 7}, ' e am, 45

0= M, ~ (1~ cos0)}d0

0=7[5M,-5(5-1]
(CONT.)
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5.44 (CONT.)

solving,

M, = PF(+-1)=0.182PF

Then, Eq. (a) becomes

M, =0.182PF -1 PF(1-cos0) b) <
Therefore stress at any point of a section, using Eq. (5.74), is expressed in the form
(o) M, —-r
0y = -5+ () <

Here, the moment M, is given by Eq. (b).

SOLUTION (5.45)

(a) Using Eq. (P5.44) at 0 = 7/4 (Fig. P5.44):
M, =0.182(1.5)P =L P(1.5)(1 = cos Z) = 0.00533P N -m
We have

A=0.05(0.1) = 0.005 m’ R=—r=—+-=144.2695

and

e=7—-R=150-144.2695=5.7355 mm

At inner fiber, 7, = -0.1m:

_ —(P/2)cos(7/4) _ 0.00533P [144.2695-1007 _
(09)”/4 T 70005 T 0005 [5.7355(0.1) =-182.3P Pa <
(b)
N,
M,
V.
%0
© (Mo
P/2
At 0 =0°:

M, =0.182PR N, =-P/2

At any angle:
M, =0.182Pr -0.5Pr(1-cosf0)=-0.318Pr +0.5Pr cos0
s = —0.6367 +7 cosO
N, =-%£cos0, %72)=—0056
V, =—-%sin0, ()(aTI//"Z)=—sin6

(CONT.)
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5.46 (CONT.)
Based on the symmetry of the ring, we have

/2 o _
§= Zf’ Ng Ny | My oM, +ﬁ av, ]rd@

AE a(P/z) "EI 9(P2) T TAG 9(P2)

Substituting the values of M, N,, and V,, this expression becomes

251( 0.636+cos6)’ +-=Lsin® O]rd0O
=2[ﬁ|—+lsin20|ﬂ +£210.9046 ~1.27sin 6 + 227
+218 ——s1n20|

from which

2E[ (0 15)+ AaG 2 ( )]

For the given rectangular cross section:

F=0.15m  A=0.005m’
a=%=12 G=2E=04E
1 =-1(0.05)(0.1)° = 4.17(10°) m*

The deflection is therefore

=2 P(0.15)m P(0.15)*(0.15) 12 P(O.IS)JT]
[OAOOSE(S) 2E(4.17x107°) 0.4E(0.005) 8

This results in

8, =215.65P/E m

End of Chapter 5


https://telegram.me/seismicisolation

CHAPTER 6

SOLUTION (6.1)
Tc

Ty = p

5(04 —b4)

_ 2(3x10°)(0.035)

or 100(10) [(0.035) —b']

or  100(10°)[1.5(10°) - b*] = 66.845

Solving,

b=0.0302 m =30.2 mm

SOLUTION (6.2)

7(d/2) 7(D/2) D
T = =
"™ xd*/32  m(D*-D!)/32

or

& = DI —(i—z)“]

(40)’ = D*(0.2836)
D =60.9 mm

SOLUTION (6.3)

«d

__l6r _ T(D/2) 16T

" gdd oW 4 3 1
—(D* =D D’ (1-—
32( ) ( 16)

or d’ =D’ (=), D =1.0217d

D 60

d= = =58.7 mm
1.0217 1.0217
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SOLUTION (6.4)
Apply the method of sections between the change of load points:
Ty =0.5 kN - m—sm T, =1.5 kN -m —»
T,=2kN-m <—
Therefore, T, = 2T/J'[C3 :
2(2x10%)
Ts = mrmea
7(0.025)
2(1.5%x10%)
Tpe == ~~a
7(0.02)
~2(0.5x10%)

T
P 2(0.015)

=81.5 MPa

=119.4 MPa

=94.3 MPa

SOLUTION (6.5)

We have, applying the method of sections:
T, =05 kN -m—m» Tyo =1.5 kN -m —»

T,=2kN-m <—

Hence,
oo e
max JT(C4_b4)
gives,
3
v, = —2X1000029) o) 4 prpg
7[(0.025)* - (0.008)"]
3
2(1.5x10°)(0.02) 155 5 4P,

T = 100.02) - (0.008)']

3
- 2(0.5x140 )(0.015)4 1026 MPa
7[(0.015)* - (0.008)*]

SOLUTION (6.6)

Toe =1EN-m —»» T, =2 kN -m—>»
Then, T, = ZT/JIC3 yields

3
vy = 2100 _ 59 58 MPa
7(0.02)
3
T, = w =81.49 MPa
7(0.025)
Therefore,

(T,.), =K, =1.6(81.49)
=130.4 MPa
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SOLUTION (6.7)

We have

Toe =4 kN-m —» T,;=4kN -m <—
Then

o = E (TL/GJ) yields

410°) . 035 0.7 1 035 0.7

] (

¢c= [

T =

=4.67x107 rad =0.27°

6.25 150

)

SOLUTION (6.8)

0 = 50 +90 = 140°
J = %[(0.05)4 —(0.045)*]1=3.376x10" m*

From Eq. (6.5a) at 0 =140°:
o, =71sin280" = -0.985t
12010 = 0.985 7€ - 0,985 00)
J 3.376x10
or T=823kN-m
Similarly, Eq. (6.5b):
T, =Tc0s280" = 0.1747
gives
7(0.05)

3376x10°" T'=19.4 kN -m

\50x106\=o.174

Thus,
T,=823kN-m

SOLUTION (6.9)

From solution of Prob. 6.8:
J =3.376x10"° m*
From Equations (6.5) at @ =35+90 =1257,
0. =7sin250° = -0.94t
[120x(10%)| = 0.941¢ _ 0.94T(0—'05)_6
J 3.376x10

or T =8.62 kN -m
and

T, =Tc0s250° = -0.3427

(CONT.)
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6.9 (CONT.)

[50x10°| = 0342100 987 ivem
3.376x10
Thus,
T,=8.62 kN -m <
SOLUTION (6.10)
3kN*m 30 mm
2KNm -»2 * :ZZI—»
d; <] 1 kN'm
I B ’C
+—— 2m — Im e
Apply the method of sections:
T;y=2kN -m <+ Tye =1 kN -m —»
Then,
J md; T 2x10°
c 16 1, 50x10°
d, =0.05884 m = 58.84 mm
Also,
o= E(TL/GJ) :
or
3
0.02 = 10 —I olf)li 7 —2(?)]
39x10°) L (0097 4,
32
76576.32 =390625 —%
1
Solving
d, =59.74x107° m = 59.74 mm
We therefore use
d, =60 mm <

SOLUTION (6.11)

+ 2 kN.m

7/
.-»% d «—] 0.5kN*m
1.5kN'm b ¥ #C_»

<+—— 3m —>| Im L—

Apply the method of sections:

T,y=15kN -m <«— Tye =05 kN-m —

(CONT.)
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6.11 (CONT.)

We have

c 16 71, 50x10°
d, =53.46x107° m =53.5 mm

Also,
¢ =Y (TL/GJ):
N 0.00 - 10° [0.5(1) _1.5(3)]
@0x10) % (004" df
32
78539.82=195,312.5—2;f
1
Solving

d = 78.79x107 m =78.8 mm
Use d, =78.8 mm

SOLUTION (6.12)

1
Z2 —=0.02
(a) 0
Figure D.4: K =2.1.

L 2T _202x10Y)
" g’ m(0.025)°
t. =2.1(81.5)=171.2 MPa

=81.5 MPa

v L->_0L §=1.2; K =133 (Fig D4)

d 50
t. =1.33(81.5)=108.4 MPa

SOLUTION (6.13)

L=&=02 2=@=2,0; K =1.25 (fromFig. D.4)

d 50 d
For smaller part of the shaft, ¢ = d/2 =25 mm:

T =T =K(16];); 80(106)=1-25[LT3
wd m(0.05)

]

max all

Solving
T=1571kN-m
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SOLUTION (6.14)

(a) For circular bar:

0, =22  T,=2L-GOb

¢ Gmb' ¢ ap c

For elliptical bar:

6 = T(a’+b%) T = m'bG g
e aa*h’G a’+b* e

T =21 _ 200,ba°G
€ 7tab? a®+b?

We have
T, 20bd’G
T. T (+6)8.bG

Setting 6, =0, :

T, _ _24°
T (aP+b?)
. 2 2 2
Since a > b, (a* +b°)<2a’, and T, /T, > 1, or
T,>T, <
0,7b°G |
(b) T =-=5; GOb=t,
_ T m'G _ 7 b
Tc e ﬂz -2
0,1a°b°G 20,ba’G
I ="Fw > Te="im
Rearranging,
_ re(a2+b2)
0, = 2ba*G
2
Thus, T, = @
We obtain
T, _ (@ab’f2)
T, = (zqab*[2)
Setting 7, =7,:  T./T, =b/a,or
T, >T, <
SOLUTION (6.15)
Wehave (¢’ -b*)=ma’; a’ =c>-b°

_Jr, o, (ct-bh)
(a) T, =—r=—5—
Jt, m’aa3
T's = a 2

(CONT.)
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6.15 (CONT.)

T, _p A4 _p4
Hence, 7+ = <=~ = —¢ l; 7

s ca (c*=b )
For ¢ =1.4a

(b) T, =28 - (G)[2ltD)
7 - ()

i _octept Ayt b’
Hence, T, - a2 - (Cz_bz)z - 2 _p?
For c =1.4b:

T _ 296 _
L= 256 2308

SOLUTION (6.16)

Use Egs. (f) of Example 6.2:
T, =

T _ T
+(aJy/bJ,) — 1+0.4(15)“(n/32) = o, 6328)
0.2(20)* (/32)

T,=T-T, =0.3876T
Based on shear in segment AC:
T, = = 0SB _150(10°) o

Based on shear in segment CB:

1675 — 16(0.38767) - 150(106)

=0.6124T

T=3847 N-m

d; 7(0.015)°
or
T'=255N-m=T,
SOLUTION (6.17)
Use Egs. (f) of Example 6.2:
—_— T _
Ta= 08015) (x/32) 1+02074 = (0.8283T
0.5(25)* (/32)

T,=T-T,=01717T

Based on shear in segment AC:

167, — 16(0.82837) - 70(106)

ad? 7(0.025)
or T=253Nm=T,
Based on shear in segment CB:

1675 — 16(0.17177) — 70(106)

ad} 7(0.015)°
or

T'=2702 N-m
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SOLUTION (6.18)

C0 = k[2(a’b-a®) + 2y’ (b* +1) - 12bx"]
e — k[2(a’b - a®) + 2x*(b* +1) = 12by*]
Substituting these in Eq. (6.9):

E)yz
k = GO
2a% (b-1)+(b*=6b+1)(x> +?)

%)

=

In order k be a constant: b> —6b + 1= 0. Thus,

GO
24%(b-1)

SOLUTION (6.19)

u=-6z(y-b), v=0z(x-2z), w=w(x,y)
e, =¢,=¢_=0, Yo =5 +5=0

Ye=%-0(y-b), y,.=%+0(x-a)
Thus 7, =G[2-0(y-b)] =2

T, =G -0(x-a)=-%

Substituting these in Egs. (6.6), (6.7), and (6.11), we obtain
e D22 2GH, L2+ I2=-2GO

oy T T gy

and T = ff[(x -ayr,, —(y - by, ldxdy
= [~ f[ (- @) = [y - b) dsdy
=2 f f ddxdy

We observe that characteristic equations remain unchanged.

SOLUTION (6.20)

T = [[(xt,. = yr.)dxdy = - [[ (x5 =y 5p)dxdy
Here

—fdyfx%dx = —fxdq)xzdy—[—ffd)dxdy]
= _cf(x2 - x,)dy +fffl)dxdy

= —cffdxdy +fffl)dxdy

Note that (X, — X, )dy is area and equals f f dxdy . Similarly,

—fdxfy%dy = —cffdxdy +ffd)dxdy

Thus,
T = 2ff((l) - ¢)dxdy
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SOLUTION (6.21)

T, =T cos’ 6

Hence,

0 = ffgiz =4 [T cos’ Bad0
This gives, at sections A and B:

/2
0, =L [ (h+g)do = 2o

214G <
2
0, =& , €08 646 =r§—‘é
SOLUTION (6.22)
b=a
[,
: o 0
]
e
e
From Table 6.2: o = 0.246, B = 0.229
- T __T
o ab? 0.4924°
_ Tc _ 2T
Tc - TC )
_r _ 2T. =
Thus, o> =25; c =0.684a
Similarly,
— T __ T
o 0229(2a)a’G 0.4584*G
_ T _ 2T
66 T UG T atc
Then,
T _ 2T . — —
CaRAT = i c=0.736a =c, »
SOLUTION (6.23)

L0 k(x+ 4+ (x+ By =3+ (r+ )+ (x =By =2h) + 2(x = 2 h)]
L0 = k[-3(xr +4) = 3(x + )]

Substituting these in Eq. (6.9),
—4kh = -2GO; k=S
Thus,

2 2 3 2 2
D =-GO[3(x" +y") =37 (x" =3xy") =55 h”]
Alongthe x axis T, = 0, due the symmetry. Equation (6.8) is therefore,
for y=0:

2
I 3GO (2hx X )

vz ax 2h 3
(CONT.)
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6.23 (CONT.)

When x=0: ‘L'yz=0
— 2h
x=43 7,=0
=_h. = — Goh
X = 3. T —Tmax— >

Next, substitute the preceding value of ® into Eq. (6.11) to obtain

T=2ff<l)dxdy

B e
_“4Gqf/ YL ) = (0 = 3x%) 2 1 dxdy

.. 15\3T
This gives 0= 7
The shear stress is thus

20T 15437

Tinax = (2h/\3)? 203

SOLUTION (6.24)
For a circular bar:
T=G6J=C.0
where
4
Cc = sz

For an elliptical bar (from Example 6.3):
H = 2T(a +b° ) ZGH

o
T =GO =C,0

or C, = % G

For an equilateral bar (from Prob. 6.23):
T = %% - 6C,

or C = l}?—%

Bars have equal areas:

A =, A, = mab, A
Setting A, = A, = 4, :

rt=a’h’ = 3’;—42
Then, Egs. (a), (b), and (c) give

C, 24°p° = 2ab

Ce r*(a*+b%) a’+b?
and

C, e 2 273

g‘lw
| S

(a)

(b)

(©)
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SOLUTION (6.25)

For the seamless tube, from 6, = T/GJ

6. = 327
U™ md(1-a} Jah)G

For the split tube, referring to Eq. (6.17):
0, = 3T 1

G o atd; +d,>(d,, 4

We have
% = it @
For very thin tubes d2 + d2 ~ Zduz , and Eq. (a) becomes
=1
SOLUTION (6.26)
Apply Egs. (6.17) and (6.19):
T = 25 = S0 = 10-8 MPa
0 —%=0125(O§(§%—0 192 rad/m
SOLUTION (6.27)
Referring to Table 6.1, we have
¢ =06L — bz Tinax = aaz;,z
Thus
t=%% (1)

bG B
For a/b=24/16=1.5: & =0.231 and § = 0.196
Introducing given data into Eq. (1):
1.5(/180) _ 0.4(0.231)
Tmas  (0.024)(80x10°)(0.196)

Solving,
T =106.6 MPa

SOLUTION (6.28)

From Eq. (1) of solution of Prob. 6.27:

rmaxLa
b= G ¢ B

By Table 6.1: & = 0.208 and § =0.141.

Substituting the numerical values into Eq. (a), we obtain

_ 12000 2 0204 _
= 29(10°) 25(x/180) 0.141 — 10.1 mm

(a)
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SOLUTION (6.29)

Equation (6.20) yields
J, = 3 4bt* =1(100)(10)° +4(115)(4)°
=3.5787(10*) mm* <
Maximum shear stress occurs on the lower leg:

T, =L WO _ 1397 APg <

P 3.5787(107%)
Angle of twist per unit length is

0 =-L = 500
J.G T 3.5787(107%)(200x10°)

= 69.86(107) rad/m = 4.00° per meter <

SOLUTION (6.30)

Refer to Table 6.2.
3 3 6
(a) T = AT max = (0.045)"(50x10”) = 228 N m

20 20
Also
T = a24G6'92u,1 _ (0045) (80:16(')2)(1.&:/180)
—186 N-m=T, <
462Tg L, L7 _ 462(186) 1 2. _
(b) ¢=—5% [E-'- T om0’ [(0%02)4 (0.(1)455)“]
=1.0742(1077)[192,901.235 + 364,797.897]
=0.06 rad = 3.44° <
SOLUTION (6.31)

Referring to Fig. P6.31, an expression for £ is written as
t=1,(1-%)
Substitute this into the given stress function to obtain,
% 2 2
® = GO (1-4)" - x']
We have

7= 2([®dvdy = 4 j;O/ i C (1= 2 Z 2 Jdxdy

=4GO [ [b(1 - 2) = (1= 27 + £(1- 2] = b’ (1 - 2) e

_ (1=2x) _ (1-u)t,
Let u=-—-—, X ="
= _ 2dx = _ fodu
du = -2, dx = =5

Then, the preceding expression for the torque becomes

3
T = 4G%j:(u2 -2u’)du
Integrating,

T = G612 «
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SOLUTION (6.32)

(a) FromTable62: T = (2mtG)0 = CO
or C = 2m’tG = 27(0.02375)*(0.0025)G = 2.1(107)G
T, =—1= L =112.860T

max  2m? T 27(0.02375)%(0.0025)

(b) Equation (6.16):

C — % — (0.02375)(30.0025)‘6' — 1.24(10_10)G

Equation (6.18):

Tinax = % = (0.023753)(T0.0025)2 = 20’210’526T
(c) FromTable6.2:for a=b,t=t:

T =(0.02375)*tGO =1.34(107°)0.0025G6

=3.35(10*)GO = Co
T =L =——L — =354571T

max  24%  2(0.02375)%(0.0025)

SOLUTION (6.33)

Referring to Table 6.2:

T = 20T. 4202) _ _20T
4 @’ 3 (0.05)°

Solving, T =1.75 kN - m
Also

_462T _  462(175x10°)
0="ic = (625x10°°)(80x10°) 0.1617 rad/m

SOLUTION (6.34)

For a thin-walled tube, letting

l"o»-""-fl’;»-"‘-—l"avg'=7"

44
J =T 2 (4 ), + 1), - 1) = 2t
Equation (6.2):

Since 7 = p , we obtain Eq. (6.22): T = T/2 At.

SOLUTION (6.35)

For a regular hexagon, we can write
A=2L4° ds = 6a

Equation (6.22), substituting the value of A, results in the shear stress

=" - T3
2 At 942t

Angle of twist per unit length, using Eq. (6.23):

<

(CONT.)
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6.35 (CONT.)

_ T(6a) _ 3T
0 =% =7ra
or
Q =-2T
9Ga’t
SOLUTION (6.36)

r_izj +—>|<—+0.25 —>|

— 3
t2+ +t3
A A, l 0.25
= <& Uyl e
t v v
< g =
t? +t3
Given:
t,=0.012m,  t, =t =0.006m,
t, =t; =0.01 m, G =28 GPa
T=565kN-m, A =4A4,=A4=0.0625m’
s, =8, =8,=5, =55 =025 m.
We write
T =2Ah +2A4,h, =2At7, +24,tT,
or
21, + T, = 75.3(10%)
The shear flow yields
T\l =Ty,
Tyl, =Tyl +Tsls
T3t =T,1,
Also,

and

T,8, + 27,5, +Ts8s = 2G04,

— TS5 + 27,8, +T,5, = 2G04,

(M

2
3)
“

)
(6)

Simultaneous solution of Egs. (1) through (6), after substitution of the given numerical
values yields:

T, =19.1 MPa

T, =372 MPa

7, =382 MPa
T, =223 MPa

0 = 6.86(107) rad/m

T, =0.62 MPa
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SOLUTION (6.37)

xt=3.5 mm

a=50 mm

We have
A = QOB _7,0825(107) m”.
Then,
h=1 = spmes = 18,475.209 N/m
T =10 8820 _ 5279 MPa
0 = 5% [[ds = TP —[0.05+0.05 +0.05]
=13.063(107) rad/m
SOLUTION (6.38)
M /N
| S =

H o
- a2 —]
For circular tube:

Area enclosed by ¢, 4, = mc’

Area of the section, A1 = 27ct

Polar moment of inertia, J = 27c’t
For square tube:

Enclosed area by a, 4, = a’

Area of the section, A2 = 4at
Polar moment of inertia (from Table 6.2 with = ¢, and @ = b):

_ 2’ 3
Jz = (at+bt)) at

Then, A, = A, gives: @ = mic/2 and hence, from Eq. (6.22) we obtain
1 2 &
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SOLUTION (6.39)

t) t

t t
We have

s, =[0.25% +0.0375*]" = 0.2528 m

s, =[0.5% +0.05°]" = 0.5025 m
s, =0.15 m, s, =0.05 m, 55 =0.075 m

and
T\t =Tyt +T,1, )
Tsls =Tyl), Tol, =T, (2,3)
T =247, + 24,7, “4)
Using Eq. (6.23),
TS5 + 27,5, + 7,8, = 2G04, (5)
21,5, +T,8, —T,5, = 2G04, (6)

Given: t, =t, =t, =t; =0.0005 m, t; = 0.00075 m, G = 28 GPa, and
T =4 kN -m.
The cell areas are calculated as

A, =0.028125 m’ A4, =0.05m’

Substituting the numerical values and solving Eqgs. (1) through (6):
T, =7, =50.6 MPa, 7, = 0.593 MPa

7, =7, =50.88 MPa, 0 =0.0194 rad/m

SOLUTION (6.40)

(a) Wehave 0, =0, and Eq. (6.37) becomes

PR} _ PR} . P,(0.062)° _ P.(0.05)°

G G, > 79(10%) 41(10%)
Solving,

P =1.011P,

Assume that copper controls

300007 - e
from which

P =1178.1 N
Then,

P =11884 N

(CONT.)
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6.40 (CONT.)

Check the assumption:

T = 10U1885(0062) _ 355 55 APy

s 7(0.01)°

Since T, < 500 MPa, the assumption is correct.

Thus, the total force is

P =P +P =23665N

(b) For the condition specified,

A _ L&
kS - k(‘
from which
k _ B
L= 21011

End of Chapter 6
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CHAPTER 7

SOLUTION (7.1)

Refer to Fig. 7.2 and Eq. (7.10):
4.
L =-F(wy — 4w, + 6w, +w)
4
o= (W = 4w, + 6w, — 4w, +w,,)
atw = L
c'))czﬁy2 n

[Wy —wg +w, + Wy =2(w, —w, —w; —w, +2w,)]
Substituting these into V*w
-
h'V w =20w, —8(w, + W, + Wy + w,) = 2(Ws + W, + W, + W)

T Wy =W =W, =Wy,

SOLUTION (7.2)
Ay
T 2 4 6 |[8
2a 1 3 5 |7 —x
¥
h=a/2
!< 4a ;! T

Only a quarter of the section need be considered. Using the symmetry the nodal points are
labeled as shown in the preceding figure, and ® = 0 at the boundary. The finite difference

equations for the nodes 1 through 8 are, respectively:

4D, + 20, +2®, = -2GOK’
D, -4D, + 2D, = -2GO’
D, - 4D, +20, + D, = -2GOK’
D, + O, -4D, + O = -2GO0’
D, -4D, +2D, + D, =-2GOh’
D, + O, -4D + D, =-2GOK’
D, - 4D, + 20, = -2GOh’
O, + O, -4D, = -2GOh’

Solving,
®, =3.587GOh* @, =2.708GOh’
O, =3.467GO> D, =2.622GOK’
o, =3.037GOR> D, =2.313GOh’
@, =2.055GOh*> D, =1.592GOh’

(M
2
3)
“)
)
(6)
(7
®)

(CONT.)
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7.2 (CONT.)

Tables of differences are in P7.2a and P7.2b.

Table P7.2a

(wheny=b, ® =®,; y=h, ® =D,, etc.)

y O/ GO’ A/ G6n’ N/ Gon®
0 3.587 -0.380 -1.828

h 2.708 -2.708

2h 0

Table P7.2b

(whenx=0, ® = ®,; x=h, ® =D,, etc.)
X ®/Gon*  A/GOR* N/Gon*  N[Gon*  A'/Gon’

0 3.587 -0.120 -0.310 - 0.242 -0.28
h 3.467 - 0.430 -0.552 -0.522

2h 3.037 -0.982 -1.074
3h 2.055 -2.055
4h 0
We have

2 _ S0y AZ;’;O [2x - h]+ “’0 [3x - 6xh + 2h7]

#2047 ~18x%h +22xh2 - 6h°]
(22), 4y =20+ 20 (Th) + 220 (2617 ) + 222 (50R°)

Using Table P7.2b, we obtain () _,, = -1.418G0a. That is
(T),_.,, = -1.418G6a <
Similarly, using Table P7.2a:
(82), oy =7+ Azj;o 2y -h)=-1.811G6a

(T),-00y = —1.811G6a <
Hence, the error using this method is [(1.86 —1.81 1)/1 .86]100 =2.63%

SOLUTION (7.3)
Equation (7.19) is applied at points b, c, d, respectively:
20, +1.178®, - 4.857®, = -2GOh’
D, +1.178D , + ®, - 4857, = -2G6h’

1.178®, +1.178®, - 5.714® , = -2GOh*
(CONT.)
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7.3 (CONT.)

Similarly, Eq. (7.16) is applied at points e, f, and g, respectively:

20, + P, - 4D, = -2GOh’
20, + P, + @, -4, = -2GOK’
20, +20 , - 4D, = -2GOh’

In matrix form these equations are written as:

2 0 0 0 2 -4 7(P,)
0 2 0 1 -4 1 ||,
0 0 2 4 1 0o ||o,
0 1.178 -5.714 1.178 0 0o [lo, [
1 -4857 1 0 1178 0 ||®,
~4857 2 0 0 0 1.178)|®,

Solution is

®, =1.612GOh* @, =1.487GOh’
®, =0.975Gon* @, =1547GOh’
®, =2.236GOh> @, =2.424G0h’

The finite differences are then

A=®, - &, =1.547G6h’

N =0, -20,+ &, = -0858G0h’

N=®,-30, +30, - &, =0.357G0’

A =D, - 4D, +6D , 48, + & = ~0.232G6N’

N =®, =50, +10D, ~ 100, + 50, - &, = -0.018G0h”

o

N =, - 6D, +150, -20D, +15P , - 6D, + &, = 0.036G6h’

Hence,
—(92)y _L(A_AN N _N_ N _N 2
Ty =) =7 (A -5 +5 -5 +5-%)GOh

= 0.858 0.357 0.232 __ 0.018 __ 0.036
= (1.547 + 258 4 037 4 02 L 229G Oh

or

T, =2.144G0h = 0.0107G0O
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SOLUTION (7.4)
Applying Eq. (7.16) at points b, c, e, f, and g, we obtain
D, +20, - 4D, = -2GOh’ O, + @, + P, - 4D, = -2GOh’
20, + @, - 4D, = -2GOh’ D, + D, +20 -4D, = -2GOh’
20, +2®, - 40, = -2GOK’

At point d, we apply Eq. (7.19):
1.308®, + ®, -5.77®, = -2GOh’

Solving these equations, we have

®, =2.238G6h*  ®,=2.000GOR* @, =1.096GOh’
®, =1.715G6h* @, =2.667GOR* @, =2.953G6h’

The finite differences are the computed as shown in Table P7.4a.

Thus,
T, =3, = H(A-5+ 4 -5)GOR’
=(2.238 + 132 + 093 4 LUBGOp
=3.035G6h = 0.0129G0 <
Table P7.4a
y ®/Gon’  A/GOR*  N/Gen*  N[Gen*  A'/G6n’
0 0 2.238 ~1.523 0.093 ~0.019
h 2.238 0.715 ~1.430 -0.003
2h 2.953 ~0.715 ~1.523
3h 2.238 -2.238
4h 0

Alternatively, we construct the table as shown in Fig. P7.4b:

Table P7.4b

y O/ GO’ A/ G6n® N/ G6on®

0 2.953 -0.715 ~1.523

h 2.238 ~2.238

2h 0

Then we obtain,
T, = (1) L, =2y 380 107154 (1.523)|GOh
= 3.0G6h <

This result is approximately the same as calculated before. Clearly now computation involved
are reduced considerably.
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SOLUTION (7.5)

YT<— b=a —DI
A
1 |4 _{
_f
1.5aA 3 16 > X
v

Applying Eq. (7.16) at nodes in to 6, we obtain

-4 1 0 1 0 01(P,) n
I -4 1 0 1 0 (|P, 1
0 2 -4 0 0 1| L1

< >=—2G6h < -
2 0 0 -4 1 0(|D, 1
0 2 0 I -4 1 ||D; 1
0 0 2 0 2 -4]|D, 1

Solving,

@, = 1.551Gon’ ®, =2.206G6h O, =2.387GOh’
®, =1.997GOh’ O, =2.887GOn’ @, =3.137GOh’

Then, the differences are as shown in Table P7.5.

Table P7.5

X ®/Gon*  A/GOR* N/Gon*  N[Gon*  A'/Gon’
0 0 2.387 ~1.637 0.137 ~0.274
h 2.387 0.75 ~1.50 -0.137

2h 3.137 -0.75 -1.637

3h 2.387 -2.387

4h 0

At point A, we have
(58) 10 = (AD = 532 4 530 = 520)GOW’
Substituting the first row of Table P7.5:
(82), = (2.387 + 181 4 0137 4 02BN\GOh

or
(&), =0.83GOa=1,,
This differs 2.12 % from the exact solution 0.848G6a (Table 6.2)
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SOLUTION (7.6)

&

Y

A PL 10 Vi
'y

Boundary conditions yield,

v(0)=0; v,=0 and v(0)=0; v, =v,

Apply Eq. (7.22) at nodes 0, 1, and 2, respectively:

_ k(D) . _

Vo =20+ vy =5 v, =3z PL
_ R*(2PLJ3) . _ sp?

V) =2V + vy =55 v, =g PL
_ RA(PL3)

vy =2, + v =g (2)

Substituting v, and v, into Eq. (a) we obtain

_ 1.r’
Vs =380
SOLUTION (7.7)
<« L2 L2
l\é°| ::I h/4 e B
o I —————— X
e 1 2C B3 47
O‘RA Rg
vy
M
M, T
| |
M4 M2 M4 X
Let C = -2 i’ v, =v,=0
Applying Eq. (7.22) at 1, 2, 3:
v2—2vl+/§0=% v, =2v,+v, =% /54—2v3+v2=%

Solving,
vy =-5C v, ==3C vy =-3C

(a) O, =0,=5:(v;-v,)=0

_ _]MOL2
(b) Ve =Vy =36 g

Results are the same as the exact solutions.
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SOLUTION (7.8)

Let C = (p/EI)h*. Wehave h = a/4 = L/8 and v, = v, = 0.

p

F__#J.HyHyH,Hy#Jy%
I e o B St et i
o _’|h|<— R

o

2a 4"

w

y

Apply Eq. (7.23) at 1 through 7:

-4y, +5v, =C o
v, —4v,+6v,-4v, =C 2
vi—4v, +6v, —4v, +v, =C 3)
—4vs+6v, -4y, +v, =& @
7—4\/6+6v5—4v4+v3 < )
—4v, +6v, —4v,+v, =% ©
VetV =g @
Solving,
Ve = v, = 0.00966 2% = 0.1546 4%
Note:
(VC)exac't = Spa4/32EI <
SOLUTION (7.9)
o2 3130/4/p0
p.J/4 ‘ ] B
Let N = p0L4/E] _Iz'-“_i'“xjo llh:L/4 |3— O A X

Boundary conditions at A:

v'(0) =0; v, =V,

v(0) = 0; v, =0

v'"'(0) =0; v, =8, +v_, =0
Apply Eq. (7.23) at 1 through 4:

Tv, —4v, +v, = (0.25)° N
—4v, +6v, —4v, +v, =(0.5)°
v, =4y, +6v, —4v, +v, =3(0.5)" N

v, —4v, +6v, —4v, +v, =(0.25)*
(CONT.)
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7.9 (CONT.)

Boundary conditions at B:
v'"'"(L)=0; -V, +2v, =2v, +v, =0

v''"(L) =0; v, —2v, +v, =0

The foregoing six equations are solved to yield

v, =0.010742 N v, =0.035156 N
v, =0.066406 N v, =0.099609 N
vy =0.132812 N v, =0.167969 N

The error is therefore

0.099609-0.091667 — 0
S09-0091667 5 100 = 8.7 % .

SOLUTION (7.10)

L3 P
0 D 1 Y2 3 4 5 6 X
Af~—__ V3 B
T N J
2P/3|< L rlP/’&
y .
Figure (a)
Application of Eq. (7.22) at points 1 through 5 gives, respectively:
v, =2V, + v, = —Lkh’
v, =2v, + v, = —2LLp?
v, =2v, +v, =—LLp?
= _PLp2
Vs =2v, 4 vy =—2Lh
= _PLp2
Ve —2vs+v, =—LLh

The boundary conditions are v, = v, = 0. Then Eqs. (a) may be represented

in matrix form as

-2 1 0 0 07(v) (2
1 -2 0 0l|v,| |4
0 -2 0 [Iv,t=13lc
0 0 2 1 ||| |2
0 0 0 1 =2 [1

where C = —PL3/648E[.Solving the foregoing; v, = =6.67C, v, = —=11.33,
v, =-9.67C, vy = =5.33C, and v, = -12C, or
v, =0.01852 2L

(a)

Note: The exact value of the deflection at the center (see Table D.4) is 0.01775PL° / El.
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SOLUTION (7.11)

p
5 1 [V :
~ A 2 Fra X
n=0 —» n-L4 | 074
y Figure (a)

We observe that because of symmetry only half of the beam span need be considered
as shown in Fig. (a). From the boundary conditions v(0) = v (0) = 0 (Fig. 7.6) and
symmetry:

Vo =v,=0 v, =-V, v, =V, ()
By Eq. (7.23) at points 1 and 2,
v, —4v, +6v, -4y, +v =0

. (b)
v, —4v, +6v, -4y, +v, = ‘th,
Substituting Egs. (a) into Egs. (b), we obtain

6v, -4v, =0

h4
-4y, +3v, = &

Solving the above and setting 4 = L/4 yields v, = 0.0039 pL4 /EI and

v, =v_ =0.0059 L <

SOLUTION (7.12)

P P
0 By 4 \4 X
AL 2 3 &5 6 >
y: —D| h=a/2 |[€—

MT /\

Equation (7.22) is applied at nodes 1, 2, 3, respectively:
0-2v,+v,=0; v, =v,/2
v, =2v, +v, =0; v, =2v,/3
v, = 2v, +0 = (h*/EI)(Pa/2)

or v, = —3Pah’ [8EI

—> X

(CONT.)
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7.12 (CONT.)

Thus,
a} 3

Vy =V, = -2 = _0,0625 L2 <
and

v, = — Pa’ [32EI

Slop at A is then
Vi —V_ v a2
6A=12_/11=71=_]};EI <

We have v, = 0.08333 Pa3/EI as exact solution. Error is thus

0.08333-0.0625 — o
0.08333 X 100 - 25 /0

SOLUTION (7.13)

Boundary conditions yield
v(0) = 0; v, =0
v'(0) =0; v, =V,

and
V'(L)=0=v,-2v, +v,

or v, =2v, -V, M
V'"(L)=0=v=2v, +2v, -V,

or
vy =4v, —4v, + v, )

Apply Eq. (7.23) atpoints 1,2, and 3, with v, =0 and v, =v_, :

7+
vy —4v, +7v, = 1(;')2E[ 3)
L4
v, —4v, —6v, —4v, =&+ 4)
4
Vs —4v, + 6v, —4v, + v, =8”1—LE, (3)

Solving Egs. (1) to (6),
vy = 7pL* [S4EI <
and v, =4v,/21 v, =4v,[7

SOLUTION (7.14)

h=L/4 C = ph' [EI v, =V,

PR TR S I

(CONT.)



https://telegram.me/seismicisolation

7.14 (CONT.)

Apply Eq. (7.22) at 1, 2, 3:

v, —4v, +7v, =C -4v, +v, -4y, =

Svi—4v, +v, =C
Solving, v, = 0.90909 2 v =1.36364 2

v, =v_ =1681822
=0.00657%- |

615‘ = Bmax = ﬁ(VS - V3) = _‘;:_3
L3
= -0.021312
SOLUTION (7.15) P
_ = A ¢ B I
MM ( At )M
R,=P/2 Rp=P/2
y T L2
P ra PL2
P T b fi—> x

M ,
T T T IC:_> X
H ‘
Ra -PL/8 LA

3PL/S -PL/2
M

M L—» X

vV, =V_, V, =V;(duetosymmetry), V5 = Vg

vo=v, =0, C=L/16EI.
Apply Eq.(7.22) at 1through 4:

v, =2v, +/, = (=2 + M)C
vy =2v,+v, =(-L+ M)C

A 2v, 4y, = (BL =3y MO

v =2 vy = (=2 MC
Equations (4), (3), (2) lead to

2vy = MC

v, =(2M - %)C

v o= (4= 2)C
Then, Eq. (1) gives

M = %PL
Note: M =+ PL

exact

(M
2

3)

“)
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SOLUTION (7.16)

IR IR F RN NN
: 2

—»| h=1/4 [«

0 :  —» X
1 2 3

yvy

Boundary conditions are v, =V, = 0 and from symmetry Vv, =V,
Then, using Eq. (7.23) at nodes 1 and 2:

_ o
v +6v, —4v, +v, = &

_
-4v, +6v, —4v, = =

Solving,
4 4

v, =2 = 2 (L) =0.00391 2 <

The exact solution is
4
v, = 0.002604 2L
The slope is zero at nodes 0, 2, and 4. Thus,
0 = 0. = 2=t _ (000394 pl*
1 3

) <
= 0.078 4L

SOLUTION (7.17)

AE 13.5(107)(69x10”)
L 1.7
=54.79%10° N/m

c=cosl50° =—/3/2  s=sin150° =1/2

(a) Equation (7.38):

[ 3/4a  —3/a -3/4 Bf4]

~3/a 14 B4 -4
34 -BJa 34 -3/4

B4 -4 B4 14

[k], =54.79%10°

(CONT.)
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7.17 (CONT.)

or

0.75 -0433 -0.75 0433
-0.433 025 0433 -0.25

[k], =54.79 MN/m
-0.75 -0433 0.75 -0433
0433 -0.25 -0.433 0.75
(b) Equation (7.39) with i=4 and j=1:
311 2+1.1
F, =54.7910%)|-— — 107
. ( )[ 2 2 {—1.5+1.z}( )
or F=F, =-73.14 kN <
(¢) Then {0}, =[T]{6},, give
u, -0.866 0.5 0 0 -1.1 0.35
v, -0.5 -0.866 0 0 -1.2 1.59
— (- = mm <«
u, 0 0 -0.866 0.5 2 -0.98
v 0 0 -0.5 -0.866(| 1.5 -0.3
SOLUTION (7.18)
We have
(AE) B AFE (AE) B 2AF (AE) B 3AF
L L L7 L L7 L
Equation (7.25a):
AE[1 -1 AE[ 2 =2 AE[3 -3
k], =— k], =— k], =—
(K] L[_l 1] [K], L[_z 2] [k L[_3 3]

(a) System stiffness matrix, [k] =[k], +[k], +[k]; is order of 4x 4. Thus

(CONT.)
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7.18 (CONT.)
(b)
1 -1 0 07(y
| oae|-1 3 2 0|y
TLo 2 5 23|\
0 0 -3 3|[u

(M

=

e IS IR e

Boundary conditions are #; =u, =0.Wehave F, = —P.Thus

o v e i)

Solving
2PL 3PL <

Uy =——— Uy = ————
> 114E S 114E

(¢) Equations (1) :

F, 1 -1 0 0 0 2P/11
E. | 4E|-1 3 =2 0||-2P/11| L 0 <
E [ L]0 =2 5 -3||-3P11[4E | -P
F,, 0 0 -3 3 0 9P/11
The reactions are
R1=3P—> R4=2P—> <
11 11
SOLUTION (7.19)
We have
(AE) _AQE) 64E
L L3 L
(AE) _2A(E) 64E
L7 L3 L

There are four displacement components (,,U, ,U,, U, ) and so the order of the
system matrix is 4x4. Using Eq. (7.25a):

6AE[1 -1
[k]1=[k]z=[k]3=T|:_l 1]

(CONT.)
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7.19 (CONT.)

(a) u, u, u, u, u, U, U, U,
1 -1 0 0] 1 -1 0 0
(K] 64E |-1 (1+1) -1 0 64E|-1 2 -1 0 <
L |0 -1 @+ -1 L |0 -1 2 -1
0 0 -1 1 0 0 -1 1
(b)
F. I -1 0 07(uw)]
F,. =£ -1 2 -1 0|]|u W <
F,. L]0 -1 2 -1f|u
F,. 0 0 -1 1]]|u,
Boundary conditions are #; =u, =0 and F, = P . Equation (1) is then
0 AE[2 -1](u,
P{ L |-1 2||u
Solving
WL P «
9AE 184F
(¢) Equations (1) result in
F. 1 -1 0 O 0 -2P/3
F,.| 64E|-1 2 -1 0||PL/94E | L P <
E [ L |0 -1 2 =-1||PLASAE[A4E | ©
F,. 0O 0 -1 1 0 -P/3
The reactions are
2 1 <
R =—P < R, =—P <
3 3
SOLUTION (7.20)
AE AE AE AE AE 4AF AE
= = = =0.8
(L)l I (L)z 7 (L)3 5L 7
Equation (7.25a):
AE[1 -1 AE[ 0.8 -0.8
k), =[k], =— kl,=—
el =l =~ [-1 1] k=7 [-0.8 0.8]

(CONT.)
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7.20 (CONT.)
(a) System matrix, [k] =[k], +[k], +[k];, is then

1 -1 0 0
AE|-1 (1+1) -1 0 <
[K]=—=
L|0 -1 (1+08) -08
0 0 -08 0.8
(b) u,  u, u, u,
F,. 1 -1 0 0 7(y
F | 4e|-1 2 =1 0 ||u "
F.[ L]o -1 18 -08|]u
F,, 0 0 -08 08 |]|u,

Boundary conditions are #, =u, =0, Wehave I, = P. Thus

ol F 1 )

Solving
P
> 264E P 134E <
(¢) Equations (1) yield
F. 1 -1 0 0 0 —P/2.6
F,. AE|-1 2 -1 0 P/2.6 L 0
F.[ L|0 -1 18 -08||P/13[A4E P <
F,. 0 0 -0.8 0.8 0 —1.6P/2.6
The reactions are
RI=LP<— R4=%P<— <
2.6 1.3

SOLUTION (7.21)

Table P7.21 Data for the truss of Fig P7.21

Element Length(m) 6 c s c? cs s?
1 7.5 36.9° 0.8 0.6 0.639 048 0.36
2 6 0° 1 0 1 0 0
3 4.5 90° 0 1 0 0 1
4 4.5 0° 1 0 1 0 0
5 452 135 -0.707 0.707 0.5 -0.5 0.5

(CONT.)



https://telegram.me/seismicisolation

7.21 (CONT.)

u, 12 u,
0.639 0.48 -0.639
] =A_E 0.48 0.361 -0.48 <
7.51-0.639 -0.48 0.639
-0.48 -0361 048
u v, Uy vy
0 -1 0]
K1, =£ 0 O 0 O <
6.0|-1 0 I 0
0 O 0 O
U, v, uU; Vv -
0 0 O 0]
AE |0 1 0 -1
=350 0 0 o «
0 -1 0 1
U, vy u, v, -
1 0 -1 0]
141, =£ 0 O 0 O <
45]1-1 0 I 0
0 O 0 O
u, v, u, Vv,
0.5 -05 -05 05
K1, =£ -05 05 05 -05 <
45205 05 05 -0.5
05 -05 -05 05
SOLUTION (7.22)
Table P7.22 Data for the truss of Fig.P7.22
Element Length(m) (V] c s
1 2.4 0° 1 0
2 2.6 22.62° 0.923 0.385 0.852 0.355 0.148
3 1.0 -90° 0 1
4 2.4 0° 1 0
5 2.6 22.62° 0.923 0.385 0.852 0.355 0.148

(CONT.)



https://telegram.me/seismicisolation

7.22 (CONT.)

(a) UseEq.(7.38);

U, vy Uc Ve

1 0 -1 O
AE| 0 0 0 0
[k]1=_
241-1 0 1 0
0 o0 0 0
U, Vy Up Vg
0.852 0.355 -0.852 -0.355
AE | 0.355 0.148 -0.355 -0.148 <

[k]2=_
2.61-0.852 -0.355 0.852 0.355

-0.355 -0.148 0355 0.148

0 0 0 0
AE[0 1 0 -1 <
[k)y =—
1L.oj0 0 0 0
0 -1 0 1

1 0 -1 O
AE| 0 O 0 0
[k]4 = <
241-1 0 1 0
0 0 0 0
Uc Ve Up Vb

0.852 0355 -0.852 -0.355
" AE| 0355  0.148 -0.355 -0.148 <
57 26(-0.852 -0355 0.852 0355

-0.355 -0.148 0.355 0.148

(CONT.)
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7.22 (CONT.)

(b) Global Stiffness Matrix [K] =

u, Vi Ug Vg Uc Ve Up Vb
[ 0.745 0.137 -0.328 -0.137 -0.417 O 0 0
0.137 -0.057 -0.137 -0.057 O 0 0 0
-0.328 -0.137 0.745 0.137 0 0 -0.833 0
n -0.137 -0.057 0.137 1.057 0 -2 0 0
-0417 O 0 0 0.745 0.137 -0.328 -0.137
0 0 0 -2 0.137 1.057 -0.137 -0.057
0 0 -0.833 0 -0.655 -0.273 0.745 0.137
0 0 0 0 -0.137 -0.057 0.137 0.057
R, (0
R, 0
0 Uy
0 Vg
F} =K1} 1o (=&, <
0 Ve
P up,
RDyJ L 0 J
SOLUTION (7.23)
(a) Elementl 6 =135° ¢*=05 cs =-0.5 s2=0.5
Equation (7.38): u, Y u, v,
05 -05 -0.5 0.5
AE|-05 05 05 -05
Kh=""1205 05 05 -0s h
0.5 -05 -0.5 0.5
Element2 6 =180° ¢ =1.0 cs=0 s7=0
u vy U; v,
1 0 -1 O
(&1, =A_E 0O 0 o0 O <
L |-1 0 I 0
0O 0 0 O

(CONT.)
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7.23 (CONT.)

Element3 O =270° ¢’ =0 cs=0 s7=1.0

u,o vou, v,
0 0 0 0

b -p|® 100 10
0 0 0 0
0 -1.0 0 1.0

where k'= kL/AE

(b) System matrix is 8x8. Superposition. [K | = E [£] results in

u, v u, Vv, Uy vy U, Vv,
1.5 05 -05 05 -1 0 0 O]

-05 05 05 -05 0 0 O -

-05 05 05 -05 0 0 0 O
[K]=£ 05 -05 -05 05 0 0 O O
L -1 0 0 0 100 O

0 0 0 0 000 O

0 0 0 0 000 O

0 -k 0 0 00 0 &'

where k'= kL/AE.

(¢) Boundary conditions are
Uy=v,=u;=v,=u, =v, =0

Therefore
(0 u,
-P u,

=

<

=

s S
S O O O O O

y4

The total 7x 7 stiffness matrix can be reduced to a 7 x4 matrix by using the following
antisymmetrical conditions:

U, =-us, U,=-uUy,and v, =V,
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SOLUTION (7.24)

Table P7.24 Data for the truss of Fig.P7.24

Element Length(m) 0 c s c’ cs s
1 5 53.13° 0.6 0.8 0.36 048 0.64
2 4 180° -1 0 1 0 0
(a) Use Eq.(7.38):
U Vi u, V2
0.36 0.48 -036 -0.48
(k] AE| 0.48 0.64 -048 -0.64
' 5 1-036 -048 036 0.48
-048 -0.64 0.48 0.64
U, v, Uy Vy
1 0 -1 O
AE| 0 O 0 O
[k]z =
4 1-1 0 I 0
0 0 0 O
(b) Global Stiffness Matrix
U Vi U, V2 us
[ 0.072 0.096 -0.072 -0.096 0
0.096 0.128 -0.096 -0.128 0
-0.072 -0.096 0.322 0.096 -0.25
[K]=AE
-0.096 -0.128 0.096 0.128 0
0 0 -0.25 0 0.25
0 0 0 0 0
(¢)
0 [0.322 0.096] (u,
= AE
-6000 0.093 0.128] |v,

u, 1[4 -3 0 091 .
- = 107) m
{vz} 1010°) | -3 10.063]{—6000} {-3.02}

(d)

R, -0.072  -0.096

u
R, 1 =A4E|-0.096 -0.128)*
R, 2025 0 E

4.5024
6.00321 kN
-4.5

S O O O O O

(CONT.)
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7.24 (CONT.)

(e) Use Eq.(7.39)

F,=4E[0.6 08]1">1=2000"[0.6 03] 00018 | _ 754 (©)
. T ), T H]-0.00604
0.0018 <
_u -
E,=AE[-1 o]} 2l=20010"[-1 0 ' =36 kN (T
» [ ]{—vz} 10 ]{ 0.00604} @)
SOLUTION (7.25)
Wehave E =105 GPa  A=10x10"" m?
Table P7.25 Data for the truss of Fig.P7.25
Element Length(m) (V] c s c’ cs s’
1 5 53.13° 0.6 0.8 0.36 048 0.64
2 4 90° 0 1 0 0 1
(a) Apply Eq.(7.38):
U Yy u, V)
0.36 048 -036 -0.48
AE | 048 0.64 -048 -0.64
[k]l =" <
5 [-036 -048 0.36 0.48
-0.48 -0.64 0.48 0.64
u vy UV
0 0 O 0
AE |0 0 -1 <
[k]z =
4 10 0 O 0
0 -1 0
(b) Global Stiffness Matrix
U Yy u, V) Uy v,
[ 0.756 1.008 -0.756 -1.008 O 0
1.008 3969 -1.008 -1344 0 -2.625
;1=0.756  —1.008 0.756 1.008 0 0
[K]=10
-1.008 -1.344 1.008 1.344 0 0
0 0 0 0 0 0
0 -2.625 0 0 0 2.625

(CONT.)
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7.25 (CONT.)

(¢)

Fo )y [0-756 1.0081(-0.015
10,000( ~ [1.008 3.969|] v,

10x10° = (1.008x107)(~0.015) +3.696x 10" v, or v, =0.0044 m
F_=(0.756x10")(-0.015)+1.008x107v,  or F_=-69.4 kN
(d) Supportreactions:
F,. -0.756 -1.008 69
. ,|-1.008 -1.344|(-0.015 92.1
=10 = kN
F, 0 0 0.0044 0
F,, 0 -2.625 -115.5
SOLUTION (7.26)
Equation (7.38):
12 6L -12 6L
EI| 6L 4L -6L 2I°
[k]=[K]=—
=12 -6L 12 -6L
6L 20 -6L 4L
(a) Boundary conditions are v, = 6, = 0. Equation (7.45a) becomes
-PY EI[12 6L7 (v,
o[ 2|eL 4r*|]6
, PI? Pl
Solving, 6, = v, =-
2EI 3EI
(b) Equation (7.45a):
(F,)) 12 6L -12  6L](-PL'/3EI
M| EI| 6L 4L -6L 2I'|| PI*/2EI
\E, [ Fl-12 -6L 12 -6L 0
M, 6L 20 -6L 4L 0
Solving
F, _p
M, 0
<F2y = P
M, -PL
where Fzy=R2=P
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SOLUTION (7.27)

Due to the symmetry only one-half of the beam need be considered. Referring to
Case 3 of Table D.5, equivalent nodal forces obtained (see Fig. a).

pLI4 @ pL/4 Boundary conditions are v, =6, =0
Y y We have M, = —pL2/48 and
2
pL7/48 ( ) _
1 2| PL/48 F,, =-pL/4
— 1, - L __ Equation (7.45a), with element
2 of length L, = L/2.

Figure (a) Equivalent
nodal forces

pL’[48) EI[ AL -6L(6,) SEI[ L -3L](6,
—pL/4| L |-6L,  12||v,| I |-3L, 12]|]|v,
Inverting
6 L [12/0 3/L](pL’[48
v,| 24EI| 3/L 1 ||-pL/4
0, —pL’ [24EI
or = <
v,[ |-5pL'/384EI

This is the exact solution (See Table D.4)

SOLUTION (7.28)
Due to symmetry, only one-half of the beam need be considered.
12 6L -12 6L
El| 6L 4L -6L 2L
PR [k ]1 =73
L |-12 -6L 12 -6L

|<— L —
2, 6L 2I} -6L 4I*
1]

A

A

® Cék/z 0 000
_— EIKC/ET 0 0 0
[k]2=_3
L 0 0 0 0
0 0 0 0
Therefore
12 6L 12 6L]
£ 6L 41° -6L 2I?
[K]=— 3
L |-12 -6L 12+ki —6L
EI
6L 2I* -6L 41’

(CONT.)
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7.28 (CONT,)
(a) Boundary conditions are v, = 0 and 6, = 0. Equation (7.45a)
with £, = —P/2 and M, =0:

41’ ~6L
0 El 6,

=7 kL
-P/2| L |-6L 12+—||v

EI

Introduce the data and solve:

v, =-7.9338 mm 0, =-2.9752 rad
(b)

[ 12 6L -12 6L]
5] 6L 4r -6L 20 0
0| EI 3 2972 s
16, [T |-12 —6r 12+* 61|]-7.9338
M El 0
2 6L 2 -6L 4
or )
(F,) [ 520 kN
1F, L= -3.80 kN
M,| [-208 kN-m
Fpe = 200(7.9338) =1.587 kN (C)
From symmetry: ] =F, =5.20 kN
SOLUTION (7.29)
PP P4 Boundary conditions are
! @ ! v, =0
PL/8 C ) PL/S  Wehave
1 2 PL
* L M,=-M,=—
Figure (a). Equivalent 8
Nodal forces. P
Fy=Fy ==~
’ 2

Equation (7.45a) reduces to

(s}~ o)fo)

Inverting
-P[2) _(-5PL’[48EI
PL/8 —PI*[8EI

v, L [ 3L
6, 6EI

3L 6
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SOLUTION (7.30)
wen (EI) EI El/4 EI

ehave (—), =—- =—

L’ r L 4r

So, the stiffness materices [k], +[k], and [K] are the same as obtained in
Example 7.10.
Boundary conditions are v, =0, 6, =0, and v, = 0. Equation (f) of Example 7.10

EI
and (7)2 =

becomes
v, 28L 18 =30 |(-P
L2
0,!= 18 51/L —39/L 3PL
276EI
0, -30 —39/L lll/L 0
e |0 pr | 2
276E1 69EI
—48/L —12/L
Substituting the given data:
v, 20x10°Y(1.2)° -8 -1.936 mm
L= (30x )(3‘ 168121 0.041 rad <
69(207x107)(15)
0, -96 -0.023 rad
SOLUTION (7.31)
(a) The three element stiffness are identical. Equation (7.46):
12 6L -12 6L
(K], = [K], = [K] EI| 6L 4L -6L 2I
ERTER T 2 6L 12 6L <
6L 2I° -6L 4L
(b) The beam stiffness matrix, [K]=[k], +[k], +[k];, is assembled as
2 0, v, 0, v, 0, v, 0,
[ 12 6L -12 6L 0 0 0 0
6L 4L -6L 2L 0 0 0 0
-12 -6L 24 0 -12L 6L 0 0
EI| 6L 20) 0 8 -6L 2L O O
[K]=— <

r 0 0 -12L -6L 24 0 =12 6L
0 0 6L 2I° 0 81> -6L 2I°
0 0 0 0 -12 -6L 12 -6L
0 0 0 0 6L 2 -6L 4l

(CONT.)
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7.31 (CONT.)

Boundary conditions are :

v, =v,=v,=0,=0

System governing relations, from . (7.40):

(P W
0 0,
F, 0
M 0
o2l=[k]d 2L <
F, 0
M, 0,
E o
M, 0
SOLUTION (7.32)
(a) Use Eq.(7.45a):
Vi 0, V2 0,
12 6L -12 6L
ik = Z 6L 4L’ -6L 2L <
D |-12 6L 12 -6L
6L 20 -6L 4L
v, 0, V3 0,
12 6L -12 6L
EI| 6L 4L -6L 2L
[k]z =73 <
L |-12 -6L 12 -6L
6L 20’ -6L 4L
(b) Assemble the global stiffness matrix of the beam: [K]=[k], +[k], . Then,
(R ) (12 6L -12 6L 0 0 7w
M, 6L 4L’ -6L 2L’ 0 0 1||6
R, EI|-12 -6L 24 0 =12 6L ||v,
{ = — 5 5 5 1) <«
M, L |6L 2L 0 8L -6L 2L ||6,
F, 0 0 -12 -6L 12 -6L||v,
M, 0 0 6L 20 -6L 4L ||6,

(CONT.)
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7.32 (CONT.)

(¢) The boundary conditions are v, =0, 6, =0, and v, =0, Hence

P 12 6L 6L](v
El N,
0 l="C|6L 4> 21*|l6,

L 2 2
0 6L 2I* 8I*||6,

Solving

7P 3P’ PI*

v, =— , 0, = , 0, = S |
12EI AE] 4AE]

(d) Introducing these equations into Eq. (1), after multiplying :

5
F, =-P, M, =0, R, =—P
7 2
3 1 <
M, =-PL, R =-—P, M,=—PL
2 2
(e) lP
<1 L P2 L 3
VoA <
i
/:*’/,’;x};?//x: /’j e x
]
3P2 e
SOLUTION (7.33)
Table P7.33 Data for the truss of Fig P7.33
Element Length(m) 0 c s c’ cs s
1 7.5 36.9° 0.8 0.6 0639 048 036

2 6 0° 1 0 1 0 0
3 45 90° 0 1 0 0 1
4 45 0° 1 0 1 0 0
5 45\2 135 -0.707 0707 05 -05 05

(CONT.)
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7.33 (CONT.)

Apply Eq.(7.38):
U
0.639
AE | 0.48
[k]1 =
7.51-0.639
-0.48
u v
1 0
AE| 0 0
[k]z =4
60(-1 O
0 O
U, "
0 0
[k]3 =T e
4510 0
0 -1
Uy vy
1 0
AE| 0 0
[k]4 =T s
45 (-1 O
0 O
U,
0.5
AE |-0.5
Kl = 22
L& 4572 (-0.5
0.5

0.48

0.361
-0.48
-0.361

oS O O O

-0.5
0.5
0.5

-0.5

-0.63
-0.48
0.63
0.48

0.5
0.5
-0.5

Va
9 -048 |y,
-0.361|v,
9 048 |u,
0.361v,
Va
0.57u,
-0.5(v,
-0.5(u,
0.5]v,
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SOLUTION (7.34)

Table P7.34 Data for the truss of Fig.P7.34

Element 0 c s c? cs s2
1 0° 1 0 1 0 0
2 60° 05 0866 025 0433 0.75
3 120° -05 0866 025 -0433 0.75
4 0° 1 0 1 0 0
5 60° 05 0866 025 0433 0.75
(a) Use Eq.(7.38):
u, v, u, v,
I 0 -1 07w
AE1 0 O 0 O]v
[k]1 =, 1
L |-1 0 1 0]uy,
0 0 0 O0fv,
U, Vi u, Vs
0.25 0433 -025 -0433
. AE | 0433 075 -0433 -0.75
k], = L |-025 -0433 025 0433
-0433 -0.75 0433 0.75
u, v, u, v,
025 -0433 -025 0433
. AE 1-0433 0.75 0433 -0.75
k) = L |-025 0433 025 -0433
0433 -075 -0433 0.75
U, v, U Vs
I 0 -1 07w,
AE] 0 O 0 Ofv
[k]4 = ’
LI[-1 0 1 0wy
0 O 0 Ofv,

(CONT.)
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7.34 (CONT.)

uy v, u, v,

025 0433 -025 -0433]u

AE| 0433 075 -0433 -075 | v,
K=" 12025 —0433 025  0433|u,
~0433 -075 0433 075 |v,

(b) Global Stiffness Matrix [K ] =

U Vi u, Vs Uy V3 Uy Vy
1.25 0433 -025 -0433 0 0 -1 0 1y
0433 0.75 -0433 -0.75 0 0 0 0 \Z
-025 -0433 1.5 0 -1 0 -0.25 0433| u,
AE|-0433 -0.75 0 1.5 0 0 0433 -0.75 | v,
L 0 0 -1 0 1.25 0433 -025 -0433] u,
0 0 0 0 0433 075 -0433 -0.75 | v,
-1 0 -0.25 0433 -025 -0433 15 0 u,
0 0 0433 -075 -0433 -0.75 0 1.5 Vv,
Rlx
R1 y
0 u,
P v,
F} =[K]{0}; L= K L
(F} = K140} 1o =Kk,
0 Vv,
R4x 0
R, y
SOLUTION (7.35)
We have AE=30 MN.
Table P7.35 Data for the truss of Fig.P7.35
Element Length 0 c s cs 8
1 5 5313° 06 08 036 048 0.64
2 4 0° 1 0 1 0 0

(CONT.)
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7.35 (CONT.)
(a) Use Eq.(7.38):
u, 2 u, v,
036 048 -036 -048] u
AE| 048 064 -048 —064|v,
Kh="5"1_036 —048 036 048] 4,

-048 -064 048 0.64] v,

U, v, U3 Vs

1 0 -1 07w,

AE| 0 O 0 O0]v

[k]z =7, ’
4 |1-1 0 I 0| u

0 O 0 O] v,

(b) Global Stiffness Matrix
u, 2 u, v, u, v

o8}

0072 0096 -0072 -009 0 07y
0096 0128 -0096 -0128 0 0],
~0072 -0096 0322 009 -025 0|u,

[K]= AE
~0096 -0128 009 0128 0 0w,
0 0 ~0250 0 025 0| u
0 0 0 0 0 0w,

(¢) Boundary Conditions: u; =V, =u; = v; = 0.

F,. 0322 0.096] (u,
- AE
F 0.096 0.128]]v,

2y

i, 174 -3 0 0.0010
v, [~ AE|-3 10.063]]-10,000{ ~ 1= 0.0039[ "

F, ~0.072 -0.096 7632
Fi| _ gl 0:096 ~0.128 { 0.0010 }= 10176
F,, ~0250 0 []-0.0039( |-7500
F, 0 0 0

(CONT.)
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7.35 (CONT.)

(e) Use Eq.(7.39)

AE 0.001
F,="2J06 08 -_15.12 kN (C
o5 [ ]{-0.0039} ©

AE ~0.001
F.=2=[1 0 -_75kN (C
S| ]{0.0039} ©

SOLUTIONS (7.36 through 7.39)

It is important to take into account any condition of symmetry which may exist. Use a two-
dimensional finite element program or ANSYS.

SOLUTION (7.40)
(a) Refer to Fig. 7.25a:

1 Pm=P (2p;+pw)
Q) =3t +3=5" It = it ===

1 2 Pu=P _ (2pu+p;)
Qm = Epjhlt +§T’hlf = hltT/

(b) Refer to Fig. 7.25b:

2 2
Txy = _t = 43t;3 (h - y ) (a)
Substituting Eq. (a) into the given expression for Qm :

0, =55 [ =y )y =y )dy

ey (=2 -2
AT T Sab A Galve . 2w,
7 J

This leads to the first of Egs. (7.79). Similarly,
0, = t,udy-0, (b)

Substituting Eq. (a) and Q,, (from the first of Eqs. 7.79), Eq. (b) leads to the second of
Egs. (7.79).
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SOLUTION (7.41)

Qy3 Qy4
P 14
3{1cm (b)
N S i_, X
1
@ P=5 kN
il 4 cm 2

Body force effects:

{Q}i = %At{Qxl’ szs Qx3a lea QyZ’ Qy3}

= 1(4x0.3){0, 0, 0, - 0.077, = 0.077, = 0.077} N

or

{0} =10,0,0,0, -0.0308, - 0.0308, —0.0308, —0.0308, 0} N
Similarly,

{0} =10, 0,0,0,0, —0.0308, - 0.0308, —0.0308} N
Hence,

0} = {0, +10};

or

{0} =10, 0, 0, 0, —0.0308, —0.0616, —0.0616, — 0.0308} N

Effect of shear force, P:
From Case Study 7.1,

{0} =10, 0, 0, 0, - 2500, — 2500} N
Surface traction effects, p:

Total load (4 x0.3)700 = 840 N is equally divided between nodes 3 and 4. Thus,
{017 =10,0,0,0,0,0, —420, - 420} N

Thermal strain effects:

We have £, = 12(107°)50 = 600 w and

1b1 b, b 0 0 0
[B]”=ﬂ0 0 0 a a, a

a a, a; b b, b

-2 2 0 0 0 O
0 0 0 -4 0
-4 0 4 -2 2 0

1
8

Hence,

{0}, =[B],[D1{e,} (A1)

(CONT.)
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7.41 (CONT.)

2 0 -4

2 0 0

1o o alaaen]! 030 [e00s
_2 20905 1 0 |leooula
8| 0 -4 -2/ 0091
0 0 035]| o
0o 0 2
0 4 0

After multiplication, this gives
{0} ={-5142.85, 5142.85, 0, -10285.7, 0, 10285.7} N

or

{0} = {-5142.85, 5142.85, 0, 0, —10285.7, 0, 10285.7, 0} N

Similarly,

. b, b by 0 0 0

[B], = 1 0 0 0 a, a, a,

a, a, a,; b, b, b
0o 2 -2 0 0 0
= % 0 0 0 -4 4 0
-4 4 0 0 2 -2

Thus,

{0} = [BI;[Dl{e,}(41)
= {0, 5142.85, - 5142.85, —-10285.7, 10285.7, 0} N
or {0} =10, 0, —5142.85, 5142.85, 0, —10285.7, 0, 10285.7} N
Hence,
{0} =1{0}, +1{0},
or {0} = {-5142.85, 5142.85, — 5142.85, 5142.85, — 10285.7,
-10285.7, 10285.7, 10285.7} N

The system nodal force matrix:
0} =10} +{0}" + {0} + {0}
= {-5142.85, 5142.85, - 5142.85, 5142.85, - 10285.7,
-12785.76, 986.64, 7365.67} N

System equation:

{Q} = [K]{Oa Uu,, 09 Uy, 0’ Vs 09 V4}

where
[K] is given by Eq. (n) of Case Study 7.1.
(CONT.)
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7.41 (CONT.)

Since we have only 4 unknown quantities u,,u,,V,,V, (and 8 equations are available),

there are redundant equations. Examination of these system of equations shows that:
[K] is reduced by crossing out; row 1 and column 1 for #; = 0, row 3 and

column 3 for u; = 0, row 5 and column 5 for v, = 0, row 7 and column 7 for v; = 0.

{O} is reduced by crossing out O, O 5, O 1, O, ;-

for
Uy =uy;=v,=v, =0

Thus, from the reduced equations, we obtain

(u, ) 0429 0.180  0.252  0.247
u, 10 0.180 0483 -0.256 -0.351
[ 0252 -0256 1366 1.373|]-12785.76
v, | 0.247 -0.351 1.373 1.546
or
(u, ) 1728
4098
J e | = 107 cm
v, - 7302
v, | -6702
SOLUTION (7.42)
y 3, (1000 N/cm
¢ <]
Hiem (a) “—
______ — —e——] g J——3 X
e (b) |§F-P=4kN
2 4 cm 4 500 N/em
We have
210107 _
n= 7310 3
_ 283107 _
m= 7(10°) 0
(106 3 030
[D]= (10°) 5 1 0
1-3(0.1)
0 0 0.39
Then
[D'] =421 = C7IL)
3 030
=0.13(10°(03 1 0 (a)
0 0 0.39

(CONT.)
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Element a:
Equations (7.68), with reference to the preceding figure yield

Substituting Egs. (a) and (b) into Eqs. (7.54), we obtain (in 10°):

a, =a, =-4 b=b=0
a,=a;=0 b, =b,=2
a, =a, =4 b, =b ==-2

m

k11 =0.13[3(4) +0.39(16) + 0] = 2.37
kyy1n = 0.13[0 +0.39(=16) + 0] = -0.81
k13 =0.13[3(-4) + 0+ 0] = -1.56
ko =0.13[0 +0.39(~16) + 0] = -0.81
Ky =0.13[0+0.39(-16) + 0] = 0.81
Ky =0.13[0+0+0]=0

k. . =0.13[3(-4)+0+0]=-1.56
ks =0.13[0+0+0]=0

k

uu,33 = 013[3(4) + 0 + 0] = 156

uu,31

(b)

Similarly, remaining matrices are determined. Stiffness matrix for the element a (in 10° ) is:

[k], =

or

[k], =

237 -081 -1.56:-0.72 031 0.417

-0.81 0.81 0 0.41 0 -0.41
-1.56 0 1.56 0.31 -0.31 0
To72 oA 031 28 T8 T030]
0.31 0 -0.31:-2.08 2.08 0
041 -0.41 0 -0.20 0 0.20
237 -0.81 -1.56 0 0.72 0.31 0.41
-0.81 0.81 0 0 0.41 0 -0.41
-1.56 0 1.56 0 0.31 -0.31 0
0.0 0 0 0 0 0 0
-0.72 0.41 031 O 228 -2.08 -0.20
0.31 0 -031 0 :-2.08 2.08 0
041 -041 0 0 {-0.20 0 0.20
0 0 0 0 0 0 0

S O O O

S O O O

(CONT.)
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Element b:
Equations (7.68), referring to the preceding figure, now give

a,=a,=0 b =b,=-2
a, =a, =-4 b, =b, =2

J

a, =a, =4 b,=b=0

Introducing Eqs. (a) and (c) into Eqgs. (7.54), we obtain (in 10° ):

Ky = 0.13[3(4) + 0+ 0] = 1.56
Kpuns =0.13[0+0+0]=0
Ky na = 0.13[3(~4) + 0+ 0] = —1.56

The remaining terms are obtained in a like manner. The stiffness matrix for the
element b (in 10°):

156 0 -156| 0 -031 031]
0 081 -081 (041 0 0.41
~1.56 -081 237 | 041 031 -0.72
S R WY A A R L
~031 0 0311 0 208 -2.08
031 041 -072 {-02 =-208 228
or
0 0 0 0 fo o 0 0
0 156 0 -1560 0 -031 031
0 0 081 -081:0 -041 0 0.41
0 -156 -081 2370 041 031 -0.72
R Y S S o 0
0 0 -041 0410 020 0 -0.20
0 -031 0 0310 0 208 -2.08
0 031 041 -072/0 -020 -2.08 2.28]

The system matrix is found by addition of the matrices of the elements @ and b:

[K]=[k], +[k],

That is (in 10°%),

(c)

(CONT.)
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237 -081 -156 0 [-072 031 041 0
~081 237 0 -156/ 041 0 072 031
~156 0 237 -081} 031 -072 0 0.41

0 -156 -081 237 0 041 031 -0.72

BI= 10704 031 0T 228 -208 -020 0 |

031 0 -072 041;-208 228 0  -020
041 -072 0 031:-020 0 228 -2.08
0 031 041 -072} 0  -020 -2.08 228

Nodal force matrix:
Equations (7.78) lead to

2[2(500)+1000]
Qj=Qx4=_ — 6 =-667 N

2[2(1000)+500]
Qm=Qx3=_ 6 =_833N

Due to the shear, we also have
0,,=-2000 N, 0O, =-2000 N
Thus,
{0} = {0, 0, - 833, — 667, 0, 0, — 2000, — 2000} N

Nodal displacement equation:

{6} = {Os 0, Us, Uy, 09 09 Vi, V4}

The system equation:
The redundant equations are eliminated by crossing out the 1, 2" )5
and columns. This leaves

th th
,and 6 rows

- 833 2.37 -0.81 0 0.417 (u,
- 667 _10°|” 0.81 237 031 -0.72]|u,
—-2000 0 0.31 228 -2.08(|v,
- 2000 041 -0.72 -2.08 2.28]||v,

Solving,

u, =0.001226 cm u, =-0.002324 cm
v, =-0.013092 cm v, =-0.013742 cm

Stress in element a:
The strain matrix is

(CONT.)
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ruiw
u.
sxlblbjmeOOJ
u
e l=—I10 0 O a a. a "
Y[ 24 S
J/w ai aj am bi bj bm
V.,
J
vm
0o 2 -2 0 0 0
10°°
= 2 0 O 0 -4 0 4 (]
-4 0 4 0o 2 =2
307
-3273
Then,
Gx
o,t =[Dle},
Oy,
oo [P 030 ][ 307
=(—) 03 1 0 0 107°
0.97

0 0 0.39||-3273
= {66.46, 6.65, —92.12} MPa

Stress in element b:
The strain matrix is

el ge[2 20 0 0
et =—g| 0 0 0 0 -4
- 0 -4 4 -2 2

= {581, 325, - 1661} u

1226

-13,092

2324
-1226

- 13,742

13,092

(CONT.)
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303 -5817( -581
_7000) 4

X

Thus, 325 325
! 0.97
ol, 0 0 -1661||-1661
= {-118.75, 10.88, — 46.75} MPa
SOLUTION (7.43)
Ya
L3 4
(a) lcm
oF-—-—- — - ——»x
) (b) lcm
48 4 cm 2

Stiffness matrix of element a:

Leti=1, j =4, m = 3. Then,
x, =0 x, =4 x;=0
y=-1 V=4 y;=1
Equations (7.68) give
a,=0-4=-4 b=1-1=0
a,=0-0=0 by=1+1=2
a;,=4-0=4 by=-1-1=-2
We have

e [33 099 0
[D*]=? 099 33 0

0 0 1.16

Equations (7.76) in 10° are thus,

Kty =[0+1.16(16)]/8 =232 k.., =[0+0+0]/8=0
Kpurs =[0+1.16(-16) +0]/8 = =2.32  k,, ., =[3.3(4)+0+0]/8 =1.65

Kpay =[3.3(-4)+0+0]/8=-1.65 k,, 5 =[3.3(4) +0+0]/8=3.97

These can be written as follows:

232 -232 0
k, =|-232 397 -1.65[(10°%
0 -1.65 165
(CONT.)
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Similarly, we find submatrices kw and kw . In so doing and after assembling these matrices,

we obtain the stiffness matrix for the element a (in 10° ):

232 =232 0 0 1.16 -1.16]
~232 397 -1651 099 -215 116
0 -1.65 165{-099 099 0

el =g 099 -099 | 66 -66 0
116 -2.15 099 {-66 7.8 -0.58
~1.16 1.16 0 0 -058 058

Stiffness matrix for element b:
Leti=1, j =2, m=4. Then,

a,=4-4=0 b =-1-1=-2
a,=0-4=-4 b =1+1=2
a,=4-0=4 b, =-1+1=0

Then, Eqs. (7.54) yield (in 10°):
k1 =13.3(4)+0+ 0]/8 =1.65
kyin =[3.3(-4)+0+ 0]/8 = -1.65
ks =[0+0+ 0]/8=0
k2 =[3.3(4) +1.16(16) + 0]/8 =3.97
Kyyrs =[0+1.16(~16) + 0]/8 = -2.32
ks =[0+1.16(16) + 0]/8 = 2.32

1.65 -1.65 0
or k, =|-1.65 397 -2.32/(10%

0 -2.32 2.32

Similarly, we obtain submatrices kw and kw . In so doing and after assembling these matrices,

we determine the stiffness matrix for the element b (in 10° ):

165 —-1.65 0 0 0.99 =0.997
~1.65 397 -232¢ 116 -2.15 0.99
0 -232 232 -116 116 0
L 116 -1.16 | 058 -058 0
099 -2.15 116 -058 7.8 -66
~099 099 0 0 -66 66

(CONT.)
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Prior to addition: the 2™ and 6™ rows and columns of zeros are added to the

matrix [k],; the 3" and 7" rows and columns of zeros are added to the matrix [k],.

The system matrix:

[K]=[k], +[k],

is then (in 10°):

397 -1.65
-1.65 3.97
-232 0

0 -232

[K]=

0 1.16

099 -2.15

1.66 O
-2.15 099

-232 0 0 0.99
0 -232 1.16 -2.15
397 -1.65¢ 099 0

-1.65 397 -2.15 1.16
099 -215: 7.18 -0.58
0 1.16 { —0.58  7.18

-2.15 099 -6.6 0
1.16 0 0 -6.6

The force-displacement relation, Eq. (q) of Case Study 7.1 becomes

0 3.97 -2.32
0 ~232  3.97
12 =215 1.16
_25 099 0
This yields
u, 4832 179.9
u, L1786 429
v, 3579 —247
v, 2558 —251.7
~1534.35
1246.325|
= 10™)
—433
17.125

~2.15  0.997(u,
116 0 ||u,
7.18 -6.6 ||v,
6.6  7.18||v,
3579 2258
~246.8 2517
1546 1373
~1373  -1366
cm

1.16

0

-2.15
0.99

-2.5
-25

-2.15]
0.99
1.16

-0.58
7.18

(CONT.)
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Stresses in element b:

ful
U,
€. BB b 0000
u
£, =ZO 0 0 a a a4<v4>
1
Vo l, a, a, a, b b, b,
V)
MV4
0
_|-=1534.35
-2 2 0 0 0 O
107° 1246.325
= 0 0 O 0 -4 4] L
8 0
0O -4 4 =2 2 0
-433
17.125
= {-383.6, 225, 1282} u
Thus,
o) onon ]! 030 [ -
o | 2200000105 1 325
d 091
Ty, 0 0 0.35[|-1661
= {-118.75, 10.88, — 46.75} MPa
Stresses in element a:
[ 0
0
£, 0 -2 2 0 0 0
’ 107° 1246.325
gy = O O 0 —4 4 O . -
8 0
Yo -4 4 0 o -2 2
a 0
L17.125
={311.5, 0, 4.28} u
o, 200(10° 1 03 0 311.5
o8 20U 65 0
091

0 0 035 4.28
= {68.46, 20.54, 0.33} MPa

)
Xy a

End of Chapter 7
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CHAPTER 8

SOLUTION (8.1)

(a) From Eq. (8.13), we have
O,H,min = p, (1 + bz) pz bz 2

=4 Pz a +b2
OH,max (1 + bZ) pl
Hence,

T max _ az+b2 _ a2+(1.1a)2 _
Ogmin  2a° 24* 1.105 <

(b) Using Eq. (8.16),

- _ b*
O(-),max - 2p0 b2_q?

2 2
Gﬂ,min = _pO Zz:r:jz
Thus,
T max — 2b2 _ 2(12161)2 _
Ogmn  bP—a*  221a° 11 <
SOLUTION (8.2)
Equation (8.20):
a’ 0.6 p,
o, =2 =45 2 0.5625p, =140
or

p, =248.9 MPa
Equation (8.13):

_ b’+d* — 12406 — -
GO,max - bztgz pi - 12+062 pl 212pl - 140

or

p, =659 MPa
Equation (8.10):

Tax = bfi_az =12_lwp,- = 15625p1 =80

or

p; =512 MPa = p,,

SOLUTION (8.3)

(a) Initial maximum tangential stress, from Eq. (8.13),
— b2 +a® _ n*+l
0 _pi P-a® :12—1 pi

2
= n” -1
or pi - Ge n’+l

After boring, denoting the inner radius by 7, we have

22 2 2 242 472
AOy + 0y = Py, =37 00 i,
or (Ao, +0,)n* +)(n’a’ -r}) =" -Do,(n’a’ +r])

(CONT.)
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or (Ao, +0,)n* + )n’a® = (n* =Do,n’a’

=r’[(Ao, +o,)(n* + 1)+ (n” -1)o, ]

This gives the new inner radius in the form

;o= [ZnZaZU@+Ac79(nz+l)n2a2 ]% <
x = Ay (n*+1)+20,n°
(b)
[ 2(4)(0.025)2 04 +0.10, (5)4(0.025)* 13
ro=| 0.10, (5)+20, (4) ]
=0.02712 m =27.12 mm <
SOLUTION (8.4)

Using Eq. (8.13)
2 2
Gﬂ,max =D; Zzisz

280 _ 7 (06)°+b”

2 b*=(0.6)*
Solving, b = 0.6308 m. Therefore,
t=b-a=630.8-600=230.8 mm <
SOLUTION (8.5)

(a) Equation (8.13) and (8.16) give at r=a:
b*+d’ b2
2_, —a

Ogr =DPi 7> Oy, =-2p, »

Then, |091| = |(702

2

. b +a® _ b*
> pl‘ p_a® 2[90 b2 _a?

or
P2t _ 264 6 <

Po a*+b? a*+4a®

(b) By neglecting the strain €, in the longitudinal direction,

g =5 (0p +Vp)), €9y = 1 (0g, +VP,)
Then,

|861| = |592|
gives

Oy, +Vp, =04y, —VP, (2)
But

(CONT.)
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Hence, O, =1.66p,
We also have

Ogy _ _2b2  _ 2(4d°) _
Po b*-a® 44 -a® 266

or

0,y =2.66p,

Substituting Egs. (b) and (c) into (a) and letting v = 1/3:

2 =116

(b)

(©)

SOLUTION (8.6)

Equation (8.14), substituting the given data yields
U = agl (a +b? S +v)

0.6(7x10(’) 0.62+0.63082
= .6~ +0, +0.3
200x10° (0.63082—0.62 )

=0.426 mm

SOLUTION (8.7)

(a) Wehave €, = u/l’ where # is defined by Eq. (8.14). Thus, at r=a:

_ Di b +a®
g@,max - b2_q? +V]

(b) Introducing O, O,,and O, from Egs. (8.12), (8.13) and (8.20) into Hooke’s law

&y =lo, -v(0, +0.)]
we have

_ P bz+(1—v)a2
gﬁ,max - E b2 _q? +V]

Substituting the data, Eq. (a):
0.001 = QU9 asa’ 4 1]

200(10°) L 4-a 3

Solving, @ =1.41 m. Then,
t=2-141=059 m=1,,
Similarly, Eq. (b) yields
0.001 = 60(10°%) [4+2a /3 3]

200(10%)

or a=1.48 m; t=0.52m

(a)

(b)

SOLUTION (8.8)

Equation (8.13) at r=a:
o, =252005 (60) = 65 MPa

0.max ~ 02570052

(CONT.)
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Equation (8.12) at r=a:
o =-p, = -60 MPa

r,max

Equation (8.10):
T =807 _ 655 APy

max "~ 0252-0,05
Equation (8.20) with p, =0

o. =208 _ 925 MPa

Z 0.25-0.05
Stress-strain relationship is given by

g, =+lo, -v(o,+0,)]=% (a)
Substituting Eqgs. (8.12), (8.13), and (8.20), this expression results in at r=a:
u= E(b"z"_"az) [(1-2v)a® +(1+Vv)b*] (P8.8)

Introducing the given numerical values, we obtain

= M[OA(0.0SY +1.3(0.25)7]

T 72x10°(0.252-0.052
=0.0571 mm

The change in the internal diameter is therefore,

Ad =2u =0.1142 mm <

SOLUTION (8.9)

Equation (8.19):

_ _2(025%(60) _
Oomax =~ 025005 — 125 MPa

Equation (8.15) at r=b:
r,max = _po = _60 MPa
Equation (8.20) for p, =0
= __025%60) _ _

O, =~ o 00 = 62.5 MPa

Equation (8.9) atr=aand p, =0:
2
T, = -l o QOB _ 655 MPg

max b -a* 0.25%-0.05>
Substitution of Egs. (8.15), (8.16), and (8.20), into Eq. (a) of Solution of
Prob. 8.8 leads to for r=a:

ap,b*
u= —E(b’;_az)(Z—v) (P8.9)
0.05(60x10)(0.25%) _
T 72x10°(0.257-0.05%) (2-0.3) = -0.0738 mm
Thus, Ad = 2u = —0.1476 mm <
SOLUTION (8.10)

Given: b=0.1m c=03m a=0
6 =0.001(0.1) = 0.0001 m

Using Eq. (8.23):
(CONT.)
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_ES SA-p? _ 200x10°(0.0001) 0.09-0.01 <
p=55= 0l 2(0:09)
= 88.89 MPa

Then, letting p = p, = 88.89 MPa, Eq. (8.8) gives at r=b:

b p—c? _
0, =0 =200y or)

-’ A-p?
After substituting the numerical values, this equation results in
p, =49.38 MPa
SOLUTION (8.11)
(a) Using Eq. (8.18),
09 max _ az+b2 _ 4
p o b-a® 3

or b=2.65a
Then, %

Hence,

(b) Neglect longitudinal strain and consider
o, =-p, =63 MPa
o, =% =84 MPa
Therefore, for a = 0.075 m and b =2.65a :

_ _ 2pia ra®+b? _2(63x10°)(0.075) 14 , 1
Ad =¢,(2a) == [i=F s +v]="000 5 +3]

=7.4(107) mm <
Alternatively, use Eq. (8.14) and let Ad = 2u.

SOLUTION (8.12)

Introducing various values of P, as given in Fig. 8.4, into Egs. (a) and (8.21) of Sec. 8.3,
it is seen that O, and S values as shown in the figure are found.

For example, let P =1 or p, = p,.

Then,
Oy =P b 0, =, <
And S = 3—; =10 =1
or
Oy =0, o S=1 <
SOLUTION (8.13)

(a) Fore, =0; [0, -v(0, +0,)/E =0, using Egs. (8.8),
(CONT.)
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2 2
o, =v(a, +0,) = 2estn) “«
(b) Similarly, for O, = 0:
2v(a’pi=b’p,)
32=—%(0r+09)=—vmﬁ—_azf <
SOLUTION (8.14)
At r=a: from Eq. (8.18),
2 2
Gﬂ,max = :Zzizz pi = %pl
and from Eq. (8.12),
Gr,lnax = _pi'
Energy of distortion theory:
2 293
PG -GN +DT =0,
<
or p; =0429%
Maximum shearing stress theory:
%pi _(_pz) =Gyp
or p; = 0.375Gyp <
SOLUTION (8.15)
We have, at r=a:
2 2 2 2
O max = Zi:z p; = Zzztzz Pi=3P
O-r,max = _pi
or
p, = 0.8(350) = 280 MPa <
And |O'u = |pl. , p; =350 MPa
(b) Using Eq. (4.12a),
5p; _ TP _ 1
4(350) ~ 630
Solving,
p, =193.8 MPa <
SOLUTION (8.16)

From Eq. (8.18) for r=a:
p, = 3508007 _ 35 31 MPqg

(0.25)%+(0.05)*

Total radial force on the contact surface is 27taLp and total frictional force equals 2mapL.

(CONT.)
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Hence, Torque= 2mapLu(a)

=27(0.05°)(32.31x10°)(0.2)
=5.073 kN -m <

SOLUTION (8.17)

Let €, €., and €_,, €_, be initial and final compressive and tensile strains in the
shaft and in the cylinder, respectively.

Also, let 0,,, p, and O,, p, denote the initial and final maximum stresses
and contact pressures, respectively. Then,

Eqgte =€ tE, (a)
Here,
eq=1(p -Vp) =% P
£, =150, +W) =22+ =%p
€ =%[(p2 _W?z)"'ﬂ
=+[p,(1-9)+ 3n(005)]
= 43 p, + e

From the condition of linearity,

%92 _ P2 . 991 2p

01 n pzl’]_pzm 2p2
;
and L2=E(O-92 +W’2)—E(2p2 "'sz)_ﬁ
Equation (a) is thus,
2p 7p, 7
3_E]+31_E(3p2 ]90986)+ 1Py
from which

p, =p, +636.62

Hence,

Ap = p, - p, = —636.62 kPa <

SOLUTION (8.18)
From Eq. (8.22),
2 2
6= (B +v,) 4 P (v
0
2 2
BLA (S5 +v,) + 4 (225 —v )]

or p=

Substituting the given data, this gives p = 9.01 MPa
Stresses in the steel cylinder, using Eq. (8.16),

(09)r=a — 2(901)(106)(008) 2403 Mpa

(0.08)%-(0.04)>
(CONT.)
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(0 -a0s = =9-01(10°) GEE=008

(0.08)>-(0.04)*
=-15.02 MPa
Stresses in the brass cylinder, from Eq. (8.13):

(04,005 = 9-01(10°) L1008

(0.14)>-(0.08)?

=17.75 MPa

2(9.01x10°)(0.08)>
(09)r=0.14 = (0. 14) -(0. 08) = 8 74 MPa

SOLUTION (8.19)

(a) Using Eq. (P8.18),
_ (0.5/2)(107%)
p 1 (0152+0.1% 1-0.29
. 33 [+
72(109)L0 152012 200(10%)

=56.49 MPa

(b) From Eq. (8.14), for r=b:
_2d%p,  _ 2(0.1)*(0.15)(56.49x10°)
TOE@-a%) T 72x10°(0.152-0.1%)

=0.1883 mm
0 =2u =0.3766 mm

SOLUTION (8.20)

(a) Using Eq. (8.14), we have at r=a:
2 - [(1- v)a +(1+v)b’]

a E(bz -a%)
from which

_ 8oE(b*-a*)
p= a2[(1-v)a* +(1+v)b*]
(b) Substitution of Eq. (P8 20) into Eqs (8.12) result in

O =) +(1+v)b2 (-7

O (1-v)a® +(1+v)b2( +

(P8.20)

<

SOLUTION (8.21)

Equation (8.14) at r=b:

__o __(bz o +Vv) = bfp(b2+2.25b2 +1

2250 b 3

. ES,
Solving, p = %65

Then, Eq. (8.17) yields at r=b:
=2 (1-v)=522-=0.1149,

3(5.86)

Hence, Ad =2u =0.239,

)
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SOLUTION (8.22)

(a) Intial difference in diameter:

A=2b(g, +¢,)
where,
€, =tangential (comp.) strain in the shaft
€, =tangential (tens.) strain in the cylinder
Thus,

m|§ mlw

[(p W) + (00 max +W)]
[( 6,max +p)=7(2p+p)

I
N
=g

(b) Compressive (uniform) strain €, , due to axial load P, is

&L= an;E
We now have
& =%(p - -2) (comp.)
€ = %(Gel,max +Vp,) (tens.)
is the increased tangential stress. Thus,

where O 0 1.max
vP

A, =2b(g, +¢,) =2_}_$7(001,max L 2Ty

Based on the linearity condition:

oﬂl,max — oﬂ,max — 2
P P

or
Oﬂl,max = 2p1

Setting A = A,
%=Tb(2p1+p1 ﬂz)

or

P =9ab*(p, - p)

SOLUTION (8.23)

Radial strain is
+ €

€= gb,comp s,tens.

=7 (P -VP) + 7 (0 s +VP)
We also have ‘
e=(T,~T)a, -a,)
= AT(19.5-11.7)10"° = 7.8(10°)AT
Note that from Eq. (8.18) at r=a:

09 max _ 4[)2-}.1;2 _ 5
P 4b% -b?

(CONT.)
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8.23 (CONT.)

Thus, 7.8(10°)AT =4-(p-5) + £ (¢ +%)

3 E\3 T3
or
_1LT(AT)E,E,
T (E,+3E,)10°
Hence,
_ L9SE,E (T,-T))
O6.max = (E,+3E,)10°
SOLUTION (8.24)

Axial Stress, Eq. (8.20):

a’ 0.8°p.
oz=bf’_aa2 =122_é”82 =08p, =80,  p, =100 MPa
Tangential stress, Eq. (8.13):
b’ +a’ 1.2 +0.8>

(o} = = . =2.6p. =80, . =30.8 MPa

Odne =47 7 P =1 g2 /1 = >OP b
Shear Stress, Eq. (8.10):

pb’ 1.2

max =b2_a2 =122_O 82 Pi =1'8pi =30

Solving

p, =218 MPa=p,

SOLUTION (8.25)

The maximum radial displacement
So, Eq. (8.14) for r=a, results in

_w_ b
2

E b* - d?

Introducing the given data
_ 0.5(60x10°) (0.52 +0.8
70(10°) 0.8 -0.5>

max Occurs at the inner edge of the tank.

+V)

max

max

+0.3) =1.107(107) m = 1.12 mm

SOLUTION (8.26)
Equation (8.18) and Eq.(8.12) at r=a:
2 2
Gl =06,max =piﬁ=%pi O-2=O-r,max =_pi
(a) 0,-0,=0,; 7p,-(-p)=350, p,=155.6 MPa

2 2 2
(b) 07 -0,0,+0;,=0,,

pIE)? =(E)(=D+ (=1’ =350,  p,=179.3 MPa



https://telegram.me/seismicisolation

SOLUTION (8.27)

Oe,max pl Zz+02 = %pz = Gl’ Or,max = _p[ = OZ
(a) 0,=p|.  p,=2(320)=192 MPa (governs) <
and o, = |pi , p; =320 MPa
b) L-=1; ]
(b) o, o, ’ 3(320) 620
or p, =146.8 MPa <

SOLUTION (8.28)

We have a=20 mm, b=30 mm, ¢=60 mm.

Equation (8.22):
_30p [302+202 _0'3]’ p= 53.3 MPa

_ _30p 160%+30%
0.05= 210x10° [602 302 + 0'3] + 050" 105x10° £307-202
Steel, Eq.(8.18):
O ax = P 5 = 53.35020 - 88.8 MPa <
Bronze, Eq.(8.19):
O-H,max = _2pbzl77 = _2(533) 303?202 = _1919 MP(Z <

SOLUTION (8.29)

(a) UseEq.(8.18)with p, =p, a=b, b=c: (Fig. 8.6)
A+p® _ 80(10%) (a)

= A +b?
Opmax = P57 =80 MPa, G =

By Eq.(8.22), with a =0, b =50, 0 =0.06 mm:

0.06 = —22_[8040° 4 () 3]+ 222 _[]-().3]
100x10 p 200x10
or
60x10° =40x10°+0.15p +0.175p, p=61.5 MPa <
(b) Equation (a) becomes
2 = 05 ¢ =138 mm 2¢ =276 mm <

615 (2-0.005 °

SOLUTION (8.30)
Equation (8.22) with a=0, b=50 mm, c=140 mm.

6=Z—p bz+cz+v]+E [1-v,]
(CONT.)
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8.30 (CONT.)

0.04 = 222 [M0C+50C 4 0 25]+—£_(0.7)

120x10° L1407 —507 210x10°

Solving p =49.4 MPa

Shaft: 0, =0, =-p=-49.4 MPa

Cylinder:
O = PS5 = 49 4[H0250] = 63.8 MPa
rmax = —P =—49.4 MPa
SOLUTION (8.31)

(50 from Equation (8.22):
= (), = L[55 +v] = %2 (1+0.3) = 1.4332

or P = 33666

Then, (5 from Eq.(8.22) with a=0,
= (1-v) =222 = 0.2442

Therefore,

Ad, =0.4897

SOLUTION (8.32)

We have (Fig. 8.6):
a=0.05m b=0.1m c=0.15m

Maximum tangential stress occurs at 1=0.1 m in gear wheel:

2+b?

x =P 2

where, p is the internal pressure exerted by the contact surfaces. Substituting the given
data into this equation, we have
— 1 0.15%40.1
0.21=p 0.15%-0.1%
Solving,

p =0.081 MPa =81 kPa

This interface pressure produces the torque at the contact surface.
Area of contact is

27bL = 27(0.1)(0.1) = 0.027

The torque transmitted is thus,

= [(0.2)(81x 10°)(0.0277)](0.1)
~101.79 N -m
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SOLUTION (8.33)

From the torsion, formula, T = 71 b/ (r b’ / 2):
T = ath’ _ 7(120)b° —188 5b3
2 2 :
Also, Eq.(8.35b):
T = 27b” fpl = 27b° fp(3b) = 67D’ p

6 fb’p =188.5°,  p=-1385_-50 MPa

67(0.2)

And

Wehave £, =E =FE, v, = Vg =V, and a=0. Equation (8.22) becomes

5 2bpc? 2bp(4b%) pb

= B T E@R - T 3E
Hence

8 =28%__0.6667(107)b

3(200x10%)

SOLUTION (8.34)

(a) a=10 mm, b=40 mm
Fy=L=10_12 kN

a 0.01

Thus  12(10%) = 27afpt = 2(0.01)(0.16)(0.04) p (Eq.8.35a)
or p =29.84 MPa

Equation (8.22) gives then
= L0QO8D rs0o 4 (. 3]+ 129293 (1 _0.3) = (4.128 +1.044)107° = 0.005 mm

100(10%) *50?-107 200x10°

(b) Op o = P25 =29.84[2101 = 32 3 MPqa

502 -

SOLUTION (8.35)

From Eq. (8.28a),
90, v 2 2 272
=3 pw’[b? +a’ -2 )-a’b L ()] =

or

or

2‘1#—2r=0; r=m

This value of 7 is substituted into Eq. (8.28a) to yield
O, = PO (b= a)’
We also find from Eq. (8.28b), for r=a:
=D 3 3+v pw (b2 l-v

3+v

9 max

Thus,

1-v
224V 2
9.max _ ( +3+va)
O max (b-a)?
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SOLUTION (8.36)

Atr=0:0, = 0, = (3+V)b* pw* /8. Thus,

0 0
o, -40, +o/f'=o§p

80,
or Wy = %\/ Gap (P8.36)

= ﬁ[wf =3845.9 rad/sec

10(2.7x10*)/3

=36,726 rpm

SOLUTION (8.37)

We have at inner edge:

T, =2 o 0,=20,=2(90)=180 MPa

max 2

Equation (8.28b) with 7 = 0.03 m is thus
180(106) = %[(0.03)2 +(0.1) - ﬁ(O.O?})Z + (0.1)2](7800)002

1073

from which

w =525.8 rad/s = 5021 rpm

SOLUTION (8.38)

(a) When p =0, atinterface,
u, —u, =0.05(107) (a)
Use Eq. (8.28b) with r=a:
(0), =5 [B+VID* +(1-v)a’]

= Z809907 13 3(0.125%) + 0.7(0.025%)] = 101.4730°

Radial displacement of disk (with O, = 0):

(u,)_ = (09)ga _ 101.4730%a
d/r=a E 200(10%)

For shaft, using Eq. (8.30b) with r=a:
(0,), =308 (1 _19)7.8(10%)w’ = 0.853 1w’
Radial displacement of shaft (with O, = 0):

_ (0g)sa _ 0.85310%(0.025)
(us)r=a - E - 200(106)
Thus, Eq. (a) gives
101.4730°(0.025) _ 0.85310%(0.025) _
200(10%) 200010%) 0.05

or

o =1,933.884 rad/sec = 19,040 rpm

(b) Maximum stress occurs in disk

(0,).... =101.473(1,993.884)> = 403 MPa
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SOLUTION (8.39)

We have
a=0.5¢ b=2c r=@=c

(a) Equation (8.28a):
50(10°) = 33<(0.25 + 4 — 1 — 1)7.8(10°)(50002%)>
or
c=0.1587 m
Thus,
t, =1.5¢ =238.1 mm

(b) Equation (8.28b) at r=a:
Oy = 2225[0.25 + 4 - 19.(0.25) + 4]7.8(10°)(5000 22’

6,max

=180.1 MPa

SOLUTION (8.40)

(a) Equation (8.23), with a=0:

_ 210(10°)(0.000075) 0.16-0.005625 _
p= 2(0.075) 0.16 =101.31 MPa

Then, Eq. (8.18) gives
=101.31(10°)0.16+0.005625 _ 1()8 68 MPa

0.16-0.005625

9 max

(b) Applying Eq. (8.28¢),
0.000075 = —221-10.005625 + 0.16 — 13 (0.005625)

3(210x10°)

+32(0.16)](7.8 x 10° )(0.075)0)2
Solving,

w =450 rad/sec = 4300 rpm

SOLUTION (8.41)

From Egs. (8.30a) and (8.30b), forr=0 and v = 1/3:
O max = 3+V p((Hb) =12 pvz

SOLUTION (8.42)

Apply Eq. (8.28¢c) with u = 0.04 mm at r =25 mm .
Substituting the given data:
0.04(10™) = 229D_[(0.025) + (0.25)> — 12 (0.025)?

8(210x10%)

13.(0.25)*1(7800)w? (0.025)

Solving,

w =913.1 rad/s = 8719 rpm
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SOLUTION (8.43)

We have

f_=(g)S. 0125 _ (0.625)$
0.0625 0.125

Solving, s=0.431. Then,
1
m, = _% + [(%)2 +(1+03%x0.43D)]

or

m =0869  m,=-13

Equation (8.39) gives
0, =2r" + 27 -0.50169 p(wr)? (a)
Given conditions are:

(0,)-0625 = 0, (0,)r-0125 =0
Thus, substituting the given data into Eq. (a) and solving:

920232p0°, < =-0.0024pw>

The second of Egs. (8.39), at the bore r=0.125 m, leads to
140(10°) = 0.2322(0.125°%)(0.869) pw*
+(=0.0024)(=1.3)(0.1257) pay? — G0ACIBE 1y
or
2 6

pw* = 549(10°)
It follows, from the second of Egs. (8.39), that

(05), 065 = [0.2322(0.625")(0.869)

- 0.0024(~1.3)(0.6257%") — 5002 ‘;<§(gzj3>l)](549 x10°%)
=37.5 MPa

Circumferential force is thus

37,500(0.0625) = 2344 kN /m <

SOLUTION (8.44)

(a) Uniform thickness

Centrifugal force due to the blades, mwzr is
S0 (10.207)2(0.575) = 8.677(10°) N
The pressure at b is then

866700 _ _ 55 94 MPa

Po = 2205009
We have

pw® =7.8(107)(12207)* = 2.1384(10°)

The condition of zero pressure at the bore is satisfied by, using Eq. (8.27b):
-0= B+v)(1v?) pw’d® 1 —(1=-v)2
(O )1 =q = [ 8E + ( +V)Cl ( V) a2]

V

(CONT.)
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8.44 (CONT.)

(b)

(3+v)azpw2 E(1+v) E(l-v) 1
or 0=-—F—+[7al+[-7cl-
(S —— | S —
A4 A,

(3+v)a’ pw?

0= A +A4, L - G
Substituting the data, we have

0= A, +2564, - 3.4456

The condition at the outer circumference is satisfied by:

_ _ 4 3.3(0.5)%(2138.4)
(Or)r=b =5524=4 + (0‘52)2 - g

or
5524 = A4, +44, -220.52
Solution of Egs. (a) and (b) gives
A4, =280.08 A4, =-1.08

Equation (8.27¢) is also written as follows
Oy =4, -4, ,Lz - M
where A, and A, are given by (c). Atr=a, we have from Eq. (d):
(0y),., =280.08 +276.48 —-1.98
=554.58 MPa =0,
Similarly, Eq. (d) gives r=b:
(0y),., =280.08 +4.32 -126.97
=157.43 MPa

Note that O occurs at 7 = v/ab = 0.1768 m. Thus Eq. (8.27):

r,max

(G.), 0106 = —27.67 + 280 — 34.55
= 217.88 MPa

Hyperbolic section
We have

o5 = (0525) "5 S

1

Then,
m, =-+=[025+13]
or

m, =0.745 m, =1.745
Letting

Eq. (8.39) becomes then

_ my+s—1 my+s=1 _ (3wv)pw’ 2
o, =Br + B,r 8=Gys |

(a)

(b)

(©)

(d)

(CONT.)
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8.44 (CONT.)

and (0,),., =0
= B,(0.0625)"™ + B,(0.0625)™7* - 0.7021(0.0625)’ pe”

or  0=B +996.35B, - 0.0216pw’ ©
Also

(0,),_, =5524 - B,(0.5"" + B,(0.5)7"7* - 0.702(0.5)° pw’
or 55.24 = 0.55967B, +3.352B, - 0.1755pw’ ()
Substituting the given data and solving Egs. (e) and (f):

B, =7254 B, =-0.6814 (@

The second of Egs. (8.33),

Og — Blmlrml+s—l + Bzmzrmzﬂ—l _ (21;_.?;25;‘;2 2

gives at r=a:

(04),-0 = 725.14(0.745)(0.0625)°7*
- 0.6814(~1.745)(0.0625)"7** - 0.4043(0.0625)’ poo’

or

(0,),_, =2152 MPa =0, <

Also similarly we obtain that

(0,),, =110.2 MPa

(c) Uniform stress

Using Eq. (8.41),

, —(pw?20)b?
boe (po’ 20)

where,

_ (pwz/ZO)bz _ -7.xx103(25(2;£9)2(05)2

=-3.182

Thus,

t, =0.02425¢7"% = 0.001 m =1 mm
and

t = 0.02425¢7127%" <

SOLUTION (8.45)

Because u=0 atr=b, set ¢, = 0 in Eq. (8.43). Thus, Eq. (8.43) with c, = 0, T =constant,
and u=0 at r=b:

0=Clb+%aijVdr or ¢ =—{e

(CONT.)
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8.45 (CONT.)

Substituting this into Eq. (d) and (e) of Sec. 8.10, we obtain

— _QET _ _aET
o, = 2 2(lv)(1 V)

= ofT _ — _GET 2
O, =%%--akLT 2(01‘42)(1+v)

Letting 1 —v*> = (1 +v)(1 —v) and simplifying we obtain

O'V=O'9 — _ QET

1-v

SOLUTION (8.46)

We substitute the given 7 into Eqs (8.44) to obtain

_ aE(T,~T,) b_ a1 b
o, = 2In(b/a) [_ln 2 (b -a?) In ]

Then,

o Ea(T,-T,) ¢ d b da* ?
a =0= 21n(b/a; o (ng) - [ERp [1- %(f_z)] In 2}
yields, after differentiation:
1
V= Clb( bzfaz ln %)2
It is noted that, Eq. (8.53) gives the same result.

SOLUTION (8.47)

Using Eq. P8.46, we have
7 =0.01(0.015)[— 220912 Z12.1 mm

(0.015)%-(0.01)
Equation (8.53) are therefore

_ 10.4(107%)(90x10%)(=8) _100(12.1*-15%)
(Or)r=12A1 - 2(0.7)In(1.5) [ 1 121 12.12(15%-10%) ln(ls)]

=1.319(107)[0.041] = 0.541 MPa
(0,), 1o = 1.319(107)[1 = In(1.5) — 1R4C15) 151 5)]

100(15%-10%)

=6.045 MPa
(0y),mis = 1.319(107)[1 = In(1) - 10054152 1n(1.5)]
= —-4.64 MPa
()10 = 1.319(107)[1 - In(155) ~ 22415 11y 5]
= 0.488 MPa

Similarly,
(0.),_,o = -1.319107)[1-21n(1.5) - 1%521_‘)12(;2 In(1.5)]
=6.055 MPa =0,

(0.),.s ==1.319(107)[1 - 2In(1) - 1259_01201 In(1.5)]
= -4.64 MPa
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SOLUTION (8.48)
Introducing
T(r)=T,(b-r)/b
into Egs. (8.45), after integration, we obtain the following expressions for stresses
0, =5T,(; - Dok
o, =+T,(3- - DaE

From these we observe that, at r=b: the radial stress vanishes while tangential
stress assumes its maximum value.

SOLUTION (8.49)

Equivalent nodal force matrix

We have
=0 z,=-1 F=4/3
r=4 z, =-1 z=-1/3

r,=0 zy =1

Weight of the element is
277 A4(0.077) = 271(4/3)(4)(0.077) = 2.58 N
Body forces:

{Q}e = {era Qr2’ Qr3’ Qzl’ szs st}

Therefore,
{0} =10, 0,0, -0.86, - 0.86, - 0.86} N
Surface forces:
g, = ¢; = %20 = 3130.4 N/cm
q,, = 4,5 = -3130.4(%) = ~1400 N/cm

qu = QZ3 = _31304(ﬁ) = _2800 N/Cm
Since

QV = 2n77qr QZ = 2‘71‘77qz
Then,

0,=0,=-11729 kN
0., =0, =-23457 kN

(CONT.)
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8.49 (CONT.)

Therefore,

(0} =1{0, =11.729, —11.729, 0, - 23.457, - 23.457} kN
Thermal forces:

{0}, = 277 A[B] [D1[Blie,}
Here,

03 0.7 03 0
0.7 03 03 0
03 03 0.7 0
0 0 0 02

[D]=38.46(10°)

We also have

a,=a, =4 b =-2

c=-4 d=%+b+L=2
¢, =0 d,=2
c; =4 d, =2
Therefore,
-2 2 0 0
11 0 0 0 -4 4
1= 2 2 0 0
-4 0 4 -2 0
It follows that
0.0006
{0}, = 27($)4[B]' [D][B] 00006
0.0006
0

= {0, 502.3, 251.2, - 502.3, 0, 502.3} kN

Equivalent nodal force matrix is thus,

{0}, =10}, +10}! + 10},
where {0}, {0}7, {Q}! are already obtained.
Element stiffness matrix:

[k], = 277A[B] [D][B] = 2n($)4[B]' [D][B]
(CONT.)
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8.49 (CONT.)

Substituting the values of [ D] and [E ], after carrying out the matrix matrix multiplications,
we obtain:

4.8 1.6 -1.6 48 -1.6 -3.27
1.6 6.4 4 -8 0 8
-1.6 4 6 -4 1.6 2.4 .
k], = (20.14x10%)

48 -8 -4 56 -0.8 -48
-1.6 0 1.6 -0.8 0.8 0

-32 8 24 -48 0 4.8

Element governing equation

{0}, =[k].{0}. (a)
Here,

(0), = {uy, uy, us, wy, wy, wy}

When boundary conditions are given, (0) . is computed from Eq. (a), as illustrated in Chap. 7.

SOLUTION (8.50 through 8.53)

Owing to the symmetry, only any one-quarter of the cylinder need be analyzed.
Use a finite element computer program, such as ANSYS.

End of Chapter 8
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CHAPTER 9

SOLUTION (9.1)

Using Eq. (9.3),

1 1.4(10° 1
B = (&) =[5 ]

4(200x10°)(5.04x107°)
=0.7676 m™'
Equation (9.8) yields, for x =0 :
M. =35 f3(Bx) = =35 /3(0) = -
Thus,

P = O (4B) _ 210x10°(5.04x107°)4(0.7676)
- - 0.0635

=51.18 kN <

SOLUTION (9.2)

I =b(2.5b)° /12 =1.302b" 2.5b

B

Mmax _ an?XI _ 250x1({?§é£02h4) _ 260.4(106)b3 (a)
_ 20(10%) i
B = [4(200x109)(1.302b4)] - 0'0662/b
Equation (9.8):
M_ =L (b)

max 4B
From Egs. (a) and (b),

260.4(10°)p* = 20000

~ 4(0.0662)

or

b=0.0241 m =24.1 mm

SOLUTION (9.3)

Select a particular solution of the form
= 1 2& =
v, =asm-<; a = const.
Introduce this into Eq. (9.1),
21 \4 k _ P
(T) a+—a=

EI
or
a= Py = P
167 El k[1+4(rw/BLY*]
k+———
L4
Thus,
= D 1N 2m
V= = Sin T (a)
kt——p—
L

General solution is
v =e™[Acos fx + Bsin fx]+ e *[ccos fx + Dsin fix] + v,

(CONT.)
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9.3 (CONT.)

Boundary conditions are:
V() = 0; A=B=0
Loading repeats itself periodically, p, sin(27tx/L). But
v =e™[Ccos Bx + Dsin fx]
cannot repeat periodically and represents a damped wave. Thus, in order deflection

to repeat itself with the same wave length as loading it is required that C = D = 0.
Accordingly, solution is

v=v,+v,=0+v, =V

given by Eq. (a).

SOLUTION (9.4)

T iy e
ittt
V'y

From Example 9.1:
v, = [ 2% Be™[cos Bx + sin fx] —f 22 Be " [cos Bx + sin fx]
0 o, 2k o 2k

L[ cos Ba - e cos Bx]
Note that, if a=0 and b=L (large):

Vy =3¢
0~ 2k
When a and b increase (large):
vy =0 (a)
While according to the result of Example 9.1, when a=0 and b=L (large):

~ 2
Vo =2k
When a and b increase (large);

v =4 (b)

the answers differ, as observed by comparing Egs. (a) and (b).

SOLUTION (9.5)

Applying Eqs. (9.3) and (9.8) we obtain

B =l] = [4(21;.62t§7):|z =0.84 m™

P
v(0) =V, =3¢

- 0.135(0.84) - 3.375(10—3) m

2(16.8)

and

M(0) =M, =2 =55 =40.179 kN -m

Maximum stress is therefore

O, = o SIS _ 103 02 MPg

max 3.9(107%)
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SOLUTION (9.6)

Refer to Solution of Prob. 9.1:
k
B=( 2 E]) =

=1.3135m™
Equation (9.8) gives, for x =0 :
Mmax = _i
4p

Therefore

12(10%) ]%
4(200x10°)(5.04x10°°)

0, (4B)  (210/2.5)10°(5.04x10°)4(1.3135)
c 0.0635
=35 kN

P

SOLUTION (9.7)

I=h*/12
o1 (260/1.8)10°(b"/12)
max = c = b/2
=24.074(10°)b°

M (a)

Bl 7(10%)
4(70x10°)(b*/12)
Equation (9.8):

14 =0.1316/b

Mmax = i
4p
From Egs. (a) and (b),

(b)

24.074(10%)b° = 50010)°h.
4(0.1316)

Solving,

b=0.0628 m = 62.8 mm <

SOLUTION (9.8)

We have
15

_r ko
P=lyg _[4(8.437)
W) =y, =2

_ 0.25(0.8165)

2(15)

V4208165 m"

=6.8(107) m = 6.8 mm

(CONT.)
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9.8 (CONT.)

And

M@O) =M, =——=—""-7655kN"m

“ 4B 4(0.8165)
Maximum stress is thus
M. 76.55(10%)

O- = max
e S 3.9

=196.3 MPa

SOLUTION (9.9)

Equations (9.3) and (9.8):

1 P
/3=[%]4’ vmax=ﬁ’ Mmax=%

) kis 1.25 times the actual value.

P changes by M =1.057.

V,.. changesby 1.057/1.25 = 0.846.

O, (or M )changesby 1/1.057 = 0.946.
(b)

kis 1.4 times the actual value.

B changes by 3/1.4 =1.088.

V,.. changesby 1.088/1.4 =0.777.

O, (or M __)changesby 1/1.088 = 0.919.

Note that stress calculation is not affected appreciably in both cases.
SOLUTION (9.10)

P1 PZ
® . O
—» x

B B ]

|l 0.83m >le 0.83m N
vy

By using the principle of superposition, deflection of any point, say O, of rail is expressed
as the algebraic sum of v, and v, caused by P} and P, , respectively. Thus, from
Eq. (9.8), we have

Vo=§_1/j 1(/3’X1)+Zz—fﬁ(ﬁxz) (2)

where, P, = P, = P, B =0.84 m™". Then, f,(fx,) and f,(Bx,) are found from
Table 9.1 for x; = 0.83 m and x, = —0.83 m. Wehave fx; =0.697 and
px, = -0.697. Thus

£.(Bx,) =0.702.

(CONT.)
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9.10 (CONT.)

Since, from symmetry f,(x,) has the same value for a (+) or (-) value of fx,
Eq. (a) may be written as

= 20.(0.702 + 0.702) = 1.404 & <

Vo

Resultant bending moment at O, from Eq. (9.8), is
M, = %ﬂ(ﬁxl) + %Jg(ﬁxz)
= £ [2/,(0.697)] = 0.125 % <

It may be verified by comparing the results of Problems 9.5 and 9.7 that addition of
one or more load (reduces appreciably value of maximum moment) causes a large increase in

the maximum deflection of the rail.

SOLUTION (9.11)

> x
= me'F«:a:';ce:f A A

A pe—— b —»

< vy L
Expression for loading are:
p, =%(a-x) (segment BQ)
P =%(a+x) (segment QC)

Deflection at () is obtained by substituting ( p dx ) for P in Eq. (9.6). That is

=20 {f (a — x)e ™ [cos Bx + sin fx]dx

f(a + x)e™[cos Bx + sin Bx]dx}

Integrating, we have

= 35 Lf3(Ba) = f5(Bb) = 2 BLS, (Bb) + 4 a]

SOLUTION (9.12)

guuuuuﬂ Figure (@)

Figure (b)

Figure (c)

(CONT.)
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9.12 (CONT.)

Referring to Fig. (b):
Vg=-% 0,=0
Referring to Fig. (¢) and using Eq. (9.12),
v = F[=Rf,(0) + BM, f(0)]

6,, = -2 [=Rf;(0) + 2 M, f,(0)]

The problem may be separated into two different cases both semi-infinite beams
(as is seen in the figure above) provided that deflection at A is zero. Thus,

Vi =V =0 _%=%[_R+ﬁMo]
0,-0,=0; %[_R"‘zﬂMo]

solving,

M, =2B°EIZ, R=4B°El % =4 <

SOLUTION (9.13)

(a) Using Eq.(9.12), v =222 M , £,(fx)

2
. = wk& at x =0 (down)

1%

Scan Table 9.1, f5(fx) =-0.2079 at fx =Z, and
= 2% M ,(=0.2079)  (up)

\%

Therefore
Vimax <
Voin —0.21079 =-4.81
(b) Applying Eq. (9.12), M = M , f,(Bx)
Vo =M at x =0
Scan Table 9.1, f,(fx) =-0.0432 at fx =7, and
M .. =-0.0432M ,
Thus 57 = i = —23.15 <
SOLUTION (9.14)
My
Ao = = —— X

AN S
T
vy

Equation (9.11) with v(0) = 0 gives

0=2B(-R,+pM,)[k
(CONT.)
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9.14 (CONT.)

from which R, = M ;. When R, is substituted for — P into Eq. (9.12):
v=—-2_ePsinfx =

ML
2B%EI 2B%EI fZ(ﬁx)
Successive differentiations of this expression give:

- 2/3EI S3(Bx)

= 2151 +(Bx) <
V= —mfl(ﬁX)
SOLUTION (9.15)
We have k —7‘—% = 288 kPa

= [t)—J* = 051697 m”

4(200x10° )(5.04x10°
Using Eq. (9.8),

V(0) = V0 =5 = S = 5.61 mm <
M(0) = M o = 5 = 0 = 3.26421 kN - m
Thus, Oy =%—%—41 13 MPa <
SOLUTION (9.16)

From Eq. (9.3),
B=[ B00Y 15 2 0.824 m”!

4(0.375x200x10°)(5.2x107)
Since L = 0.824(0.74) = 0.618 <7r/4 the beam can be considered rigid.

(a) Uniform deflection is
v=-=L =33 10 mm > |

3K - 3(18)
lP

s

(b) We may replace the given beam by the beams shown in Figs. (a) and (b).

P
«9:25 )0 15|« 0375

A Figure (a)

.

F+PB1 F+PB2 F+PB3 .
Y Figure (b)

(CONT.)
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9.16 (CONT.)

Note that F is the direct load on each spring and £, is the bending loads with the values:
F = P/3=540/3=180 N

and

P, =% (i=123)

Here

_ 540(0.125)(0375) _ _ _
P, ==—""=2=90 N, P, =0, P,,=-PF,

2(15%0.125)
End deflections are thus,

v, = (180 +90)/18 = 15 mm
, = (180 -90)/18 = 5 mm

SOLUTION (9.17)

Using Eq. (9.3),
B =[3s]" = 0.8034 m™
PL = 0.8034(0.6) = 0.482 rad =27.62°

Hence, from Eq. (9.13):
__ 4500(0.8034) 2+c0s27.62°+cosh27.62°

¢ 2(14x10%) $in27.62° +sinh 27.62°

=186(107°) m = 0.186 mm

Note: Slope may be found as in Prob. 9.15, with p=0.

SOLUTION (9.18)

P » PL<1
Rysuwayywunl

R R

C
L— L2 —»le— L2 —>|

Referring to Sec. 9.8 and Table D.4
PL_ spL'  s[(P+pL)/L1L}

A%

¢ 48EI T 384EI 384Kl
(015 5(7500x015) _5(9000+1125)
T 48(4.8x107° )[9000 8 ]
=2.81(10" ) m
Similarly,
g = P pE [(9000+1125)/0.15](0.15)°
E T 16EI T 24EI 24E]

Substituting the given data,
0, =5107) rad
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SOLUTION (9.19)

Equation (9.3),
k Vi 8 Y -1
= =0.6687
Pl =laa0)” "

BL=0.6687(0.8) = 0.535 rad = 30.65°
From Eq. (9.13):

15(10°)(0.6687) 2 + 05 30.65° + cosh 0.535
©T 7 2(8x10°)  sin30.65" +sinh0.535
— 629.9[18.4208](10™)
=5,279(10°) m = 5.28 mm <

SOLUTION (9.20)
Refer to Sec. 9.8 and Table D .4, we have [ = bh3/12 =46.8(1 0_6) m*,
EI =34 MN-m*,and BL<1.

PL e pL'  5[(P+pL)/L]L!

Ve = 48E T 384Kl 3R4E]
_ (0.4) : (8000 + 5(7000x0.4) _ 5(8000 + 2800)]
48(3.4x10”) 8 8
= 0.00276(10_3) m=2.8 mm
Likewise,
B P’ . pL3 B [(8000 + 2800)/0.4](0.4)3
F U 16EI  24EI 24E]
2
_ (0.4) _ (8000 + 7000(0.4) _ 10,800]
16(3.4x107") 3/2 3/2
= 0.29(10_3) rad
SOLUTION (9.21)
Figure (a)
Figure (b)
Figure (c)
“Vir~o - -V3
Vi=V3 '-—jé::—r——-l———r——_ﬁ:—-'————bZ )
0 \\71“;,"2"\,3 Figure (d)

Boundary conditions are:
v(0)=v(L) =0, V' 0)=v"(L)=0 (a)
(CONT,)
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9.21 (CONT.)

These are transformed into the following central difference conditions by using Eq. (7.4)
and (7.7):

vy =0, —Va=VY v, =0, Vo1 = ~Van (b)
For m=2 (Fig. b):

vn—2 - 4vn—1 + 6( m,:‘:r] )vn - 4'Vn+1 + vn+2 = %

m

or
—vl+62;;”v1—vl=12'—f; v, =21.4 mm
For m=3 (Fig. ¢):
4
-4y, +63y, —v, =18
-V +6%v1 —4v, =22
Solving,
v, =v, =172 mm
For m=4 (Fig. d):
-V, +6“:;”v1 4y +v, =42
-4y, +64zjlv2 —4v, =2
Solving,
vy, =v, =10.2 mm
v, =13.9 mm
SOLUTION (9.22)

From Example 9.1:
v, =4(2-e" cos fa - e™ cos b)

— A48FE]
k - aLf

Thus, Vv, = LL?[Z — e cos fa e cos Bb)
’ p = 2(4B)EI

= 2L 12~ f,(Ba) - f,(Bb)]
We have 3 = 3.936/6 =0.656 m™!

where

Atmidspan, wehave fa = b and  f,(Pa)=0

3
_ pal;
Thus, V, = e

_ pal} _ R

Since,  V,, = 45 = Wy

Solving,

R.=ap=03p

End of Chapter 9
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CHAPTER 10

SOLUTION (10.1)

Defections at point D:
We write

M,,=Px M, =Pb+Rx

Using Eq. (10.5),
(Px)? 2p3 2p
UB=J;b[ 2EI 2AE]dx_€T+2RAE
(Pb+Rx)’
U, = fg =& 2AE]dx
s-[p’ab® + PRa’bh + 1 R*a’

2AE

Total strain energy U = U, + Uy,,. Vertical deflection at D is thus

2
(SV=W=— Rab+P(Clb2 ]+&
Horizontal deflection at D:
— 90U _ 1 [Ra’b Rb.
6h_aR_ [a"' ]+AE

Angular rotation of D:
Introduce a couple moment C at D as shown in the figure. Then,

My, =Px+C M, =Pb+Rx+C

and
Ups = b [(P;;“f) 2AE]dx
— ;[sz3
2EI 2AE
Uy, = 2E,f][Pb+Rx+C] dx + XL
=L [P’ab® + &£ 1+ Ca® + PRa’b + 2PCab + CRa’] + L
Hence,
0, =Y., =55 [Pb* +2Pab + Ra’]

Note that displacements of a simple (straight) cantilever beam may be readily
found by setting b=0 in the foregoing results.
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SOLUTION (10.2)

Equations of statics are applied to obtain the reactions:

The axial force in each member is obtained by applying the method sections, as required.
The results are as follows:

NDC = %PI +@Pz+¥])3

Ny = %R"‘%PZ'F%I%
Npp = %Pl+ P, + %P3
NBE=_gPl+%PZ+%E)3
Nyp = %B"’%PZ_%I%
N = %Pl+ %Pz"' %P3
Npc = %Pl+ %Pz"' %Ps

Numerical results are determined for P, = P, = P, =45 kN and L =3 m.

These are tabulated bellow.

Bar Axial force (kN) ~ ON/oP, Length (m)
DC N, =995  2/2 2.125

AE N, =995  ~2/2 2.125

DE N, =90 1 3.000
BE N, =318 V2/2 2.125
BD N, =318  2/2 2.125
AB N, =675 1/2 3.000
BC N, =675 1/2 3.000

Thus, the vertical deflection at B:
7
=L Ny
53 _AEENj P, Lj
=

10°12(67.5)(0.5)(3) + 2(31.8)(0.707)(2.125) + 90(1)(3) +
2(99.5)(0.707)2.125]
= 686,773.675/AE m
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SOLUTION (10.3)

The moment is expressed by
M = PQ2a - x); OM/IP =2a - x

Castigliano’s theorem gives then

vp = [H8d = [(£(2a-x) (cx+e)dx+ [ 4 Qa-x)dy

or
11Pea* | 7Pcya’ P
Vp ="t 35t
SOLUTION (10.4)
lP
ci ! — = —>x
L —l

Deflection at A (with M = Px):
= fM U dx = E,ijx(x)dx

3
v, =%k
Slope at A (with M = Px+C):

=4 [M %ds =4 fL(Px + C)(1)dx

Setting C = 0 and integrating

i
HA = 2EI

SOLUTION (10.5)

P|

Y Y Y + vy |

A B/
y

Deflection at A (with M = Px+pr2):

= fMade——fL(Px+2px )(x)dx

—» X

Ct

N
3EI 8EI
Slope at A (with M = P)C+%p)c2 +C):
0,=+ Made——fL(Px+2px + C)dx

Setting C = 0 and integrating

Q = PL Pl
A = 2B ¥ GEH
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SOLUTION (10.6)

P
77N I 21 -
l\‘ ZA B D»;—bx
L L2 L2

Yy
Deflection at A (with M = Px):

2
8=k [M Bhdx = [ (PX)(x)dx + 3k [ (X))

Integrating,

S =-LL 4 IPC _ 3PC
A T 24ET T 48El ~ 16EI

C

Slope at A (with M = Px+C):
0, =4 [M 3dv = [ (Pr+ YD + 5k [ (P + O

Setting C = 0 and integrating
= PL 4 3PC
0, = 7 + 1681

_ 5P’
or GA = 16EI

SOLUTION (10.7)

ds=Rd6

(a) Horizontal deflection

M, = PR(1-cos0)+ORsinf + M
and 0, =ﬁfM M ds

6 90
1 /2 3 : 03 : 2 2 :
=ﬁj: [PR (1—c056)sm0+éR sin" 0 + M R” sin01d0
=& (LPR+M,)
Vertical deflection (Q=0)
5v =ﬁfM9 %dS

) PIPR} (1 = cosB)* + MR*(1 - cos 0)]d6
= £ [PR(3m - 8) + 2M (7w - 2)]
(b) Rotation of the free end (Q=0)
. /2
0 =4 [M, 5ids = ﬂf [PR(1 - cos6) + M, 1dO
=L PR(w -2) + 1M, ]
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SOLUTION (10.8)

We now have
M =-FRsin0, N = Fsin6, V =-Fcosf
Applying Eq. (10.6), with @ = 6/5 and T =0

0, =§—;j:Fsin2 0do +A—REj;'Fsin29d0 +56T%j:F00529d0
Integrating,

_ aFR® | aFR , 3aFR
6h =% Y254t 540

Substituting the given data:

S = 71(4000)(0.05)° , w(4000)(0.05) + 37 (4000)(0.05)
h T 400(6.67) 400(10°)2 5(80x10°)2

=(0.59 + 0.008 + 0.02)10~°

=0.62 mm
The error, if N and V are omitted, is 4.5 %.

SOLUTION (10.9)
Introducing a rightward horizontal force Q at point D, we write
M, =-0Ox Osx=sa
M, =-1Fx-Qa O<sx=<?%
M,=-1Fx-Qa+F(x-2%) 2<xs<b
M,=-1Fb+1Fb-Q(a-x) O<x=<a

Applying Castigliano’s theorem, after setting Q=0, we have

/2
4, =% \ %Faxdx+§j§/2(—%Fax+%Fab)dx

2
Integrating, 0 h = ‘;%b[

SOLUTION (10.10)

o O

From symmetry,

M, =-Px Osx=a

M, = -Pa - PRsin0 0<0<Z

o) 1 oM, 1 /2 M,
Hence, 7=E£M1de+ﬁ X M2 P Rd6

or
5 =2 j:szdx+j:/2P(a + Rsin6)> Rd6]
= L (4a’ + 6mRa’ + 24R%a + 37R*)
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SOLUTION (10.11)

Referring to Fig. P10.11, we write
M = PRsinf T = PR(1-cosB)
m = Rsinf t=R(l1-cosB)
Here t denotes torque caused by a unit load.
Applying Eq. (10.13), deflection at the free end (perpendicular to the plane

of the ring):
1 /2 2 2 1 /2 2 2
=Eﬁ: (PR*sin® 6)Rd6 +ﬁj§ [PR(1 - cos0)*|Rd6
_ PE_R[3 o — sin429|:)’/2 [}_Ig|6 ~2sinf + ¢+ sin426|’;/2
= PR (EI 4 a8
Letting J =21 = J'Er4/2, we have
0 = - (5 +%8%) <

SOLUTION (10.12)

Referring to Fig. P10.12:
M = -PRsin0 m = -Rsin0

T = PR(1-cos8) t =R(l-cosB)

where t denotes torque caused by a unit load. We have
sin(2r - 0)=-sinf  and cos(2w - 6) =cosf
Applying Eq. (10.13), deflection at the free end (perpendicular to the plane of the ring):
J J
5 =& \ sin® 0d0 + %jj (1-cosB)°do

Integrating,

8 = PRnt[4 + % <

SOLUTION (10.13)

)

Q1 P
PRy

a C 2a

s

Segment AC
M, =-0x M, /30 =-x

Segment BC
oM
M2=—Qx—£(x—a)2 L=
2 00
Thus,
aM aM 3‘1M aM

Vy=

o EI 90 [ o El 00
Let 0=0. Hence
(CONT.)
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10.13 (CONT.)

= _2[;1f3a (x—a)’ xdx = _21271_[30 (x° = 2ax” + a’x)dx

22311

P x_4_2ax3+ax
2114 3 2|

_10 pa’

3 El <
SOLUTION (10.14)
Liy=Ley= \/EL
Lyc=Lyc=Ly, =L
The method of joints(or sections) is applied:
NAB=\/5W Ny =-W NCD=_\/5W Nyp =W Ny =-W
Thus,
1 ON .
60,=— YN —LL.
AES T aw
=%[ﬁ(ﬁ)ﬁ+1+1+1+ﬁ(ﬁ)ﬁ] - 8.657% ! <
SOLUTION (10.15)
X _>I lu_x’ 47
A ! ' a
S | o+ #C
gl DTS
L
&gm
M, = —pLx —gx
L L
Segment BC
M,=-Px'-C
(a) For this case C=0:
Pax v
(——)(——)d —f —Px'(=x")dx'
3¢
=Pa2x_ +£x_ =Pa L+a) S |
EIL 30 EI 30 3EI

(CONT.)
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10.15 (CONT.)

oM, X oM,

b) —t=-—, =-1.
oC L oC
For C=0, we have :
1 &  Pax. x 1
0.=—|( (-——)(-)dx+— [ —-Px'(-x"dx'
e = [y (N [P ()
3| 2|9
Pa |x P |x'
= ~ = ==
EIL 30 EIl 2 0
Pa
=——(2L+3a
6E]( ) 1;
SOLUTION (10.16)
lex”
21 P I+ 1
Y ey
B a 1 E a 7%3' a p
R,=072 T’ X _J * _J TRB=2pa+Q/2
Segment AC
M, =1Qx oM, =2
2 Q0 2
Let Q=0:
if"Ml M, oo
EIJo 00
Segment CB
M2=lQ(a+x')—Qx'—lpx'2
2 2
Q [ 1 2
==(a-x")——px
2( ) 5P
oM, =l(a—x')
oQ 2
Let 0=0:
12 4
isz oM, dx'=if 2L g = 28
EJ Q0 EIJo 2 72 48E]
Segment BD
M3 =—lp "2 aM3 =0
2 a0
Therefore

4
Ve =fMl. a]M"dx= pa 1
90 48EI
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SOLUTION (10.17)

o |
V4
A4, L2 vIIILiilIB
4, ! C Y 2
L o1 T3_L 2
R . YAt
Segment AC
2L 9, M _x
8 2 0 2
Segment CB
_3pL g)x' px oM, x'
8 2 2 00 2
Let 0=0:
El, fL pLxxd fL/2(3pLx px"” ) d .
2 72
/2 pLx L2 3 pLx ” px » pL*
= dx' =
| +pf ( ) o
pL'
A% =
" ¢ =961 *
SOLUTION (10.18)
Consider Rp as redundant.
NBC NBD :RD a‘]VBD = 1
x ¢ R,
|
4N |
AN -0-
4 22m lp l N,. =125P-125R,
P

Y FE =0: N,=-075P+0.75R,

where  ON,./dR, =-1.25 ON ,z /R, =0.75
Thus,

AES, = Y N,L ’aR

=(1.25P-1.25R,)(7.5)(-1.25)
+(-0.75P +0.75R,))(4.5)(0.75) + R,,(3)1 =0
=-1425P+17.25R, =0
or R, =0.826P
Then Ny, =0.826P N, =-0.131P Ny =0.22P
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SOLUTION (10.19)

Let R, and M , be redundant.

RA RB
Pl 11b
y 2 Y | i
S, —_———1C - C I B
//1_ N Lb-in. | x4
M =—-Px m=-1(a+x) m'=-1
Mm Mm'
VA =fde QA =f E] dx
1 v Pb* a b
v, =—[ (=Px)[-(a+x)]dx = —+—
=gy POl e = e )
Pb’
AP——f( Px)(-1)dx = Y
Letnow R, and M , are applied.
R | 1b-
My ( I Bl’ I o |
AA [ i B|..-‘
R4 1pmc
M=Rx-M, m=x  m'=1l
Lt(Rx-M,)x 1 R M,
Ve=| ————F—dx=—"("—-
w=, EI EI( 3 2 )
2
=1‘Lde=L(RAL ~M,L)
E El 2
Since V=V, QAP=9AR
or
Pb* a b RL3 M,
(+ —)——( )
El 2 3 El
Py’ 1 (R L2
2EI EI
Solving,
2 2
R =P _@Ba+b)t M, Pab D

L2
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SOLUTION (10.20)

X

-
v

A

Iy Ry R ERYYy)

A

R=ks, !

Refer to the above figures, we write:
1
M=Rx—5p)c2 m=-1x

Hence, deflection spring at 4:

5, < (M 4 R
EI k

SR B R
_Eﬁ) (RX—EPX )(=x)d. s

Solving
_ 3pL/8
1+ (BEI/kL)

Reactions at B may then be found from statics.

SOLUTION (10.21)

Consider R, as redundant.

q

|
(;z I A
M, "4 2a BT ta C

Segment BC:

M, =-Px 8M1/8R3=0
Segment 4B:

M,=-Px+R,(x—a) OM,/dR,=x-a
Thus,

Elvy =0= [ (-Px)(O)dx+ [ [-Px+ R, (x - @))(x - a)d

=fm[—Px2 + R,x* = 2R ax + Pax + R,a’ dx
3a

PxX R Pax’
=‘——+ B _R,ax’ + + R xa’

3

= —HP+§R
3 8

a

B

(CONT.)
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10.21 (CONT.)

from which
7
RB = ZP 1 »
Statics:
M, =P )R- 3p | <
475 )
SOLUTION (10.22)

Consider R, and M , as redundants.

[
A C L BE x
Ry
Segment AC:
oM oM
M =Rx-M, L=x L=-1
iR, M ,
Segment BC:

M,=Rx-M,-P(x-a)
OM,[0R,=x  OM,[oM , =-1

Thus,
Elv, =O=J:(RAx—MA)xdx+LL[RAx—MA — P(x —a)]xdx
3 2 3 3 2 2 3 3
SR M, p Iy tme ploa
3 2 3 2 3
2 2
+PaE =% g
2
Simplifying,
lR r -lM r —5(3a+2b)b2 =0 (1)
37 27 6
Similarly
a L
EIf, =0 =ﬁ) (RAx—MA)(—l)dx+j; [(Rx-M,-P(x-a)](-1)dx
2 2 2 2 2
=—RA%+MAa—RA L= v (L-ay+ PE=C
—Pa(L-a)=0
This reduces to
1 1
ERAL2 —MAL—EPbZ =0 )

(CONT.)
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10.22 (CONT.)

Solving Eqgs.(1) and (2):

Pab’ Pb*
MA:TD RA= L3 (3a+b)’|‘
Statics:
Pa’ Pa’b
R, = I (a+3b) ! M, = e )
SOLUTION (10.23)

Consider R, as redundant.

r>Mo M = -Ryx+M,

“ I
4 .
M, C'»AA L B OM /R, = —x
T TR
Ry
Therefore
L 1 1
Elv,=0= f (Ryx* =M x)dx = =R, [’ ——M [’
0 3 2
Solving
3IM
R,=>20
2 L
Statics:
IM 1
RA=__OI|\ MA=_MOD
2 L 2
SOLUTION (10.24)
We introduce a couple moment C at point B. The expression for the moments are then,
M, =-R,x O<sxs<4%
M,=-Rx+P(x-%£)+C L<xsL

Applying Eq. (10.6), 8, = dU/IP:
8 = {f) [=Ryx + P(x =4 + Cl(x - D)}

Setting C=0 and integrating,
5. =— pI? 25/16 _ ]
B 48EI L1_(3EI/i)

Similarly, applying Eq. (10.7), 8, = dU/3C :
0y = ([ [~Ryx + P(x =)+ Cldv}
Setting C=0 and integrating,

0. =— 15PI* 1
B 128E1 |-(3EI/kI?)
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SOLUTION (10.25)

Apply Eq. (10.7) to write

0, = 1[ T, dv+ (T, ~T)"%] =0

Integrating and simplifying:
Ta+(T,-T)b=0 or T, =
Condition of equilibrium gives

T,=T-T,=<T <

T <

~|o

SOLUTION (10.26)

We write
M, =0x =x=a
M, =Q(a+ Rsin0) + PR(1-cos0) 0<0 <
Applying Eq. (10.6), with 5 =0:

=0= —f Ox’dx +f [O(a + Rsin@) + PR(1-cosB)](a + RsinO)RdO
Integratmg,

0=m+—(ﬂa +4Ra +Z R*) + L& (Jra+2R)

This may be written in the following form:

Q — -PR3 (J'[d+2R)
i ey 2y <
3 a

SOLUTION (10.27)

Po
1 X
Ra

7~ TN !
Maa T — 3B

. —{
Rp
We have

3
M=-Ryx+2~2x=_Rx+%

Then,

=& (M Sdx =4, ]j (Ryx — 2 xdx
This yields, after integrating,
R, =22 <

10

Then, from equations of statics:

4p,L 12
RA= Po MA=I70 L |

10 15
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SOLUTION (10.28)

Moments are expressed by

M, =-Rx O0=sx=<<i
M,=-Rx+M, L<x=<L

Applying Eq. (10.6), with 8, =0

_0-= ﬁjj/szde +ﬂf/2(—Rx + M,)(~x)dx
from which
Using Eq. (10.7), slope at C:
0, =%=0+ﬂ;2(-Rx+Mo)dx

_ 5MyL
= 64Kl

SOLUTION (10.29)

XT Eol, L2
pll A B C <—l~
Ha ‘4 L, :‘ L, He
VA \;B ’\I/C
M, =H ,x Osx=</,
M, =-V,x+H,L,+1px’ O<x=</,

Applying Eq. (10.6), with 6 ,, =0 and 6 ,, = 0, respectively:

= E]uf( Vx+ H, L +25)(=x)dx = 0 (a)

= =ﬁj:HAx(x)dx+ﬁJ: (-V,x+H L, +Lpx*)L,dx =0 (b)
Letting

A= EyLL

E L,

Equations (a) and (b) become
8V,-12H L, =3pL;
3AV,L, -2(3A+1)H L, = ApL;

or
30D _
V,= 2(37+4) pL, =R,
pLi _
H, 4(3A+4) v =R,

The remaining reactions may then be found by using the equations of equilibrium.
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SOLUTION (10.30)

A
A

STERRNTS

O<x
M, =-M,+3+PR(1-cos0) 0=<0 =<

Slope at C is zero:

/2 2 2 /2
= MR+ - cos)d0 v [ M0
Integrating,

_ PR (n-2)
MC = 2(a+7R)

Hence, for 0 =0 < %:

PR*(x-2) |, PR

— _PR2(-) | PR _ PR <
= T SR T2 ;-cosf
ForO=sx=<a:
_ PR*(n-2)
M = 2(a+aR) <

Therefore, M is maximum along a, for 8 = 0.

SOLUTION (10.31)

(a) Introduce Q at point E, as shown. (disregard C/L’s).

E:: A B lP PLP__’Q Joint E
TN\ | L/ P Ny = =J2P (C)
2 Nega--TomQ Ny =2P+0(D)
S AE
“ * 1
C D £ Npp ¥
Similarly we obtain the remaining member forces.
Joint B Joint D
Ny, =-P(C) NDA=2P‘/§
Ny =2P+0Q(T) Npe = =3P (C)
8y = 35 = 2 [(N2P)(S) (1) + (W2P)(5)(1) + 0+ 0+ 0 +0] = 1222 <

(CONT.)
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10.31 (CONT.)

(b) Introduce couple C/L applied perpendicular to line DE at points D and E as shown in the figure
(now disregard Q).

Joint E
f’ Ny = ~(P +£V2(C)
N g *j}\El N =P+35 #A(T)
, 1 AN 1
Npp #1 N %

Similarly, Joint D
N,, =22P N

pe = =3P = 25(C)
Thus
N,
HDE =ﬁEN/a_=%(L -+

\/5"'\5""/5'*'%):/1_];;(%"'\/5)

SOLUTION (10.32)

The complementary energy for the ith member of length L., from Eq. (2.49) is
Uy = < Zdo =
toJo

41<3 = 41<3 ( )
The complementary energy of the truss is thus

U E4K3( )

Jj=1
Equation (10. 16) is then

EKg( )3 N ;

(P10.32)
Jj=

Applying the method of joints, as needed, we obtain
N, =3

2
— SP
N4—4

N, - -3
Ny=N,=-3£

4

N, =0

Wehave L, =L =L =3m, Ly;=4m, L, =L, =5mand 4 =4
Equation (P10.32) becomes

e = () LN () + LN (52) +

..... +L N;(aN(’)}
0; =(H)BED+5(-9' (D +0
+E'G+IDD+3D D)
= (%)3 48x81+5x625x2+3x81x2

S8, =41.5(L)
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SOLUTION (10.33)

Joint A
SN, =0: N, =%P
YN, =0: N, =3P
Joint B NBC =—%P
A horizontal unit load is applied a C:
nAB=% ”Bc=_% ”Ac=@
Thus
Oc =ar ), 1N;L;
= L IEDED(6403) + (- HERN5) + DRNS)]
=718L —
SOLUTION (10.34)

(a) Refer to Fig. (a) with no unit load:
M, =0 My, = Rx
M, .=Rx-P(x-1L) C

M, =RQ2L)-PL XT

Ajﬁl
fr

The vertical deflection at A is zero.
Thus D

S, =4 3 M, Tfdx=0
L L
- j;Lde + j;LRx(x)dx + jf [Rx — P(x — L)]xdx + jj(2LR —PLY2L)dx =0

Integrating, we have

R=2P <«

Figure (a)

(b) Introducing a horizontal unit load at A, Fig. (a), we write
m,, =X My, =L Mmp. =L me, =L—-x
Hence
0, =4 E M m,dx
(CONT.)
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10.34 (CONT.)
— j;Lde + j;LRx(L)dx + jf [Rx - P(x - L)]Ldx
+ jj(L2LR — PLY(L - x)dx}

Integrating, after substituting R = 29P/64 , results in
S, = 13 pr

T 32 E
SOLUTION (10.35)
X AIN
M, !
4 ; C Introduce a vertical upward unit force 1 N at
xl B b TR point C. Then
S Segment CB:
a M, = Rx m =x
A Segment BA:
e M2 =Rb= MO m, = b
Thus
EIS, =0 =ij1mldx + [ Mym,dy
= [ Redx + [(Rb - M,)(b)dx
=4 Rb’ + Rab® - M ba
or
3Mya
b(3a0+b) 1
SOLUTION (10.36)

We have o = 6/5 (Table 5.1), dx = ds = Rd6

Let a downward unit load of 1 N in addition to load P is applied at the free end in Fig. P17.25.

We write

N = Pcos6@ n =cosf

V = Psin6 v =sin6

M = PR(1-cos8) m= R(1-cos0)
Thus,

8, =4 [ MmR0 + 5 [ Vv + 4z [ Nuds

Substitution of Eqs (a) gives

37,

3 3% . A
S, = L& f (1-cos0)*dO + & ) s1n9d6+%j; cos’ 6d0
Integrating

9 PR’ | 36PR , 37PR
0, = (4 +2) % +%a6 + 3
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SOLUTION (10.37)

Z
>
Z¥
>

SR

o

Actual loading Dummy loading '

Because of symmetry about the vertical axis, only one half of the circle need be analyzed.
Referring to the figure above, we have the following moments:

For0=0 =<Z%:
M,=M,+N,R(1-cosf)-1PRsinf
m, = R(1-cosf), m, =1 (@)

For 2<0 =um:

M,=M,+N,R(1-cosf)-+5PR

| (b)
m, = R(1-cos0), m, =1
Horizontal deflection and slope are zero at A. Thus, from Egs. (10.13) and (10.14):
S, = ﬂ: MR(1 - cos0)Rd6 =0
or
jf M(1=cos0)dd =0 ©
0, = %j:Mm'dx = ﬁj:M(l)dx -0
or
jj M =0, where M represents M, and M,. (d)
Substituting Eq. (d) into Eq. (¢), the latter reduces to
ijcosGdG =0 (e)

Introducing Egs. (a) and (b) into Egs. (d) and (¢), we have
MAj: do + NARJO” (1-cos0)do

/2
-1 1 -1 =
ZPRj: sin 6d6 ZPRJLZdG 0
and MAj:COSQdQ+NARJ:(1—COSB)COSQd9

_%PRJ:/ZSiI’I@COS@dB—%PR]:/ZCOS@CJB =0

Integrating and solving,

NA=P MA=PR

27 T4
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SOLUTION (10.38)

From Eq. (P10.38), we have
U =% a+ (5)h)
Using Eq. (10.22):
W T GO+ =T

96,
Solving,

0. =& <
Then

T, = %60 = %T <
and

T, = %BC =4T <

SOLUTION (10.39)

Ly=Ly=424m
U=1ALEe® =L ALE(S, <3¢)’

Vertical load of the joint, using Eq. (10.22),
3

U _ _ E 4 2
5 =P= E_L,- 0, cos” o
i=1

or
P = EAS [s5550 4 cnis 1] = 0.5689 AES,,
Substituting the numerical values,
P =373.34 kN <
SOLUTION (10.40)
P
Bt e

L —

y

The deflection curve may be expressed by Eq. (10.23) and the bending strain energy is
given by Eq. (10.25). The strain energy of deformation of the foundation is (Chap. 9):

U, = %kjj vidx = %kLE a’
n=l|

Work done by the uniform load:
- L
=1 = p(L 1 x|
W = Zj;vadx = p(ﬂ)nz=l La, cos™t |0

o]
— 2rL a4y
or W ==t E”

n=T3,
(CONT.)
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10.40 (CONT.)

Then, principle of virtual work yields

atEl kL __ 2pL
By na +5a, =5-
or
4pr*
a = Z

n nm(n*m* EI+kL*)

Substituting this into Eq. (10.23) we obtain the required deflection curve.

SOLUTION (10.41)
P

4 L Y »x
1 A
by

We obtain

y'= 3% (L-x)
and

_ E[fL(v”) dx = 224 (" (L - %)
3E[
EYZ 1

Also  OW =P-dv,

Thus, OW = 8U gives,
P-ba, =3£L(2a,6a,)

(a)

(b)

2
or
3
V,y=4a; = %
SOLUTION (10.42)

Strain energy, by Eq. (c) of Sec. 10.10:
— nEl ‘EI
U= 64 a’
Work done by the load P is

w =j;vadx = pa de—pajjcos%dx
= pa(L -3¢

Applying the Ritz method, we obtain
= (U=-W)==2H - pL(1-2) =0

6l
Solving

a=0.11942

Substitution of this into Eq. (P10.31) and letting x=L result in the deflection v at

the free end of the beam.
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SOLUTION (10.43)
W=P-v, =Pl +al’) =PL(a, +a,lL)
U= %jj (V") dx = 2E[L(a12 +3a,a,L + 3a;L2)

Thus,
M —0:  PL’=2EIL(2a, +3a,L)
M =0:  PL =6EIL(a, +2a,L)
Solving,
a, =45 a, = -

Substituting back into Eq. (P10.32):

v="L0 (3L - x) <
SOLUTION (10.44)
«<—»|P
rr B .%_> X
—r—
y
We have
2
H=%jj(v") dx —P-v, (a)
Here
v=ax(L - x) = axL - ax’
Vv'=al - 2ax, V'=-2a
Substituting these into Eq. (a), after integration, we obtain
I = 2a’EIL - PacL + Pac®
and
41— 4qEIL - PcL + Pc® =0
or
_ Pce(L-¢)
a = "Zrr
The deflection of the beam at point B is therefore
_ P (L=c)?
Vy =g <
SOLUTION (10.45)
The assumed deflection is of the general cubic form:
v=ax +a,x’ +ax+a, (@)
For the left hand portion of the beam:
v=0 (at x=0); V=0 (at x=0) (1,2)
Vv'=0 (at x =L/2); v=A (at x = L/2); (3,4)

Here A is, deflection at midspan, to be determined.
Egs. (1) and (2) give a; =a, =0

(CONT.)
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10.45 (CONT.)

1 3a,L
Eq. (3) yields a, = -4
Eq. (4) gives a, =- 12_3A

Introducing these into Eq. (a):

v =482 (3L — 4x) Osxs<t
Strain energy is
/4 /2w
U =2 (0l + 20 [0
Inserting Eq. (b) into Eq. (c) and integrating, we obtain: U = n‘f—fAz

We have
II = 72]L53[A2 — PA

The midspan deflection, from GH/ dA = 0, is thus

- _PC  _
A =05 = Vi

(b)

(©)

SOLUTION (10.46)

We obtain

o0

v'= Y a,(2)? cos

n=l
U=%jf("”)2dx=%;af(%)4%
W=PWw), . =PY2, (n=2,46")

From the minimizing condition, aH/ da, =0, we obtain

Ela,(2)* L -2P =0

or
a,= YA (n=2,4,6,")
Therefore, '
Vo = V(%) = 322 Ef‘* (n=2,4,6,"")

End of Chapter 10
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CHAPTER 11

SOLUTION (11.1)

i
E,

1=%(C4 ~bY) =%(254 -20%) =18.11x10°* mm’

2 2 9 -6
P, _x E21 _7°(200x10 )(0.2811x10 ) _ 143 v
nL 2.5(1)

n
F =2.5(143)=357.5 kN <
Justification of the formula used:
A=m(c* -b*) =m(25* -20%) = 706.86 mm’
r=\ﬁ= [181,100 506 mm
A 706.86
and
L_109 1976 0.
r 5.06
SOLUTION (11.2)
(a) Same area:
2@ -d*)=b -1
4
p2=b2 - (d>-d?)=50" -2 (50" - 40%)
4 4
or
b, =42.35 mm t=%(bn—b,.)=3.83 mm <
(b) Circular bar
T 4 4 T 4 4 9 . 4
I=—(d,-d’)=—(50"-40") =181x10"" in.
64 64
2 2 9 -9
_z EI T (72x107)(181x10 )=14.29 N <

P,
L B}

e

(CONT.)
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11.2 (CONT.)
Square bar
I= i(bj -b) = i(so“ -42.35%)=252.8x107 m*
12 12

_m’El w*(72x10°)(252.8x107)
TL 3)*

e

=19.96 kN <

SOLUTION (11.3)

L3c=\/22+12 =2236 m r=%=?=12.5 mm

J

I =ad4 =g—4(40)4 =125.7(10°)y m*, L, =~N1*+1> =1.414 m

Bar BC (L/r = 2,236/12.5) =178 . Thus
P, x*(70)(125.7)

(Foe)u == W =9.65 kN
Bar 4B
Joint B

EF =0: \/_ " \/_ =0, F,. =0.791F

F
s
lv\l% S F,=0: \/_ F, \/_FBC F =0, F=1.061F,,
1
FAB

FBC

Solving
F =1061F,, F =1341F,,
The allowable value for F:
F <1.341(9.65) =12.93 kN
F <1.061(24.1) =25.6 kN
Thus
F, =12.93 kN <
SOLUTION (11.4)
Differential equation for a free-body of a segment of x is given by Eq.(11.1):
2
EI d— +Pv=0
dx’

(CONT.)
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11.4 (CONT.)

or

d>v P
+pv=0 =,[—
a P=\Er

General solution is
v = Asin px + Bcos px

Boundary conditions :
v(0)=0: 0+40+B8=0, B=0
v'(L)=0: APcospL =0, Ap=0

Since A= 0:
P P
cos‘/— =0 or ‘/—L = n(z)
EI EI 2
P
For n=1, —=—
El 4L
Therefore
*El
P =T
4L

(M

SOLUTION (11.5)

1

=é(240x1203 -190x70%) =29.13x10° mm"*
A=240%x120-190x70 =15.5%10 mm*
Fow = /A=4335mm L ,=05L=45m

L,/r=4500/43.35=103.8

Hence,
n’E  w*(200x10%)

o, = _ - — ~183.2 MPa
(L,/r) (103.8)

SOLUTION (11.6)

L,=0.7L = 6.3 m . From solution of Prob.11.5: 7. =43.35 mm .
We now have
Le/r =6300/43.35=145.3
Hence,
o - n’E  m*(200%x10”)
TU(L[r) (145.3)

=93.5 MPa
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SOLUTION (11.7)

30 kN

M, =0: —30(3.1)+%FBD(1.8)=0, F,, =73.1 kN

I=b*/12=50*/12=520.8x10° mm*,  A4=50%x50=2.5x10° mm’

r=\/z=14.4mm £=@=125
A r 144

So,
7°E _z 2(210x10%)

o,
¢ (L/r) (125)°

We have

=132.6 MPa

o,<0, (solution is valid)
(F, D)c,—1326x106(25x10) 331.5 kN

and

_(Fy), 3315
F, 73.1

BD

=45 <

SOLUTION (11.8)

A solid circular section of diameter d:

A= =2y r=\ﬁ=1
4 64 A 4

Using Eq. (11.13a), we have

4})07’ 1 GYP 4Le 2
—L =0
xd*> " E 0 27 d PR
Solving,
o I?
d=2tey —L )2 QED. <
O E

yp

A rectangular section of height h and width b:

2
d=bh  I=Lpp 2
12 12

By Eq. (11.13a), we obtain

})cr_ IG}P\/_L
w0 G h)

(CONT.)
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11.8 (CONT.)

from which
P
b= C;)Lz Q.E.D.
(o)
hayp(l - 28 y’z’
T Eh

It is assumed that A< b .

SOLUTION (11.9)

P 90x10’
Oy =—= 3
4 3x10
\/mz(zooxlog)
C = 6
25010

=30 MPa 1)

=125.7

Assuming L/r = C_,use Eq. (11.8) and (1):

2 9
0, =T COXI0) 55,000, Liss
1.92(L/r) r
Our assumption was correct. Hence,
L = (185)r = (185)(25) = 4,625 mm

or

L=4,625m

SOLUTION (11.10)

lP
v 272(210%10°
G CC=\/”( 0x107) 1517
280x10
6m
\ L, 42
[ P T
ol ST O
/
6m'\\ = L~=0.7L
A AL

Since L/ry < Cc,use Eq. (11.9) and (11.8):
5 3 42 1 42
n=+ () -
3 8121.77 8 '121.7
_1-(42)/[2(121.7)*]
o 1.75
So,

Y =1.75

(280x10°) =150.5 MPa

P, =150.5(27x10%) = 4063 kN
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SOLUTION (11.11)

\ L
oY &y
\
\
o, f\‘ L
\
\
6(13 ﬂ\\ L
k%3
T

The moment expression about joints 1 and 2:

EM1 =0 PLéa, - k(6a, —d6a,) =0
EMz =0;  PL(da, -da,) - k(da, —da,) =0

or, in general,

PL(Eéa[)—kaa” =0 (P11.11)
izl
In matrix form, we have
[PL -k k 0 o - - 0 7(éca,] (0
PL PL-k k o - - 0 50(2
< > = 3 -
PL PL PL PL - - PL-Fk (505,, 0

That is
[A]{da} = {0}

Determinant |A| =0, yields P,.. Inour case, n = 3.

SOLUTION (11.12)

(a) P, isproportional to /. We have
4
1, ==
— 4 V41 15mt _ 15
I =50 -)'"1=1% =11,
Thus, reduction in P is 6.25 %

cr

(b) Substituting the given data:
I, = 5O - 37276(10°) m*

P = TEL _ 210x100)37276:107) _ 17 99 kN

cr 2 1.5
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SOLUTION (11.13)

(a) P, =2(100) =200 kN
[ =tk - 2000F _ 7.369(10°) mm*

7’E w2 (11x10%)
< =7369(10%);  a=96.97 mm
We have
O =L =100 _ 1063 MPa<15 MPa

47 (0.09697)?

Thus, a cross section of 97 x 97 mm is acceptable.

(b) P, =2(200) = 400 kN
/= % =14.738(10°) mm*;  a=115.32 mm
We obtain

o =L =220 _ 1504 MPa>15 MPa

47 (0.11532)
Dimension is not acceptable. Therefore,

2 4 _ 200010%) .
a”=A= 15(10°%) °

Use a cross section of

116 x116 mm

a=115.5 mm

SOLUTION (11.14)

We have
I =169 _0521x10° mm”.

12

Hence

_ 22EI _ 72(200x10°)(0.521) _
, = T = TEEIORD Z 114.3 kN

P, =i=%=52 kN
Thus

SOLUTION (11.15)

(a) Using Eq. (11.5),
2 9 3
Pcr — T (210)(10 )(0075X005 /12) = 127.5 kN

0.49(3.6)%(2)

_ 127.5(10%) =34 MPa

e 379(107%)

(b) Wehave
Ji _ 0.075(0.05)>

min 12

and

r? =m = 2.08(107)

(CONT.)
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11.15 (CONT.)

Thus,

Also, C, =[2E] =121.673

As 121.673 <175, use Eq. (11.13):
= TR _ 3595 MPq

all. = 192(175)
Note that

o =L =200 _120 MPa

~ (0.05)(0.075)

and yielding does not occur. But member fails as a column, since P, < P.

SOLUTION (11.16)
Ya
P‘ - P
‘\| e !
: L [L
//]V\\/[e ‘\ D
B— \‘L/, —» X
p[ 46 tp

Symmetrical buckling shown in the figure, creates relative bending moments M . Which
resist free rotation of the ends of the member AB and CD. Thus, for member AB:
d*v _
EI“r=-Pv+ M,
with the general solution
: M
v=C cosAx + C, sin Ax + 5 (a)
2 _ P
where, A" = T
Boundary conditions are
v(0)=0 V'(£)=0
ML
Vv'(0)=0 =35
Introducing v from Eq. (a) into these:
M, _ 1 AL AL _
C, +5=0, - CAsin4 + C,Acos4- =0

ML
CA =i
The foregoing lead to the following trancendental equation
tan 4L + 2L =0

or
taniL + 4 =0
from which M/2 =2.029. Thus,

— 1647E1 _ _ x’El

cr ? (0.774L)?

The effective length in the situation described is therefore equal to 0.774L.
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SOLUTION (11.17)

Let P M
=%
b= 4
The governing differential L
equation is X
EN'"'=M - Pv AL
or
VA = A P=W

Solution is
v = Acos Ax + Bsin d,x + (3)°

Boundary conditions give:
v'(0)=0=8
v(0)= A+ () =0; A4 =—(3)
V(L) = (3)?sin 4L =0
or sinA, L =0; AL =0,m,2m,
Choose AL = . Then,

1
h=%=(F  P=xf
Thus, L,=L
SOLUTION (11.18)

For the vertical bar, from Eq. (11.5):
P = ZE

cr 4L
The midspan deflection of the beam is thus

S sprt R
= 384EI T 48EI

or

_ﬂ____ SPL _ o
6 = 384EI - 192(2E1 )

SOLUTION (11.19)

(a) Wehave OC(AT)L =4/2

or AT = 2aL
(b) a(AT)L -4k =4
where
_ mlEl
P = ]ile
Thus,
AT =5 ¢ ZEL L L _ 0 4 &
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SOLUTION (11.20)

For a fixed ended column L, may be determined as follows. Inflection points and midpoint

divide the bar into 4 equal portions. Each portion is the same as the fundamental
case (Fig. 11.2a). Thus L, = L/4.

For the dimension given, we obtain

L= o _ 6599

r = 00294
Equation (11.6) gives then

o =-4TE _(0091E

o (L)

Substituting E = 174(10”),
o, =0.0091(175x10") =1592.5 MPa

Since, from Fig. P11.20, £ is valid only up to 175 MPa, the 1592,5 MPa cannot be
critical stress.

Similarly, for inelastic range, from Eq. (11.7):

o, =0.0091E,
=0.0091(46.7 x10°) = 425 MPa

Applying the same reasoning as before, this value is also not a critical stress.
For E,, :

o, =0.0091(28x10”) = 254.8 MPa

We now observe from the sketch that 254.8 falls in the stress range for which £,
is valid. Thus, the buckling load:

P =0,4=1254.8(0.0323) =823 kN <
SOLUTION (11.21)
A
P
45°
C B
For bar AB:

1.41P = 4200(5.4x107°) = 2268
(CONT.)
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11.21 (CONT.)

or P=1604 N

For bar BC:
2pr 7t (210x10%)(3.9x107%)
P= f)cr = nL_z =T 62
=1297 N
And o, =—2_ =24 MPa

cr 5.4(107%)

Conclusion: Bar BC fails as a column, P, =1297 N.

cr

SOLUTION (11.22)

Referring to Fig. P11.22, we write
I, =2Ar’ +24d’
=2(0.0225)* +2(1.719 x107*)(0.0125 + 0.2325)*
=6.13(10%) m*
and
ro=(25)F = (2 +d?):
= (0.0225% +0.03575%)" = 42.24 mm

We see that r, for two channels is the same as for one channel.

But 7, =7, = 0.0225 m. Thus, 7, < r,,.Columns tends to buckle with respect to z axis.

The slenderness ratios:

Lo _ 210 _
no 00225 94,

From Sec. 11.7:
C2=2L _ 20QY) 50450, C =143

oy, 203(10%)

N |Nl\<

— 420 _
00225 T 187

(a) Inthiscase 0 < (L,/r) < C,. Then, substituting the given data,
the first of Egs. (11.8) yields
o, =97.685 MPa

(b) Now wehave: C, < (L,/r) =200 and the second of Egs. (11.13) gives
o, =30.87 MPa

SOLUTION (11.23)

From Fig. P11.22, we observe that [, > [_.

Therefore the column buckles with respect to the z axis. Since,

=186.7

\ll‘*
N
o

We obtain

2 T Q) _ 59 46 MPa

O = (L,/r)? (186.7)?



https://telegram.me/seismicisolation

SOLUTION (11.24)

From Eq. (11.6),
72 (140x10°) 13
(B = [t = 70.2

280x10°
We have
I = bli = Ar’
or [=w=1'25><10_3 2
Solving, » = 7.216 mm
Hence, (£),a = W = 166.3

Thus, elastic buckling occurs, since (L/7),,.,, < (L/7)

Wehave A = a(AT)L and € =4 = a(AT).
The condition that

actual *

e =a(AT) - (L/r) =0
results in
_ .7'[2 _ 7-[2 _ o <
AT = a(L/r)? ~ 10107°)(166.3)> 357" C
SOLUTION (11.25)
3
O = = Soeio; = 40.85 MPa
272 (200x10°)
Also C. = [—250(105 ]2 =125.7

. . _ w(200x10°) _ 1028.08(10°)
Assuming (L/r)=C,: 0, = T

Solving, £ =158.6 OK.

Choosing the smallest radii of gyration:

% = g6 = 158.6

from which
L=39m <
SOLUTION (11.26)
P
"
A A =m(20)* =1256.64 mm*
40 m | p
] : * I= Z(20)“ =125.66x10° mm*
Vinax —ﬂ\ : e b T2El
07 m cr = 2
\\ : L
N 7°(200%10°)(125.66x10™)
BN =
_,| Figure (a) (0'7)2
“'p =506.2 kN

(CONT.)
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11.26 (CONT.)

(a)

(b)

Using Eq. (11.18):

1x10° = esec| = |- —e[sec(31)-1].  ¢=6mm
2\506.2

Referring to Fig. (a):
M =P(v,. +e)=80(1+6) =560 N-m
_P Mc _  80x10°  560(20)10”
"4 T 1256.64x107°  125.66x107
=63.66+89.13=152.8 MPa

Hence, O

SOLUTION (11.27)

()

L,=2L =1.4 m. Refer to solution of Prob. 11.26
P m’El 7’ (200x10°)(125.66x107)
< I’ (1.4)2

e

=126.6 kN

Equation (11.18):

1x10° = e|sec| = -2 | _1| = efscc(62°) 1], e=0.88 mm
2V126.6

) M =Py, +e)=80(1+0.88)=150.4 N -m . Therefore,
-3
o, =DM 63,66+ 120920100 _ 63 66423.9-87.6 MPa
A 1 125.66x10
SOLUTION (11.28)
L,=2L=36m
4 0 mme A =200x100-160x 60
i —>{le- 20 mm =10.4x10° mm*
P4
i 200 mm 1
Bl p I=E(200x1003—160x603)
P =13.79x10° mm*
A
r=\I/A4=36.4mm
L e=c=50 mm
Thus,
S ec _30x30 a9 L4945

(3647 2



https://telegram.me/seismicisolation

11.28 (CONT.)

Use Eq.(11.19) with L =L, :

250x10°
70%10°(10.4x107)

250x10°
Gmax = -
10.4x107

1+1.89sec[49.45\/ H =98.7 MPa <

SOLUTION (11.29)

L,=2L=3.6m
A=200x100-160x 60

Cor 200 mm D =10.4x10° mm’

P 1

:« ] -} _ f;OO mm 1
20 mm I =—(100%200° -60x160%)
Pl 12

=46.19x10° mm*

e=c=100 mm
r=\I/4=66.6 mm

................. - Therefore,
%=M=2.25 Lo _9703
7 (66.6) 2r

Apply Eq.(11.19) with L =L, :

3 3
0, =200 1y 5 55ec] 27.03 20x10° 11 _g57 MPa <
10.4x10 70x10°(10.4x10™)

SOLUTION (11.30)

I =£(50)(25)° =65.1x10° mm*
P, =xH - TR0 _ 5997 kN

cr ? (1.5)

e=4=2=12.5 mm, P =10 kN

Equation (11.13) gives

Vi = 0.0lZS[sec(%,/%) -1]=3.10 mm <
Thus

M. =Ple+v, )=10012.5+3.10)=156 N -m <

max
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SOLUTION (11.31)

p =77(10°)(0.05x 0.05) = 192.5 N/m
[=9%" _52107) m*

_M_MM_
(2) Oy =Y = 08005 _ 93705 MPa
v _ SpL4

max ~ 384El

5(192.5)(9)* _ _
T 384(210x10°)(5.2x1077) 0.1506 m =150.6 mm

(b) Taking

_ Skt _
ao = 3%4E = 150.6 mm

We obtain, using Eq. (11.15):

= 0.1506 —
Vi = RO 227.5 mm

(210x10%)(5.2x1077)
Applying Eq. (11.16):

— 4500 0025
O max = 0025 [1+2275 5.2(10’7)/0.025]

=51.019 MPa
SOLUTION (11.32)
Given e=0.05 m, ¢=0.1016 m
21
and v, =
= 4566 = 7.765(107°) mm
_z °EI, _ 7A(210x10*)154
Then, P, =-—"= 75 =1575 kN
Also,

Pcr -z (210)(10 )45.66 - 4669 kN

453y
Thus, Eq. (11.19) becomes

_ 0.05(0.1016)
210(10 ) 588(10 )[1 7.765(107 )sec( \/4669x103)

from which, by trial and error,

~700 kN = P,

SOLUTION (11.33)

Governing equation is
"
El,''=-(vy +Vv))
where,
= 1mn &2 11 27
Vo = a, SIn % + 5a, sin 4F
This may be written

2 2 : 2 :
v,"+Av, = -A'a, sin% - 5A7q, sin &~

(@)
(CONT.)
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11.33 (CONT.)

We have
V) =€ COSAX + ¢, SINAX + v, (b)
Particular solution is
v, = AsinZ + Bcos % + Dsin 2 + E cos 2% (c)
Substituting Eq. (c) into Eq. (a):
2
A= B=0
(%)
2
D=-24_  E=0
4 5
e
= L mf L 2mc
Thus, v, IR sin Z= + T sin 22
Boundary conditions
v(0)=0  w»(L)=0
yield ¢, = ¢, = 0.
General solution is
V=y, +vp =V, +V,
_ _pr
Letting b= AZLZ =
we obtain
a : 20a
v = {2-sin 2t + =5ksin 2
Solution of the b is found from
3L 3L
— . 2r(=)
v(EE)=0= 4 sin—*
or b=0.89
2 2
Thus, b=tL, — p=bri
and  P=0892H <
SOLUTION (11.34)

yvy

An element isolated from the beam is shown in a deformed state in the figure above.
Assume SIn6 =0, cosO =1, and ds = dx. Then

EF—O -V +pbx+V +dV)=0

or p=-% (a)
(CONT.)
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11.34 (CONT.)

EMA =0: M -Pdv-Vdx+ pdx“—(M+dM) =0

Neglecting terms of second order, this becomes

V-4 pg: ®)
If the shear and axial deformations are neglected, the moment at any point is
M = EI%y ©
Substituting of Egs. (c¢) and (b) into Eq. (a) gives
2 2 2
wr (ELg) + Pz =p @
For EI = constant,
d* d*
e ©
Homogeneous solution of this equation is
V= SinyLxX+c,C08\Ex+c;+¢,
where, ¢, through ¢, will require for evaluation, four boundary conditions.
SOLUTION (11.35)
Given v =a,[l - (45)]
and hence,
8xa, 8a
vl [ L20 H_ _ L_z()
Potential energy function is
/2 /2 2
- 21: LEI(V" ) dx - ij TP dy = 24 _ s 1
64 Ela Pa
Thus, ng'{[}= IE 0%T0=0
SOLUTION (11.36)
Assume V = v, SIn(2). Then,
/2 R ’
U= ij EL(1+25)(v" ) d
= 2By, [ sin’ 2 dy + 2 [ xsin? 2 d
= Vo 7[0 sin® rdx + 4 | xsin” 2 dx]
(a)

4 2
= 2EL vy 5[4+ 2 (5 + )]
We also have

v

1\2 _Zi 2 o _
jj(v)dx—vo 7 [, cos o dx =257

Thus,
112 _ 12
j;LEI(V )dx—Pj;L(v) dx

yields

ﬂzE[l 3 2 72El
F,=r G+ =177
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SOLUTION (11.37)

We have V'=2v, % V'=2-4

Potential energy function is

— El 4v| 4v| 2 3 Elv 2 2 vlzP
S-S - £ [T e = 2 -1

Hence, g—”=3EL#—43v—‘L=O
gives
9EI
£ = i <
SOLUTION (11.38)
Assume V = Ea” sin(*%). Then,
T
— ZEl 4 2
U ’;Tzn a,
"2
and W =%J;LP(V) dx+ﬁfpvdx
Hence, from OU = 0W, by letting
— P _ P
b= P, z’El
we obtain
_ arrt
a4, = u E w3 (n*=b)
1,3,
Thus, «

SOLUTION (11.39)

. 2Fl lF

X ¢—

ELHI +|L/4+

Let ¢, =% and ¢, = £. Deflection curve is expressed by
V= X, sin @
T
and U=%jj(v")2dx
_ s NaC s NITC, P '\2
—FEan sin = +2F2an sin = +71;L(v) dx

(CONT.)
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11.39 (CONT.)

Therefore,
WU-W) _
da, - 0
gives
”25’ n*a da, = Féa, sin"7* + 2FSa, sin 2> +—a n’
or
a = Fsin(ns/4)+2 F sin(nm/2)
n xlEIn* , P
2 e

cr

Solution is found by substituting this into Eq. (a).

SOLUTION (11.40)

i <t
.
Yy

Boundary conditions are: v(0) = v(L) =0
We have

v=alx® +bLx’ - ax’ - bx*
Thus,

V'=2alx + 3bLx* - 3ax* — 4bx’
V'=2al + 6 BLx — 6ax — 12bx>

Hence,

n =ﬂf(v”)2dx-£f(v')2dx

= L[4a’’ +8abL! + 20’ -L[2a’L +LabL’ +
It is required that
M — £ (8aL’ +8abL') - £ (L al’ +£) =0
M B (8aL' +4EbL) - L (Lal’ +25)=0

Letting A = £ these become

(4-%)a+(4-45)bL=0

(4~ h)a+ (- H)L =0
Since @ # 0 and b= 0:

=) G- E - ) =0
or

A —128A+2240=0

Solving,
2 =209 A, =107.1
Hence,

P = 209E =2'12%

< b2L7]
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SOLUTION (11.41)
L2 L L2 |

<

<

El El
e =y

T 2 %3
ylﬁﬁﬁ

From Eq. (11.29):
vm+l + ()\'Ih2 - 2)vm + vm—l = 0 (a)

Here
2 _ P 2 _ P
)‘1 = ElL )“2 = Bl

Applying Eq. (a) at 1 and 2:

AR =2 1 v] [0
1 AP =2y, 0

(Ah? =2)(Ah* =2)=1=0

AAh* =200 =20,k +3=0

Thus,

or

This is written as
P[] - P[3-+#-]+3=0

81EI,1, 9EI

Solution is

(B2)er =9L_125(11 +]2)19L_E[112 -1,1, "'122]E

When [, =1, :
9L <
[
SOLUTION (11.42)
L2 L2
: £ —x
lO 1 2
y
Boundary conditions yield
Vv'(0) =0; Vo =
v(0) = 0; Vi=Vv,
v''"(L)=0; v, —2v, +2v, =0 (1)
)

v''(L) =0 v, =20, +2v, =0
(CONT.)
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11.42 (CONT.)

Then, applying Eq. (/) of Example 11.8 at points 1, 2, 0, respectively:

(7 =21 0", + (Xh*> =4y, +v, =0 3)

(MR =4y, + (6 =21 ), + (Xh* =4y, +v, =0 4)

(MR =4y, +v, =0 (6]
From Eq. (5):

v, ==v,(Ah* -4)
Equation (1) becomes
vy =2v, = v, = =2v,(Ah* = 4)v, = 2v,(A°h° = 4) -,
Substituting this into Eq. (3),
(7= 22207 ), = (Rh> = 4)(Xh* = 4y, = 2v,(Ah* =4) = v, =0
from which

Mht —4AXh? +2=0

or
272 _ _ Pi?
Ah =059 = 22
Thus,
P, = 2.3;251
SOLUTION (11.43)
<« L —
Py P >
i
From symmetry: v, = v;.
We have
I(x)=(1+2)EI O0=sx=<<i
I(x)=3-2)EI, L<x=<L

Equation (11.29), gives at 0, 1, 2, 3:
v +v, =0; v, =-V,
vy + [(3/1;/;2511 -2 =0
v+ [ 2 =21y, +v, =0
[ =2y +v, =0

The foregoing equations lead to

W -2 1 QM) (o
2 LXh* -2]]|v, 0

from which, since v, # 0 and v, = 0:
(MPh* -6 A*h* -1)=0
Thus,
B, =165

LZ
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SOLUTION (11.44)

| L/4 3LA4
P El, EL

<« x
01, i 23
y
We have
/4 1)2
(X1=m=l a2=L—/4=2.
Applying Eq. (11.30) at 1 and 2:
2
12%11 =2y +v, =0 (a)
2
v 11251l =1y, =0 (b)
Let

= P _ = P
kl - 16EI, 1 k2 - 16EI,

Equations (a) and (b) yield then
k-2 1
% kz -1

from which
(k, =2)(k, -1)-3=0
or
Pz[zségz[l[z ] - P[léglz + 161}:2“]1 ] +% =0

Solution of this quadratic equation gives the critical load as follows:

_ SECIL) _SE[472 4+ 2 1 2411, T

cr 2

In a special case, for [, = [, = I, the preceding reduces to
P = 24EL _1S3E _ g 7EL

End of Chapter 11
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CHAPTER 12

SOLUTION (12.1)

Components of stress are
=L 4 Mr
O,=%%t7

X

90 3375(0.05)

w0057t o 05 o = 45.84 MPa

and
0,=0,=1_=1,=0

Thus, from Sec. 2.13 (in MPa):
20,

3 T, 0 30.56 2292 0

T, -3 01=12292 -15.28 0
0 0 -= 0 0 -15.28

SOLUTION (12.2)

At instability, member AD (or DC) and BD become in length:
n L
L'yp=Lpe=L,+ ﬁLAD =T

1-nm,
o M = Lo
L BD — LBD + 1-n, LBD - 1-n,

Therefore,
LAD LBD
(E2) = a® + ({2
Initially:

2 2 2
L,,=a +Ly,

Eliminating @ from Egs. (a) and (b), we obtain

— LBD 1-n, n (2-ny)
cosa =72 = (151)

=n, I\ 2=y
For
n =02 and n, =03
We have
cosa = Q2[L209]: — 0.7351
or

o =42.68°

(a)

(b)
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SOLUTION (12.3)

PL P .
(T: vy VVvVVvVYyY *_»x We write
2
y

Equation (12 7)is then
= (KI ) = (21<1 ) (L- x)"

V'= ——’XZ(L 14
(=+1)(—+2)
n n
2,
A(L-x)"

V=
(3+1)(E+2)
n n

+tox+c, @)

Boundary conditions yield

Z+| ;+2
' —0N- _ A" — 0 — AL"
v (0) - 07 ¢ =5 V(O) = 0, C,=—— 3
—+1 (=+1)(=+2)
n n n

Substituting these and Eq. (g) of Sec. 12.5 into Eq. (a), we obtain

L )2+2 2.

—x)" n Ln

7 et 5]
(—+1)(—+2) (—+1)(—+2) —+1
n n n n n

Forn=1, K=F, and x =L

pL4 pL4 pL4

V= 2Kn)[

V = 6El T 2aE = SEI
SOLUTION (12.4)
o \ We write
T —» X
! M = P(L-x)
o
Hence,
1 1 1
- (KL;,) (L-x)"=A(L-x)"
L
V= -y e
—+1
n
L)
2(L=x)"
v="S—tox+cC
Ganclagy 1702
n n
(a)
Boundary conditions yield
l+| l+2
v'(0) = 0; c =4 v(0) =0; ¢, = ——2——

—+1 (l+l)(l+2)
n n n

Substituting these onto Eq. (a), we find an expression for the deflection.

For a special case of # =1 and K = E, the deflection at free end:

—PL _ PP _ PL
VL) =3 — 45 =55
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SOLUTION (12.5)

Wehave 0 = Ke* and [ =%bh3. Here

=2 = —
S_hgmax_ayﬂ a=-,

Moment is thus,
M = foydd = fh VK (ay)* bdy = £ Ka

1 11
But O, =Ke: =Ka'h*

max

Hence, M =(3)bh’o,,,

9
4

or
_ 9M _ 3Mh
O-max T ogpn? T 4l
SOLUTION (12.6)
M = -Px Osx=a
i i L
Hence, vl”=(—[‘§—1x ==X, \/1'=—A‘f—+cl
;+l
1
}\X”
vV, =—>———+CX+C (a)
! (l+1)(l+2) ! 2
n n
Similarly, M = —Pa, at a<x<(L-a):
1 1 1
v, '=(-£5) =-Aa", v,'=—-Aa"x +c,
1,
v, =-Aa" % +cx + ¢, (b)
Boundary conditions yield,
v,(0) =0; c, =0
1
L\ _ 0 — A0 L
v,(5) =05 ¢ =Aa" s
1 1y
' _ ' . — w L Aa”
v,"(a) =v,'(a); ¢, =Aa" 524
n(—+1)
n
l+2 l+2 l-¢-2
_ . _ A" Aa" Aa"
vi(a) =v,(a); Cp =73

(l+l)(l+2) n(l+1)
n n n

Substitution of these of these constants into Egs. (a) and (b) gives the required solution.
For a special case of 7 =1 and K = E, the midspan deflection is

2 3
V(%) = vmax = ZELI _%
2 2
or Viax = 77 (3L —4a”)
We compute
¥ =23.19 mm (measured from top surface) and / = 4.4(107") m* .
Therefore

- 0.45(8000) [3(12)2 _ 4(045)2]

\%
max " 24(4.4x1077)200x10°

=0.00598 m = 6 mm
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SOLUTION (12.7)

Ay = %(0.06)2 = 2827.44x10° m?

Ay =%(0.05)2 ~1965.5x10" m’

(a) Since Ay.<A,;:
P =0, Ay =240x10°(1963.5x10™)
= 4712 kN <

(b) Loading
Segment 4B deforms elastically:

PL 471.2x10°(1.5)

5 = ]
¥ 4E  2827.44x107°(210x10%)
Segment BC deforms plastically:
(05 )i =040 =0, =10-1.19 =8.81 mm

=1.19 mm

After unloading
Segment BC remains elastic. Thus

(6,48),=0

Segment BC remains plastic. We have:

Ty _ 240%10°

0 =¢ L= )=1.15 mm
wew E 210x109()
PA
Pmax -
/
¥
/
/ > Opc
— le— oy
(0
4_(63C)max —p

Referring to the above figure:

(03¢), = (05 )x =9, =8.81=1.15=7.66 mm <

SOLUTION (12.8)

A, = %(0.03)2 —706.85x10° m?

Ay, =%(0.02)2 =314.16x107 m?

(CONT.)
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12.8 (CONT.)

(a) Since Ay.<A,;:

P =045 = 280x10°(314.16x10™°)

max

=87.96 kN

(b) Loading
Segment 4B deforms elastically:

PL 87.96x10°(1.5)

0, = = — 5= =0.89 mm
AE  706.85x107°(210x10")

Segment BC deforms plastically:
(6Bc)max = 6AC _6143 = 10_0-89 = 9.11 mm

After loading
Segment 4B remains elastic. Thus

(6,48),=0

Segment BC remains plastic. We have:
s 9wy _ 280x10°
*E 210x10°

(1)=1.33 mm

Referring to the solution of prob. 12.1:

(6BC )p = (6BC)max - 6y
=9.11-1.33=7.78 mm

SOLUTION (12.9)

o U Sin g E qs. (P129)

Pcos” 40°
NAD = Nc = 3 o
1+2cos” 40

=0.309P,

_ P
B0 14 2c0s® 40°

=0.527P

Since Ny, >N ,,, we have

0.527F, =0,,4=250x% 10°(400x107%)

or

P, =189.8 kN
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SOLUTION (12.10)

See Eqs.(i) & (j) of Example 12.3:
P =432P. 2P +P =400 (1,2)
Solving,
P =633kN P =189.9 kN
Then
189.9x10° 63.3x10°
O = ninoy O = nnrinoy
750(10°) 500(10™°)
Since 253 MPa > 240 MPa and 126.6 MPa < 320 MPa, steel bar yields while aluminum
bars remain elastic. Thus

(6,).. =0 (0, =253-240=13 ksi <

=253 MPa =126.6 MPa

SOLUTION (12.11)

Rod begins to yield at:
(P),, =(0,),,4, =(250)(45)=11.25 kN

(0,),, /- 250x10°
E, 200%10°

0,)=C(c,), L= (1.2)=1.5 mm

The result is shown in Fig. (a). Here Y corresponds to the onset

of yield in the rod.

Tube begins to yield at:
(Pf)yp = (Ot)yp Az = (310)(60) =18.6 kN

(0 6
®,). _( t)pr=310x109
¥ E 100x10

t

(1.2)=3.72 mm <

The result is shown in Fig. (b), where Y, represents the onset of yield

in the tube.
Total P-3 of the rod-tube combination:

P=P+P 8=5, =4,

The result is in Fig. (c). P
A
P, (kN) y
(kN) 2085 b ’
Y, |
P, : !
(kN) 186 | __2 ; 186 f------ : i <
Y, | ! l
1125|-ccome s i ! |
a | .
0 5 6 (mm) O s 372 6, (mm) O 15 372 5 (fm)

(a) (b) (©



https://telegram.me/seismicisolation

SOLUTION (12.12)
Wehave e =6 -2 =4 mm, I =(1/12)(12)* =1.728 x10°> mm* and ¢ = 6 mm.

(a) Applying Eq. (12.9):

ol ol
Myp i M
or
M, =100.8 N-m
(b) Equation (12.10) results in
=ao,,(a’ -4) =(0.012)(350)(12° - &

M

u

=5824 N-m

SOLUTION (12.13)

?;’l a|e Oy

! ?o I

i h-c
T

Referring to this figure,

(0,)4=(h-cao,
or
c=%
Hence,
— 1 2h 2 2h h h
M =350, 55 +5a0,¢
= (LU 2
= (5—)ah Gyp
SOLUTION (12.14)
L2 L2
R—14—>
I+ + + + + 1 [ Al‘p_l‘2
4 %t A & 2 2

Deflection at C (Case 7 of Tables D.4), in elastic range:

L'

vmax = 384EI

Start of yielding:
12M,,
P=Py="17

Thus,
ML  (Qbko,,[H* o,

Vinax = 32E 32E(2bh3/3) = 32Eh
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SOLUTION (12.15)

Equation (12.9):

2
a M, = gbhzayp

2
_ 2x0.06(0.04) (240X106) -1536 kN -m <

(b) Equation (12.10b):

M =201536x109[1 =221 = 21,12 kN -m <
2 3740

SOLUTION (12.16)

(a) Equations (12.9) and (12.10b):

M 3 l e
o3 =§[1_§(Z)2]
w
or

1 ¢ <

0.867 = 1-=(=), e=0.632h
3°h

(b) The residual stress pattern will be as in Fig. 12.16c. e |

SOLUTION (12.17)
A =2(10)(40) + (10)(30) = 1100 mm*

Neutral axis divides section into two equal areas:

A
(30)(10) + 2(10)(h)) = By =550 mm> VA
h=125mm  h,=27.5 mm Y
Therefore, z 2 ;fﬁg
2
Z=A(y1+y2) :.':'.'f",j

v s
2 ->|10|<—30 —'|10|

_ E;Ai.)_}i _L ﬁ e
N = EAi ‘A/z[z(hl)(l())(2)+10(30)(h1 5] = 6.93 mm

_L
A2

where

Y [2(10)(A, )(h?z)] =13.75 mm

(CONT.)
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12.17 (CONT.)

So

zZ =%(6.93+13.75) =11,374 mm’

M, =0,7=(260x10°)(11,374x107")
=2.96 kN -m

SOLUTION (12.18)

mc 146
A=— S=—o
2 4
ac’ 4e
Z=24Ay=2——
3
4¢°
3
Thus,
Z 16
f=2=""x17
S 3m
SOLUTION (12.19)
y A
] ]
R o
[ ] ;
Al A, - s o e,
z s o
o I
U b2
b

bhh bh h 7bh*
Z=2A_—2A_ =2————_ =
WM 2V [ 24 24 8] 3

I 21 b h
- _Z_- bh3__ N3
h/2 h12[ 2(2)]
2
=%(I—L)=£bh2
6 16 96
Thus,

7bh* 96

Z
=2 ~1.4
S =530 s
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SOLUTION (12.20)

1
Y I =—(70)(120)°
12
] =10x10° mm*
s M ==
—ssdiad 120 mm =—0
s -6
e 10x 10
s _ X0 (250x10°)
70 mm 0.06
=41.7 kN -m
3
M, = /M, == (41.7) = 62.6 kN -m
Elastic rebound stress
, Mc 62.6><103(0.06)
O = —=
e I 10x10°°
=376 kPa
The results are sketched (in MPa) below.
Y
50t 376 116
< M, =0
< - M, _ 250
u ) x + F T -250 <
> 60 mm
250 -376 -116
Loading Unloading Residual
stresses
SOLUTION (12.21)
Initial Yielding:
Oy =5+ @
where
2 3
N, =mo,, M, =0, /4

(CONT.)
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12.21 (CONT.)

We express Eq. (a) in the from
N M
Vot =1 (M

w p

Fully Plastic Deformation:

From a Mathematics Handbook table:

A, == —[e(r? - *) + 7> sin™ ()]

A =e(r? - &%)t +r7sin” ()
Thus,

N, = 2Gyp[e(r2 —e*) +r’sin”'(9)] )
We also write

dA =20 = y*) dy

0= (207 =) dy =307 - &)’

Here Q is the first moment of the area 4, . Hence,
4.2 203
—_— — 2
, =200, =5(r"-¢e) o, 3)
— 4,3 — 16
M = 310, = 3”Myp

u

Solving Eq.(3),

1

Substituting this into Eq. (2):
3 M 3 M 2 . 3 MyNTE
N, —Zpr[r - 2) ]( 2) +2r°o,, sin” = (& 22) ]

47 Oy,

The foregoing results in

Ge= G GE -GG T s -GG @

The governing equations for yielding to impend and for fully plastic deformation
are given by Egs. (1) and (4). A sketch of these, interaction curves, are shown below.

(CONT.)
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12.21 (CONT.)

N

Ny, A r

Nl —

0.81 M

0661 Initial

: yielding y— Fully plastic

0.4+

021 B
———————————————— t —> v
02 04 06 08 10 12 14 1.6 M,

Figure P12.21

SOLUTION (12.22)

Let P=N. Then referring to Fig. P12.22, we have
M = Nd = N(0.05+0.05+0.025) = 0.125N
Thus, N/M =1/0.125

M, (@ [9)0,, 005

o T
AISO, N, e o, 4

and
M/Myp = 20(N/Nyp)
Now referring to Fig. P12.21, we find that B(1.68, 0.084).
Therefore,
N, =0.084N , = 0.084(m30yp)
=0.0847(0.025)*(280x10°)
=46.18 kN

SOLUTION (12.23)

The plastic hinges for at 1 and 2, Fig. (a).

\6 Py “xe

L J Figure (a)
—>|<- L-x

Apply the principle of virtual work:
P (x60) = M [2(66 +22)]
from which

P = x(L- x)M

The condition dPu / dx =0 gives x = L/ 2. Minimum magnitude of the ultimate load is thus
<

,

8M,
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SOLUTION (12.24)

le—»!

P =

| o

i<—>|

!

|

.

. '|§
|||I|I|||I|I||

Figure (a) Figure (b) Figure(c)
Initial Yielding:
=M Mc _ N, Myh
O,VP T4 + 1 2(bh-bihy) + (2/3)(bh3—b1h13) (a)

Here,
N, =2(bh-bh)o,,
M, =% bk’ —bhi)o,,
Equation (a) may now be written

N M

N—}; + M_‘]p =1 (1)
Fully Plastic Deformation:
For 0 = e < h, (Fig.b): A,

N,=240, =2(b-b)eo,,
from which A ¢

_ N, T

€ =3G-b)o, Figure (d)
We have (Fig. d):

Ay, =b(h=h)+(h —e)(b-b)

— bh - eb +eb, - b h,

= Nay bk )(h;hl”) | bh2 bt -*b+e’h,

Y="4= 5 = 2 " h—ebreb,—bih
Thus,

M, =204,y = (bh* —-bh} - ’b* +e’b)o,, (b)

. 2 2
For e=0: M, =M, =(bh"-bh)o,.
Substituting the given data, the preceding expressions become
2 3
Nyp =1.68h O, Myp =0.922h o,
3

M, =1.113h o,

M, _ _
and i, = 1.21, Myp = 0.55hNyp
Hence, Eq. (b) leads to

M Ny \2
manr, = 1= ﬁ(zv_; (2a)

This is valid for
0=<0=<h or 055—251.67
w

(CONT.)
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12.24 (CONT.)

For h, < e < h, (Figs. cand e):
N, =2[0.7h+0.2h + (e - 0.7)2h]0},p
or e=52+0.63h

4ho,,

M, =2h(h-e)2(e+2554)0

2
3 2
=2h o, —2he o,

= (-2.52h% + deh)o

Ie Figure (e)

yp

Hence,
My _1_ & _1__ N5 0315N,
20, =1 h =1 16402, %o, 0.397
or 73 = 0.603 - 0.176(5-)” ~ 0.529(3> (2b)
which is valid for
h <e<h or 1.67<4>=<1
b/

Equations (1) and (2) are the governing expressions of the plastic bending.
A sketch of these, interaction curves, are shown in the figure given below.

N
Ny A
1.01 N%—: _____ __jz__
0.81 M
0.6
04+ Initial »— Fully plastic
yielding
021
——t—t—t+—t—t—>
02 04 06 08 1.0 1.2 i,
Figure P12.24
SOLUTION (12.25) P
4
3%%.3 =
\T\\\J//ez
i
L 2L/3
We have

and Ov=4%L360, =3L50,
from which 260, = 60, .
Applying the principle of virtual work:
Poév=M,0 +M,(560, +060,)+ M, 560,
or $P LSO, = 6M60,

. oM,
Solving, P, ==
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SOLUTION (12.26)

j
pall

L T a
# L : = L2 i L2 =% ®
[}
54— e —» | i i
i ! I j
| G v
| A
| Ly |
| H I___ oy __I
1 2 a~Jw o, ©
4
Figure P12.26

We have two different modes to be checked for collapse loading.

Mode A, Fig. P12.26b:
0,(L-e) . Lo
, =20 g 4p, =L

e

Applying the principle of virtual work:
8 [ (6%)% pdx +6 f [0, =6, (x - e)] pdx = M, 80, + M, 80, + M 56,

or 8 6,55 pdv+s f [0, 6, (x - e)] % pdx = M, 80,(% +1) @)

Integrating the left hand side of this equation, carrying out the algebra and simplifying:
80, p[£55] = M, 66, (L +1)

Solving,
6M,
= e(L-e) (b)
Then, dp/de = 0 gives,
6M, 6M

u_ . _ L
- & (L-e) e(L-e) e= 2

Introducing this value of e into Eq. (b), the collapse load is
p = M, <

u I?

Mode B, Fig. P12.26¢:
From symmetry 6, = 6, = 0. Principle of virtual work gives:

5122[9% —0(x - L)|pdx = 3M 80

or
5 Jf/ 0L - 6x]pdx = 3M,,50
Integrating,
86 L2 = 3M 50
or

_ 24M,
f)u - L

Note that the collapse load is the same for modes A and B.



https://telegram.me/seismicisolation

SOLUTION (12.27)

Assume that plastic hinges force at 1 and 2, as shown in Fig. (a).
On the average, plastic limit load

T B
% Figure (a)
a af b

Note that p, goes through a virtual displacement of adb / 2. Thus, applying the principle of
virtual work:

(p,L)+add = M50 + M (1 + )50
Solving,

p, =2 (2 <

La-a
The unknown distance a is determined from dp, /da = 0. In so doing and
simplifying the result, we obtain
a=2-2)L <
and

b=L-a=(2-1)L

SOLUTION (12.28)

yp

(a) Wehave M = Gypl/h
From geometry,
x _ W2)-y, ¥ = b2
b2 — K2 > = o

/2 2 b’

Then, [ =2 jf Q2x)dy(y?) = 2
Hence, total yielding moment
=D b1 = b

M,=2%50, =50,

48
Also,
M, = 7 (area of rhombus) X (distance between centroids) (O, )
= b‘*_h(%)oyp = %G,"P
Thus, AA; L =72 <4

(CONT.)
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12.28 (CONT.)

y
J |
] — ﬂ(b4—a4)
4
M, = %(b4 - a4)o% = f—b(b4 - a4)oyp
Also, referring to the figure:
_ 2 o _4(h3_ .43
M. —ZJ:jfr sin6drd0 = 4 (b* - a*)
Hence,
M, _ 4 3_43 _ 4 bB-d
Ye=3 =3 (n/Zb)(bz—az) = zl:z—az
We therefore have,
M, _ @B -a*)oyve _ i6b bd®
M, = (@/4b)(b*-a)a,, ~ 37 -t
SOLUTION (12.29)
L 107°(0.
@ g tml 6000x10°(05) o0
v, = =2600 u < 6000 u
and shaft is yielded.
From similar
triangles:
‘ 6000 u P, 30
60 mm -vA — 2600 2600 6000
or
0, =13 mm
(b) Elastic core. Use Eq.(b) of Sec. 12.9:
3
JTf J
I = %‘L’yp =3(0.013)3(180x106) =621 N'm

Outer part. Use Eq.(c) of Sec. 12.9:
T, = 2?”(8 —P)T,, = 27”(0.033 -0.013*)(180x10%)

=7.01 AN -m
Thus,

T=T+T,=7.63kN-m
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SOLUTION (12.30)

G =26x10° GPa, 7, =140 MPa (TableD.1)

(a) For partially plastic shaft, using Eq.(12.19):

(&)3 =4_£=4_ 63T
¢ yp e T)’I?
Substituting the given values
3
(Lo_y_4_ 6(4'3"10 ) ___o.0711
0.025 (0.025)°(140x107)
0, =12.4 mm <
T
(b) yy=p_0¢=i, ¢_ﬂ£
L G G p,
6
= 20N0AD 65511 40 22000 <
26x107(0.0124)
SOLUTION (12.31)
* 80 mm T 50 mm .
7
% v
R C b-15m p
T, 240x10°
=t =———=3000
777G T 80x10° K
cp 0.04(0.25
(Ymax )AC = _¢ = % = 5000

_0.025025) 0

(Ymax )CB

Both segments are yielded and partially plastic.

Segment AC
cy,
Py =—
ymax
B 0.04(3000x107°) _ 24 mm
5000x107°
mc 7(0.04)° 6
T, =", = (240x10°) = 24.127 kN -

Use Eq. (12.19):
4 1 24
T,.=—24,127)[1-=(>=)’1=30.43 kN -
e 3( I 4(40)] m
(CONT.)
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12.31 (CONT.)

Segment BC
c -6
=T 0.025G000x10) o
Y 4167x10
3 3
I - 70029 240x10°) = 5.89 kN -m
2 p 2

Use Eq. (12. 19)~

(5 89)[1-1(§) 1=7.12 kN -m

Total applied torque is therefore
T=T, +T, =37.55kN-m <

SOLUTION (12.32)

For r=0, Eq. (f) of Sec. 12.11 leads to ¢, = 0. Then, in plastic zone
pwzrz
3 b

If the plastic zone extends to radius c:

0,=0,,~ Oyg =0,

pw262

3
which may be found directly from Eq. (12.30) by setting a=0. The outer elastic zone

O,=0 w T
is represented by an annular disk yielding at the inner radius ¢, wherein radial stress is O .

We follow a procedure similar to that described in Sec. 12.11 for an annular disk.
Boundary conditions:

(Gr)r=c =0, (u),=o =0

are substituted into Eqs. (8.37) to obtain ¢, and ¢,. We then determine the stresses in the
elastic region as follows:

o, = 24Nz[3(1+V) (1+3v)-5:1(1-4) <
o, [b4(1+ EY1+3v)+3v(3+v) - 3(1+3v)b2]

241v2
where

2 8+(1+3v)[(¢/b)*-1]
N* = 24

SOLUTION (12.33)

£y
l— b —

The sand volume is
=L(b-a)ah+2(1a’ L)
(CONT.)
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12.33 (CONT.)

= _h
Slope Ty =D
The ultimate torque is thus
_ (3b-a)d’
T u 6 w

The yield torque given in Table 6.2, by letting T =T e

SOLUTION (12.34)

a3

2a

a\/§/3 2a
2a
+
Volume = L AL+ 2a - a/3) = 2 ha?
-k _ 3h _ _ a3
SloPe‘aﬁ3‘aJ§_T)p’ h =% T,
(a) T,=2V=%d’t,,

Thus, 1T = LIaR

SOLUTION (12.35)

Equilibrium condition, from Eq. (8.2):
%(Z‘O'r) _ I(Uer—or) =0

Profile is, using Eq. (8.36) with s =1, 7t = at,. For full plasticity
0,-0,=0,

o,at, s

r 1

Thus, {0, =f“7f"(7,—f”dr =-

. —_N- _ Opal,
Since, (0,),_, = 0; ¢, =5

Then, noting that O, = —p, at t =1  :

o= a(t-

or

_ a(b-r)
pi - Gyp
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SOLUTION (12.36)

We have @ = 1/2 and substituting the given data into Eq. (12.42):
£ 0606 0.606(14x10°)(0.5)
0 7 QK/NBn/3) T (2x900x10°/1.73)(0.2/1.73)°2

=0.0063 m = 6.3 mm

SOLUTION (12.37)

In this case, we have O, > 0.
The total force is
P =2nrto,
where O, =0, 0, =0,
The values of r and ¢ are given by Egs. (g) and (f) of Sec. 12.12.
Substituting these into Eq. (a):
P =2mre o,

At instant of stability,
= (9P P =
dP = ({£)do, + (£)de, = 0

do;
or e T g,

Equations (12.28) has the form
o, = f(a)e/
from which stability condition is
g =n
Then,
1
n= () (@ -+ )

Solving,

o, = K2n)' () (5L)"

a’-a+l
Since €, + €, + &, = 0, the maximum principal strain is
= L _ €t x
g =Ini=Ini+In;
Minimum strain is
=lnL- = -l
&, =Int; t=t,In" ¢,
Thus,

=r - P
o, = 27t 27, In"" £5t0In"" &5
Substituting Eqgs. (12.38b) and (12.38c) into this equation:

o, = L
1,0 1-n a
2ty In '[(;1)'/2(a2—a+1)7n(5—1)]

P
Rres 1-n a
27,0, In l[(?l)'/z(az—aH)T(E—l)]

or t, =

where, O, is given by Eq. (b).

Results of the preceding expressions are simplified by setting & = 1/2.

(a)

(b)
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SOLUTION (12.38)

Since the mean radius does not change, we have de;, = 0. We also take 0, =0, = 0.

Material is incompressible de, = d¢;, or €, = —¢;.
The Levy-Mises equation is thus
de,  _ dep -
o or = o or o, =20,
V3

Hence, O, =750,
And g, =(3de, = —(%)a’g3
Radius 7, = constant. Therefore,
P =2m, to,
At instant of instability, dP = 0 :

do, _ _dr _ _ —
o, t d83 _dgL

Hence,

K(\/*) L’ t = toe_n
At instant of 1nstab111ty, the load is then given by Eq. (P12.38).

SOLUTION (12.39)

(a) UseEq.(8.10), with T, =0 /2n :

2
Typ pib _ Pi

o b2_g? a.,?
1-(£
(b)

Substituting the given data:

50 = 50 or %=1—(%)2
l(b)

Solving, b =122.5 mm )
(b) Apply Eq. (12.47) with k =1 and n = 3
=T —60=32In()
or  R=e ) 20549
Solving,
b=91.11 mm <
SOLUTION (12.40)

Apply Eq. (12.61a): with ¢ = 1.4a and k = % We have p, =

P, = 3 (260)[In(s;) - 2L tder

2(2a)?

=300.2[-0.336 - 0.255]
=-177.4 MPa

”

at ¥ = a. Thus



https://telegram.me/seismicisolation

SOLUTION (12.41)

(a) Using Eq. (8.11):
Py =73 2306)
We have k& =1, and thus,

<
P, =-2lnt=42In$ =2553 MPa
(b) (1) =05 -0,0,+0;
or (140)* = pip [(3625)? 4 36428 4 1]
Solving, p,, =22.92 MPa <
Now k = 2/\/5, and hence,
P, =5(25.53)=29.48 MPa <
SOLUTION (12.42)
Using Egs. (12.57) and (12.58) with £ =1 and r = 0.25 m,
=4001In(33) =162.2 MPa
o, = -4001In({k) = -72.93 MPa
o, =400[1 - In 5] =327.1 MPa
and o.=%(0,+0,)=127.1 MPa
Unloading from p,. At 7 = 0.25 m, Eqs. (8.12) and (8.20):
0.2%(162.2) 2N
0, =" a(1-125)=-57.09 MPa
o, = L2U2D (14 03 ) _316.6 MPa <
0. =162.2-92—=129.8 MPa

Residual stresses at r=0.25 m:

(0,),.. =327.1-316.6=10.5 MPa
(0,),,. =-72.93-57.09 = -15.84 MPa <
(0.),. =127.1-129.8 = -2.7 MPa

SOLUTION (12.43)

We have k = 1. Refer to Eq. (12.57).
Inner cylinder, at 7 = b :

— Py =P, +(Gyp)i ln% (@)
Outer cylinder, at7 = ¢ :
0=-p,+(0,,),In¢ (b)

(CONT.)



https://telegram.me/seismicisolation

12.43 (CONT.)

From Egs. (a) and (b), after eliminating p,, we obtain
p,=(0,), Int+ (oyp)o In¢
= 2801n0 + 4001n
=317.9 MPa

SOLUTION (12.44)

(a) Equation (12.60):
p. =ko, =5 =02778ko ,

w 23)?

(b) Equation (12.61a):
(0,),., = koyp[ln% -0.2778] = -0.970%o0 ,,

(c) Equation (12.59b):
_ 02778k0,,(3%)

2
(09),y =52 —(1+ %) =0.444ko ,
Equation (12.59b):
_ 0.2778ka,,(3%)

(0p),.. =—5—(1+%)=0.7222k0
Equation (12.61b):
(09),-0 =ko,,(1+In£-0.2778) = 0.0291ko ,

We see from these results that the maximum stress occurs at the elastic-plastic boundary.

End of Chapter 12
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CHAPTER 13

SOLUTION (13.1)

T S AR
vy
(a) Boundary conditions at y=0 and y=b:
w=0 ‘j,—;v =0 (a)
We have

2
" __ Py
w = 2D +C]y+6'2

1y Po
- D

w

3
' _ Doy 1 2
w==pt+t20)Y +CY+C

4 3 2
_ Py Yy )y
W=opt et TGV +G

Conditions (a) yield ¢, =0, ¢; =0,

pob pob’

— 72D 2 =~ 12D

Thus, w=22[(3)" -2(2)° +(2)°]

¢ =

(b) Differentiating twice the foregoing expression, we have
] 170174 12 ,,2

= 12 _ 12 2
W_24D b4y b3y+b2]
Fory=%:
Pw o_ b’
a2 24D

4
_ Pob
Hence, My =

Thus, O = 5 (D O =50’
Similarly, for y=0:
fre-fp M <%
and 0, =38 =0,
emax = § Do (%)2
SOLUTION (13.2)

Wehave 1, =7, 1, =

and  r=012m, t=0310")m
Equation (13.3b):

O = =5l = = 20003 _ 2747 MPa

max ~ T 2(1a2)r 2(0.91)120
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SOLUTION (13.3)

Using Eq. (13.8),
9
D= % = 32,400
From Example 13.1:

w= (ﬁ)4 £osin(%)
= (26)* 2040 _ 0.82(107) m = 0.82 mm
My = -D4v = ~(2)’ p,sin ¥
Thus,
O = 5™ = 0.61p,(£)

= 0. 61p0(20>< 10°)(5%65)* = 30.4 MPa
O =V(30.4) =10.13 MPa

Then,
€y max = %(Gy max = VO o)
= Soo-5(30.4 - 142) =135 u
and
r, =g = M — 4441 m
SOLUTION (13.4)

(a) Using Eq. (13.7),

92 W _ Mb—vM

ax? D(1-v?)

Py Moy, 2w )
ay? D(1-v?) > axdy

Integrating these equations,
My—vM, 2 M,-vM,
2D(1-v?) 2D(1-v?)

2
w=— yo+eox+c,y+c

(a)

If the origin of xyz is located at the center and midplane of the plate, the ¢’s will vanish, and

My-vM, 2 M,-vM, _2
2D(1-v?) 2D(1-v?) y

w=—
(b) Bysetting M, = =M, in Eq. (a):

Integrating and locating the origin of xyz, as in item (a):

M, 2 2
W= 55057 (X" = %)

(b)
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SOLUTION (13.5)

Equation (13.19) becomes,
Pun = %ff f(b y)sin“Zdy](a — x)sin 2= dx

Integrating by parts,
_ 144P b 4> _ __144P
Pun = b W,Z_ﬂ T nitah? (a)
Substituting Eqs. (13.18) into V*w = p/D :
— Pmn
am" - ﬂAD(mz/azwzz/bz)z (b)

Inserting Eqgs. (a) and (b) into Eq. (13.18b), we find the required expression for
the deflection.

SOLUTION (13.6)

(a) From Eq. (13.19), we obtain

pmn = pO
Then, Eq. (13.20) becomes for a square plate (a=b):

_ Poa sm—sm—
W= E E (n?+n?) @)

Atx=y=a/2,

mn_y

Poa (=D 2 <
Wiax = (m>+n*)?

(b) D =200 _ 30 480,77

12(1-0.3%)
Equation (a) is then,

8(107) = oty [+ = 1ho]

(300,480.77)

or  p,=12.05kPa <

SOLUTION (13.7)

The flexural rigidity of the plate is
D= - 2004000 _18315x10°¢°

12(1-v?) 12(1-0.09)
The maximum deflection occurs at the center of the plate. Equation (13.27) is thus

at . -3 10(10%)(0.05)*
Wmax = ZZD’ ISXIO =m
Solving,
t=3.29(10") m = 3.29 mm <«
SOLUTION (13.8)

( ; (CONT.)
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12.8 (CONT.)

Since Q =0, Eq. (13. 24c) becomes
dr }l'ad'r dw)]
from which, after 1ntegrat10n

clr

w=-"--c,Int+c,
Substituting this into Eq. (13.24a).
M, =D[5 -5 +v(5+3)]

Boundary conditions

(M) =My wO)=0 (G, =

yield ¢, = 0 and

2M, Mya®
€1 = Das ;=
V) 3 2D(1+v)

Equation (a) becomes then,
M 2 2
W= 3500 (@ -r%)
Introducing this into Eqs. (13.24a) and (13.24b) yields M,

6M,
Hence, O, =Ofgmax = 2

r,max ¢

=M, =M,.

(a)

(b)

SOLUTION (13.9)

We have O, = 0 and Eq. (13.24c¢) after integration gives

InZ+c,
Introducing this into Eq. (13 24a)'
M, =D[+-%+v(+
Boundary condmons
w(a)=0 M. (b)y=M,

and Egs. (a) and (b) result in
_28’M, c. = a’b*M, c
L7 (wv)(*-a?)? 27 Qe =d?) 3

a2b2M0

= 2(1+v)D(a*-b?)

Carrying these into Eq. (a), we have the equation for deflection.

(a)

(b)

SOLUTION (13.10)

From Example 13.3:
3 2 1

Gl =Ur,max =_Zp0(%) > O-2 =_Ip0(

Maximum shearing stress is then
2
Tmax = %(O-l - 0) = _%po(%)
According to maximum shear stress theory:

o 3 2

- =3P(9)
Introducing the given data,

100(10‘ 6

= (0.4x10°)(F%)’ ()

or n =333
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SOLUTION (13.11)

p
IR RN,

=
le— 22 —

Solution proceeds as in Example 13.3. Boundary conditions are

W,,=0 (M), =
We have

D _i_czr
W= ¢y

Carrying Egs. (a) and (b) into Eq. (13.24a), we obtain two equations.

From these ¢, and ¢, are evaluated. In so doing, and substituting the values

obtained into Eq. (b):
pla’=r’) (siv 2 —?)

(a)

(b)

w="—agp Un
SOLUTION (13.12)
Let r=r, =82w/8y2, then r, =7, =%, M=M, M =M =0
Hence, Eq.(13.5), for z= — Z:
9
Gmax = 2(1_E\iz)r 5 120(1 06) = 70(;(()0');(1);30_6) N =1.923 m, d=3.85m
Equation (13.9),
max = oM, max__ e
120(10 )— Tk M. . =320N
SOLUTION (13.13)
(a) Dw'” =p, Dw'=pyy+e, Dw'=%p,y’ +cy+c,

(b)

1 1 3 1 2
Dw'=gp,y’ +72¢y  +c,y+¢

and

1 4,1 3,1 2
Dw=5pyy +5¢y +30,y" +cy+¢,

Boundary conditions:

w(0)=0: ¢, =0,
w(b) = 0: p°4 + 6cl+c3b 0
w'(b) = 0: pob + 2cl+c3—0

3
Solving, ¢, =-3b ¢, =%

Equation (a) is thus
w=451()-3(3) +2(3)"]

We have
dw _ pobt 4y 9)? 1] d*w
M

dy

dy = 24D L p* T op3 2b
Aty =b:
- dw _ it
M - _D dyz - _pO 8

max

2

= 20[)’

y,max

6M

w"'(0)=0: ¢, =0

2

(@)

(b)

= —075py(4)’



https://telegram.me/seismicisolation

SOLUTION (13.14)

Let W=1-2-2.

Then w=cx’y°W.
2 = Dexy* WP+ 2ex’ Y W(-1)

3w

T =4y W + dexy’ W(=5) +dex’y(=5) + 2ex’y* W (= 5)
D= 2ex’yW + 2ex’y* W(-+)

*w

2 2 2 2 2.2 -1 2
3 =2cy" W +dexy W=D +4exy” (- D)+ 2ex’y W (-2)

% =2ex°W* +4ex’ yW(=1) + dex® y(= 1) + 4ex® YWl (- 1)’

(a) At x=0: w=0, 5-=0

At y=0: w=0, =0

At y=a-x: w=0, ;ﬂ =0, % =0

(b) At x=0, y=a:

_ Et 3w Pwr _ _ __E w _
Oy T 2(1-v7) [Hyz TV ] - =0, Txy = 2(1+v) vy T
_ . Pw _ cd® *w 92
At y=0, x=%: s, Ly, 2=
_ Et ca® _ _ Ecta® _
and Oy,max T 201 L8 ]_ 16(1-v?) > Txy =

SOLUTION (13.15)

We have

M, =-D(1-v)%% =M,

oxady =
P w - M,
Let, axdy = D(1-v) = k
Integrating with respect to x :

%=l@c+f(y)+cl

Then, integrating the above with respect to y gives
w=ley+ [fi()dy+c,  where f,(y)=f(¥)+¢
Due to the symmetry in deflection : f fi(»)dy = 0.

Also, owing to the symmetry, center (a/2, a/2) should be free of displacement,

w=0=%ka’+c, . c,=-%ka’
It follows that
M, 2
W= =5 (¥ = %)

We observe that this solution satisfies boundary conditions, M = 0and M =0
at plate edges.
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SOLUTION (13.16)

Cylinder end can be approximated as a clamped edge plate subjected to uniform loading.

(a) Equation (13.29),

_ 3P0 san2. 2 135(10°)x4
O =4 (1) ()= 3x1.5(10°) =120
or a/t=10.954. Hence,

t =30 =18.26 mm

(b) Then, Eq.(13.27) for r=0, gives

4 X 6 4)( —0. 2
W= et LSX0C020-03) _ 336,

max 64D 64x200x10° (0.01826)° <
SOLUTION (13.17)
(a) From Eq. (13.29):
a2 2
O =3 P0(9) =3P, (55)" =117.190,
Setting O, = P,,
Typ 34
Py =170 = 117.519 =2.944 MPa
We have D = —££_ = 20000000 _ 18 315 fpy
12(1-v2) 12(1-0.3%)
Eq. (13.27) for r=0 is then
_ppdt 2.944(10°)0.125)
Wiax = 64D = 64(18.315x10%) 0.613 mm >
(b) pallow=pni=%=2'45MPa R |
SOLUTION (13.18)
Referring to Example 13.2:
O = 2 = 6(0.0534 p )()?
Thus, 240(10°) = 200.25p,
or po =1.2 MPa <
Similarly,
4
Wi = 0.0454 p 45 = 0.0454(1.2 x 10°) 76
=0.0608 m = 6.1 mm <

SOLUTION (13.19)
We observe that
fsin%sin%dx =jfsin%sin%dy =0

if m=m' and n = n' Therefore, integrating, we consider only the squares
of the terms in the parenthesis in Eq. (b) of Sec. 13.9. Using the formula:

(CONT.)
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12.19 (CONT.)

2 X (Gen 2 PV _
j:jjsm 22 5in” - dxdy =

calculation of the first term of the integral in Eq. (b) gives

ﬂabD m?
EE% AN

Also, the second term of the integral in Eq. (b):

Do j: jj a,, sin=sin == dxdy

Ppoab
= —d,, (1 —cosmm)(l-cosnm)
— 4 poab

wlmn  mn (ma n= 1, 3,)

SOLUTION (13.20)

Deflection is given by Eq. (13.18b). Loading is expressed as follows

p=2p,* Osx=#% @
P=2p,-2p,% ysX=a
Potential energy, Eq. (13.33):
w=2% Ef f' 2205 i 2 sin 2y
8 poa m
= E E#amn sin 2 (b)
Strain energy, Eq. (13.32):
U= %j:j: la,, (”’;’2’2 + ”Z—’;Z) sin 22 sin "2 1* dxdy
4 2 2wl | n2\2
=+Dn’a E Eamn(’;’—2 + 1)
We thus have
o = Dz’ amn(” + 2 ) Sp“”351 nL = ()
or
32 poa* sin(ma/2
a,, = SECEED (mn=1,3,.) ©
Substitute this into Eq. (13.18b) to obtain deflection
SOLUTION (13.21)
Let p represent the pressure differential
Cylinder:
o, =" or O, = ISOP =25p
From the above, p=09/25=15x106/25=600 kPa )
Sphere:
o=%=125p

Thus,

p=0/125=15x10°/12.5=1.2 MPa
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SOLUTION (13.22)

. 2t0,,  2(0.05)(30x10°%)/2

=1.5 MPa
r 2.5x12
We have
9.81(103)h=1.5x106, h=1529 m <
SOLUTION (13.23)

Total pressure at any depth:
p=500010")+y(h-y)
(a) Aty=h:
p =500(10°) Pa

pressure

Therefore,
_ pr_500(10°)4000 _

_ - 11.11 mm <
o,  180(10°

(b) At y=h/4:
p =500(10°) +15(10°)(13.5) = 702.5(10°) Pa
| 702.5(10')4000

=15.6 mm
180(106) <

(¢ Aty=0:
»=500(10%) +15(10°)(18) = 770(10°) Pa
. _770(10°)4000

=17.1 mm
180(10(’) <

SOLUTION (13.24)

Total pressure at any depth:
p =200(10°)+y(h-y)

(a) Aty=h:
p =200(10%) Pa
_pr 200(10%)4000

= —=4.44 mm <
O 180x10

(CONT.)
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12.24 (CONT.)

(b) At y=~h/4:
p =200(10*) +15(10*)(13.5) = 402.5(10°) Pa
. 402.5(10°)4000

120X 10° =8.94 mm D |
X

(¢ Aty=0::
p =200(10°)+15(10°)18 = 470(10°) Pa
. 470(10°)4000

TR0X10° =10.4 mm -

SOLUTION (13.25)

The thickness for circumferential stress:

pro_ 1.2(10°)(0.6) 12 mm

(o " 24.0/ 2.4
The thickness for axial stress:
e 12
20, 2
Thus, 1, =12 mm >
SOLUTION (13.26)
r
Oy = pT p=vh
3
‘= pro_ yhr _ 9.81(10 )(1650)(400) _3.83 mm <
o, O, 120(10°)/1.8
SOLUTION (13.27)
3
‘= pro_ yhr _ 9.81(10 )(158)(400) _ 589 mm <
O, Ou 100(10%)
SOLUTION (13.28)

81T, 8x12x35x10°

Tox10° =336 mm <
p X

6
® o, _pr_ 10x10° x168 ~ 140 MPa p

t 12
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SOLUTION (13.29)

F

Ny

The given numerical values are:

1, =180-1=179 mm
7, =80-1=79 mm r,=80-2="78
p =-0.08 MPa F=m’p

Equation (13.46b) is therefore

N =-F — (0.078)%(0.08x10°)
¢~ 2mp() 27(0.079)
=3.081 kN/m

and

o, =28 ~1.541 MPa

Using Eq. (13.46a),
9p_ 4 1541 _ 008

0.079 0.179 ~— 0.02
or

O, =248 MPa =0,

SOLUTION (13.30)

¢
\(.
N

Consider the portion of shell defined by ¢). Vertical equilibrium of force yields,
. 2 2
271, N, sing = mp(ry —b7)

from which

N. = 200=0) _ pali+h)
¢~ 2psing 2r

or
N, = —b+5:in¢ (4sing + b)

Substituting N¢ into Eq. (13.46a), setting p, = —p, and r,=a:

_ pry (r,—b) __ pa
Nf) - 2 -2

Since sing = r, /r, = (r, = b)/a, from symmetry.

Note that NV, is constant throughout the shell from the condition of symmetry.
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SOLUTION (13.31)

Referring to Solution of Prob. 13.30, we have
2a =(1-0.7)/2, a=0.075m
2b=(1+0.7)/2, b=0.425m

At point A (crotch):
O, =0, = Pa(7y +b)/(21,1)

or
t = pa(r, + b)/(2r00¢,max)
2(10°)(0.075)(0.35+0.425)
- 2(0.35)(210x10°)
=0.791 mm =t¢,,
Similarly,
_ pa
Oy =73
or
2010975 _
t= 2o = 0.357 mm
SOLUTION (13.32)
N, N,
X . -y,
- _lwo -
I ¢ [}
[} ]
| ) |
SNo | a=4't a
L Yy
0]

Pressure at any level stis p, =y (a — ). We have
p=5+a r, = ytana

Thus, the first of Egs. (13.49) becomes

N _ v(a-y)ytana
0 cosa

and
06 = v(a-y)y tana

t coso
The load F' is equal to the weight of liquid in cylindrical portion stuv:
F =-np’(a-y+%)tan’ o
Then second of Egs. (13.49) gives
N, =y(a-%y)tana/2cosa

and

— V}’(a—ZJ//3) tano
Gq) - 2t cosa
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SOLUTION (13.33)

Expressions for the components of pressure are:
p, =-pcosf p, = psinf p,. =0
Thus,
N, = —f[—p cosf +L(-pacosO)ldx + f,(0)
=2pxcosf + f,(0)
N, = -pasinf
N, =~[%(-pxsin)dx + Sy £,(0)

=Lpx’sing + %+ £,(0)

Boundary conditions: N =0 (at x=0andx=L) give f, =0 and

P o dh _
TSmO +L% =0

(a)
(b)

(c)

or
£1(0)=-2sin6 +c
Note that no torque is applied to the shell; ¢ = 0. Hence,
N, = -pasin@ N, =-£=xpxsin@
N, =-(L-x)pcosb <
SOLUTION (13.34)
Now the cylinder length does not change:
/2
-VvN,)dx =0
fL/z W )
Substituting Egs. (b) of Example 13.7 into this, taking f1 = 0 and integrating
the resulting expression, we have
2
£,(0) =vya’(1-cos0) - Z-cosH
Referring to Example 13.7, the solution is thus,
N, =ya’(1-cos0) N, =yaxsinf <

N, = %cos@ +vya’(1-cos0) —%cos@

X

SOLUTION (13.35)

Referring to Fig. 13.13b:
p, =psing p. = pcos¢g 7, = XCOS¢Q

Stress resultants due to weight:

F =2nr-psing -rdg

(CONT.)
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13.35 (CONT.)

Since  rd¢ = dx and r = xcot¢. Then

F = an; x cot¢p sin ¢dx = 2mp cos¢(§) +c
For a cone supported at its edge ¢ = 0, since F' =0 at x = 0. Therefore, Eq. (13.46b)

gives
N, = -5 0
Equation (13.46a):
" 2
Ny =& =-px<5t @

Stress resultants due to pressure:
Equation (13.46a) yields,

xcos¢p

Ny = =P, g = —P,XcO0L) (3)
We now have

F =2np, singrdg)cos¢d
Following a procedure similar to that the preceding, we obtain

F = 27p, cos’ ¢(%)
Equation (13.46a) leads to

N, = = #5555 = =5 p,xcotg @)

Solution is determined by the superposition of the preceding results:
adding Eqs. (4) and (1), and (3) and (2). In so doing, we have

N, =-755(p+ p, cosp)
and

N, = —xcotp(pcosd +1p,)

End of Chapter 13
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