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Abstract

The purpose of these notes is to introduce the reader to the algebraic theory
of systems of partial differential equations on a complex analytic manifold. We
start by explaining how to switch from the classical point of view to the point
of view of algebraic analysis. Then, we perform a detailed study of the ring
of differential operators and its modules. In particular, we prove its coherence
and compute its homological dimension. After introducing the characteristic
variety of a system, we prove Kashiwara’s version of the Cauchy-Kowalewsky
theorem. Next, we consider the behavior of systems under proper direct images.
We conclude with an appendix giving the complements of algebra required to
fully understand the exposition.
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1 Introduction

The application of the powerful methods of homological algebra and sheaf theory to
the study of analytic systems of partial differential equations started in the late ’60s
under the impulse of M. Sato and later M. Kashiwara. Many essential results were
obtained both in the complex and real domain, and soon a whole theory was built.
This theory, which is now often referred as “Algebraic Analysis”, has grown steadily
during the past years and important applications to other fields of mathematics and
physics (e.g. singularities theory, group representations, Feynman integrals,...) were
developed.

Many research areas are still open. However, the task facing a student who would
like to work in these directions is quite impressive: the research literature is huge and
few textbooks are available.
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In these notes, we develop the elements of the algebraic theory of systems of partial
differential equations in the complex domain. All the results are well-known and our
contribution is only at the level of the presentation.

Of course, it is impossible to give a complete picture of the theory in these few
pages, but we hope to give the reader the basic knowledge he needs to understand the
main research papers on the subject.

To get a better perspective on algebraic analysis, the reader should have a look
at the works [15, 2, 9, 16, 4, 12, 3] and their bibliographies. A natural extension
of this course would be the study of the theory of holonomic systems as developed
in [6, 7, 8, 11, 10].

Throughout the text, we assume the reader has a basic knowledge of linear algebra,
homological algebra, sheaf theory and analytic geometry.

In the first section, as a motivation for the theory, we explain how to make the
switch from the usual point of view of systems of partial differential equations to the
point of view of D-modules used in algebraic analysis.

In the second section, we study the ring D of differential operators on a complex
manifold and its local finiteness properties (coherence, dimension, syzygies).

The third section is devoted to internal operations of the category of D-modules on
a complex manifold. After introducing the internal product, we explain how to switch
between left and right D-modules.

In the next section, as an example, we make a detailed study of the D-module
structure of the sheaf of holomorphic functions O.

After a section on the characteristic variety, we study non-characteristic inverse
images and proper direct images. In particular, we prove Kashiwara’s version of the
Cauchy-Kowalewsky theorem for systems.

In the section on non-singular systems, we identify the D-modules corresponding
to flat holomorphic connections and classify them.

The appendix is devoted to an informal study of homological dimension, Noether
property and syzygies for rings, graded rings and filtered rings. Most of the results of
filtered algebra needed for the study of Dx are proven there. Hence, the reader should
have a quick look at the appendix before reading the main text and refer afterwards
to the detailed proofs as the need arises.

These notes are based on lectures given at the “Journées d’Analyse Algébrique”
held at the University of Liege in March 1993. Let me take this opportunity to thank
the participants for their constructive comments.

Finally, I wish to thank M. Kashiwara and P. Schapira through the work of whom
I learned to appreciate the power and beauty of algebraic analysis.
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2 Motivations

Let U be an open subset of €". Recall that a (complex analytic linear partial) differ-
ential operator on U is an operator of the form

P(z,0.) = > aa(z)0

lee|<p
where a4(2) is a holomorphic function on U, « being a multi-index as, . . ., a;, of length
lof =1+ +a, and 0 = 0 ... 0. Such an operator acts C-linearly on holomor-

phic functions defined on U and is characterized by this action since

P((z = 20)%) 222 = a!aa(20)-

One checks easily that differential operators form a subring of End (O(U)). The
restriction of a differential operator

P=" a0

la|<p

defined on U to an open subset V is the operator

Py = > aoyof.

|a|<p

With these restriction morphisms, differential operators appear as a presheaf of rings
on €". We denote by Dgr the associated sheaf of rings. A section P € T'(U; Dg») may
be written in a unique way as

> aa(2)07

where, a, = 0 in a neighborhood of 2y for |a| > 0. If there is an integer p such that
ao = 0 for |a| > p and a, # 0 for at least an « of length p we say that P has order p.
Any operator P € I'(U, Dg») has locally a finite order. Note that Og» has a natural
structure of Dgr-module. For an open subset U of C", we denote by Dy the restriction
to U of the sheaf Dgn.

Our basic problem in these lectures is to study systems of equations of the form

n
> Pyi(z,0)u;=v; (i=1,...,m) (2.1)
=1
where P;j(z,0,) is a differential operator of some finite order p;;, the vy, ..., v, being
given data and wy, ..., u,, being indeterminates in some function space S(U) on which

the ring I'(U; Dgr) acts. In fact, since we want to be able to use the powerful methods
of sheaf theory to glue together local results, we will assume that S(U) is the space of
sections on U of a sheaf S which is a Dy-module. For example, we may take S = Oy
the sheaf of holomorphic functions on U or § = Ay the sheaf or real analytic functions
or § = By the sheaf of hyperfunctions. Other possible examples for S are Fy the
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sheaf of infinitely differentiable functions on U or Dby the sheaf of distributions on U
or even the sheaf Dy itself.

Our first step in studying systems like (2.1) will be to try to understand when two
of them should be considered as equivalent.

Let us first consider the case of homogeneous equations

ZPU(Z,@Z)uj:0 (221,,777,)

Jj=1

Intuitively, equivalent systems are systems which have the same solutions in any solu-
tion space §. To translate this intuition into a mathematical notion, we will proceed
as follows. Denote by P the matrix (P;) and by S the solution sheaf of the system
associated to P in the Dy-module S. We have

NU;8")={uel(U;S)": P-u=0}.

The law S — ST defines a functor from the category of Dy-modules to the category
of sheaves of C-vector spaces on U and two systems P, () should be considered as
equivalent when the associated functors S — S and S — S% are naturally equivalent.

Now consider the Dy-linear morphism
pr L, Dy

R — R-P
and denote by Mp its cokernel. From the exact sequence
D -5 D) — Mp — 0

we get the exact sequence

0 — Homp, (Mp,S) — S" L,oosm

u — P-u
and hence a natural equivalence of functors
P
HomDU(./\/lp,S) ~S".

This shows that the functor S — ST is representable by the Dy-module Mp. The ho-
mogeneous systems associated to P and () are thus equivalent if and only if Mp >~ Mg
as Dy-modules. So it appears that the natural object which represents a homogeneous
system of P.D.E. is the Dy-module M p not the matrix of operators P.

What is the situation for inhomogeneous systems?

Assume that uy, ..., Up; v1,...,0, € I'(U,S) and that

Y Pjuj=v; (i=1,...,m) (2.2)
j=1
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Then, for any differential operators )1, ..., Q. on U, we have
Z (Z QiB‘j) Uj = Z Qivi,
j=1 \i=1 i=1
and it follows that . .
Q=0 if Y QP;=0.
i=1 i=1

Such a vector of m differential operators defines what we will call an algebraic com-
patibility condition for the inhomogeneous system (2.2). By definition, it is clear that
algebraic compatibility condition are the sections of the kernel Np of the map

Dy -2 Dy
Denote by Zp the image of this same map. We have the exact sequences

0 — Np — D = Ip — 0

0 — Ip 5 Dp — Mp — 0

where o a = -P. Hence, we get the exact sequences
0 — Homp, (Mp,§) — §" — Homyp (Ip,S) — EwtlpU(./\/lp,S) —0

0 — Homyp, (Ip,S) — 8™ — Homp (Np,S) — ExtlpU(Ip,S) — 0
The second one shows that
Homp, (Zp,S) ={v€S™:Q -v=0,YQ € Np}

so Zp is a Dy-module which represents the system of algebraic compatibility conditions
of the system P. Using the first exact sequence we see, at the level of germs, that the
elements of ExtlpU (Mp,S), are the classes of vectors v, of SI* satisfying the alge-
braic compatibility conditions modulo those for which the system is truly compatible.
Moreover, for k > 1,

S.Ttl;U<Ip,8) ~ Sxt’;}(/\/lp,é’).

Thus, all the Sxtl;U (Mp,S) give meaningful information about the system P.
We hope that the preceding discussion has convinced the reader that the study of
the system

Zpij’u]‘:’l)i (221,,777,)
j=1
is equivalent to the study of the Dy-module M p defined by the exact sequence
Dp LDl — Mp — 0
and of its full solution complex

RHom p, (Mp,S).
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In fact, restricting our interest to system which like Mp have a global finite free
1-presentation is not a very good point of view because the system Zp of algebraic
compatibility conditions of P admits in general no finite free 1-presentation. However,
we will show that it has locally such a presentation (Dy is a coherent sheaf of rings). So
coherent Dy-modules appear to be the natural algebraic objects representing systems of
linear partial differential equations. We will see in the sequel that the study of coherent
D-modules also allows us to understand in a clear and intrinsic manner systems of linear
partial differential equations on manifolds.

3 Differential operators on manifolds

Let X be a complex analytic manifold of dimension n. Let us recall that Ox denotes
the sheaf of holomorphic functions on X and that © x denotes the sheaf of holomorphic
vector fields on X. Of course, Oy is a sheaf of C-algebras. We know that Oy is the
sheaf of holomorphic sections of the tangent bundle T X and that it is a locally free
Ox-module of rank n. Through Lie derivative, © x acts C-linearly on Ox. In fact, ©x
may be identified to the sheaf of C-linear derivations of the Cx-algebra Ox. The Lie
bracket turns O into a sheaf of Lie algebras over . As usual, one denotes by Ly the
Lie derivative along a vector field § € Ox.

3.1 The ring Dx and its modules

Definition 3.1.1 The ring of linear partial differential operators with analytic coeffi-
cients on X is the subsheaf of rings of End g (Ox) generated by Lie derivatives along
holomorphic vector fields and multiplications by holomorphic functions. We denote it
by Dx. Locally, a section P € I'(U; Dx) may be written in a unique way in the form

P =" an(2)0.
| <p
where (z: U — €") is a local coordinate system on X.

Proposition 3.1.2 The ring Dy is a simple sheaf of non-commutative C-algebras with
center Cx.

Proof: 1t is sufficient to work at the levels of germs and we may thus assume X = C"
and show that the center of (Dgn)o is C.

For any central P € (Dgn)y we have [P,z'] = 0 and [P,0,] = 0. Let 2/ =
(z',...,2" 1) and 2” = 2". We may write P as

p
P(z,0,) =Y Pu(#,2",0.)0%,
k=0

where P,(2',2",0,) # 0 and p is the order of P in 0,». We have

p
0=1[P,2" =Y P, 2", 0.)kok !
k=1
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hence P = Py(2, 2", 0. ). Iterating this process, we see that P is a germ a(z) € (Ogn)o.
Since

0= [821-,@] = 8zia

the germ a is constant and the conclusion follows.
Now, let I be a two sided ideal of (Dgn )o. Assuming I # 0, we will show that 1 € 1.
With the same notations as above, we may find

p
P(z,0,) =Y Pu(¢,2",0.)08 €1
k=1

where P,(2',2",0,) # 0. Since the order in 0,» of [P, 0,/] is p — 1 we may even assume
P is of order 0 in 0,~. Iterating this procedure, we find a non zero germ of holomorphic
function a(z) € I. Up to a change of coordinates, we may assume a(z) is of Weierstrass
type with respect to z” at 0. This implies that

_ (Z ()l

where u(z) is an invertible germ of holomorphic function on z and by(2'), . .., b,(2 )
germs of holomorphic function in 2" with by(0) = --- = b,_1(0) = 0 and b,(2') = 1.
follows that

p
2) =Y ()" el
k=0
and since

82//, b Z bk

we find by iteration that p!b,(2') € I. Hence 1 € I and I = (Dg»)o, and the proof is
complete. O

The category Mod(Dx) (resp. Mod (D)) of left (resp. right) Dx-modules is of
course an Abelian category with enough injective objects as is any category of modules
over a sheaf of rings.

The construction of left or right Dx-modules is simplified by the following propo-
sition.

Proposition 3.1.3 Assume M is an Ox-module and denote by
p:Ox — Endg (M)

the associated multiplication. Assume
a:Ox — Endg (M)

is a Tx linear action of holomorphic vector fields on M such that

(a) [a(0), u(h)] = p(Loh) (resp. —p(Loh)),
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(b) e(8), ()] = a([6,9]) (resp. —a([0,¢1])),
(c) p(h) o aff) = a(h) (resp. a(f) o p(h) = a(hd))

for any 6,9 € ©x and any h € Ox. Then there is a unique structure of left (resp.
right) Dx-module on M extending the given actions of Ox and ©x.

Proof: The uniqueness of the extending structure is trivial since Dy is generated by
Ox and Oy. The existence needs thus only to be proven locally. There, the structure
of a differential operator dictates the definition of its action and one checks easily that

this action is a left (resp. right) Dx-module structure extending the given actions of
Ox and Oy. O

Corollary 3.1.4 (a) There is a unique left Dx-module structure on Ox extending
its structure of Ox-module in such a way that

0-h= Lyh
for any 0 € Ox, h € Oy.

(b) There is a unique right Dx-module structure on Qx extending its structure of
Ox-module in such a way that

w-0=—Lyw
for any 0 € Ox, w € Qx.

Proof: (a) is obvious by the definition of Dx.
(b) It is well known that Qx is an Ox-module. We will show that the action of O x
on 2x defined by setting
w-0=—Lyw

for w € (Qx)., 0 € (Ox), satisfies the conditions of Proposition 3.1.3. The easiest way
is to look what happens in a local coordinate system z : U — C".
Recall that if

0=>60.
=1

is a holomorphic vector field on U generating the complex flow ¢, and if w = a(z)dz' A
... A dz" is a holomorphic n-form on U by definition

Low = 0:(p7w)|r=0
= O:(a(py) dp: A ... A de™)|r—o

= Lpadz' A... A"+ a(z)dz' AL dOP AL A d2"
i=1
= nga + (Z 8Zi0i> a(z)] dz' AL NdZ"
i=1

= [ 8Zi(0ia)] dz Ao NdZ"
i=1
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Hence .
wf =Y —0.(0a)dz" A...\Nd2"

=1

and the conditions of Proposition 3.1.3 are checked by easy direct computations. O

3.2 The order filtration of Dy

Definition 3.2.1 We define inductively the subsheaves F;Dx (k € IN) of Dx by
setting:

fODX - OX:
Fii1Dx = FiDx +0Ox-FiDx (k>0),

and extend the preceding sequence to negative integers by setting:
Fi.Dx =0 (k < O)
By definition, 7, Dx C Fiy+1Dx for k € Z, and

DX - U kaX
keZ
Hence, the sequence (F,Dx)irez defines a filtration on the sheaf Dx which is easily
seen to be compatible with its ring structure. The order of a section P of Dx at x € X
is the smallest integer k such that P, € (F;Dx).; we denote it by ord,(P). We also

set
ord(P) = sup ord, (P).

zeX

Obviously, a section P € I'(U, Dx) is a section of F;Dx if and only if ord,(P) < k
for each & € U. Therefore, we call the sequence (FDx )rez the order filtration of Dx.
We denote by FDyx the corresponding filtered ring and by GDx the associated graded
ring.

Locally, a section P € I'(U; 7,Dx ) may be written in a unique way in the form

P=>" an(2)0:.

|a|<p

where (z: U — @") is a local coordinate system on X.

3.3 Principal symbols and the symplectic structure of 7*X

Recall that to any local coordinate system (z : U — €") on X is associated a local
coordinate system ((z;€) : T*U — C€" x €") of T*X. The coordinates {(w) € C" of
a form w in T);U are characterized by the formula

W= En: &(w)dz?.
=1
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Lemma 3.3.1 Let (z: U — Q") and (2 : U — Q") be two coordinate systems on
an open subset U of X. Assume P € I'(U; F,Dx) may be written as

P=Y an2)0; P= > a,(z)og.
le|<p le|<p
Then
> aa(2)8 = D ag ()€

|a|=p |a|=p

Proof: Denoting by J the Jacobian matrix
0z
0z )’

0y = J0,.

we have

Therefore,

> aa(2)05 = 3 ag () (J70.)".

le|<p l|<p

and, retaining only the terms in 02 with |a| = p, we get

Y. aa(2)€ = Y an(Z)(J7E)".

loel=p loe|=p
Since . .
Sl = 30,
j=1 j=1
we also get
§=J,
and the conclusion follows easily. O

Definition 3.3.2 Let P be a section of F,Dx on X. In a local coordinate system
(z: U — Q") of X, P may be written in a unique way in the form

P =" an(2)02.
loe|<p
The preceding lemma shows that
oy = Z ao(2)E"
loo|=p

is a holomorphic function on 7*U which depends only on P. Moreover, for another
coordinate system (z : V — €") on X, we have

(UU)|UmV = (Uv)|Umv-

Hence, there is a unique holomorphic function on 7*X gluing all the oy together; we
call it the symbol of order p of P and denote it by o,(P). The principal symbol of P is
its symbol of order ord(P); we denote it by o(P).
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Recall that a section of Or«x on an open subset W is homogeneous of degree k € Z
if for any (z;w) € U there is an open neighborhood D of 0 in € such that

h(x;tw) = t*h(x; w)

for any t € D. Obviously, these sections form a subsheaf of Op«x. We denote it by
Or«x(m). The reader will check easily that

Or+x (m)OT*X(n) C Or«x (m + n)

Hence,
® mOr-x (k)
keIN

is canonically a sheaf of graded rings on X. In a local coordinate system (z : U — C"),
one checks easily that
) W*OT*U(k> = OUEI, s 7571]
kEIN

Proposition 3.3.3 The symbol maps induce a canonical isomorphism of graded rings
GDx = @ m.Op-x(k).
keIN

Proof: By definition, the symbol o;(P) of an operator P € I'(X; F,Dx) belongs to
I'(X; Op«x(k)). Hence, for each k € Z, we get an intrinsic morphism

ok : FirDx — m.Opx (k).
Since oy, is zero on Fi_1Dyx, it induces a morphism

ok : GDx — m.Orp-x (k).
Hence, we get a canonical morphism

GDx — k?]NW*OT*X(k).

which is easily checked to be a morphism of graded rings. In a local coordinate system,
this morphism is clearly bijective and the conclusion follows. O

The manifold 7" X is endowed with a canonical 1-form « defined by
Az (0) = (w,7'0)

for any 6 € T, \T* X, m: T*X — X being the canonical bundle map and 7" denoting
its tangent map. If (z : U — V) is a local coordinate system on U and

(2,8): T"U — V x C"

is the associated trivialization of T*U, we have

n

a|T*U = Z fkdzk

k=1
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We turn 7 X into a symplectic manifold by endowing it with the non degenerate
skew symmetric form o = da. With the same notations as above, we have

U|T*U = Z dfk A\ dzk.
k=1

As on any symplectic manifold, we define the Hamiltonian isomorphism
H:T"T"X —TT*X
through the formula 0,(0, H(w)) = (w,0) valid at any point p € T*X and for any

welyT"X,0eT,T"X.
Locally, we have

H(dzk) = —8§k
H(dE) = O,

Hence, for a holomorphic function f defined on an open subset W of T*U we have
H(df) =Y 0g f Ok — Ox f Ok,
k=1

on W which is the usual expression for the Hamiltonian field H; of the function f in
classical mechanics (see [1]).

Using Hamiltonian fields, we may introduce the classical notion of Poisson bracket
of two differentiable functions f, g defined on an open subset of T*X by the formula

/97 = Hy(9),

and one checks easily that Hyy g = [Hy, Hy).

Proposition 3.3.4 Let P € I'(X; FDx), Q € I'(X; FyDx) be two differential opera-
tors on X. Then [P, Q] € I'(X; Frye-1Dx) and

o1 ([P, Q) = {ok(P), 00(Q) }-

Proof: Since the problem is local, we may assume that X is an open subset of C". In
this case, the equality is easily checked by a direct computation. O

Remark 3.3.5 In the preceding proposition, note that the order of [P, Q] may well
be strictly lower than k& + ¢ — 1. Note also that the formula

o([P,Q]) = {a(P),a(Q)}.

is false in general.
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3.4 Local finiteness properties of Dy

Proposition 3.4.1 The ring Dx is Noetherian, syzygic and has finite homological
dimension. In particular, there is an integer p such that any 1-presentation

DY — DY — M —0
may be extended locally into a free resolution of length p
O—>D€}’ —>D€}’_1 —_ —>D€? — My — 0.

Proof: Since the problem is local, we may assume that X is an open subset U of
C". We know from classical results of analytic geometry that Op is a Noetherian
ring on U. Moreover, for any u € U, the fiber (Op), is a regular Noetherian local
ring of dimension n. Hence, by Corollary 10.1.7, Oy is syzygic and its homological
dimension is lower than n. Therefore Proposition 10.1.1 combined with Corollary 10.2.5
and Proposition 10.4.10 shows that Oy, ..., &) is a syzygic Noetherian ring with
homological dimension lower than 2n. Hence, so is GDx, and Proposition 10.4.8 shows
that FDx is Noetherian and that Dx is Noetherian. Moreover, Propositions 10.4.5
and 10.4.7 show that Dy is syzygic with homological dimension glhd(Dx) < 2n. O

Remark 3.4.2 We will see in Corollary 6.3.2 that in fact glhd(Dx) is the complex
dimension of X.

4 Internal operations on D-modules

In this section, we will define an internal tensor product and compute its right adjoint.
We will also show that there is a canonical equivalence between the category of left
Dx-modules and that of right Dx-modules.

4.1 Internal products

The proofs of the following results are easy verifications based on Proposition 3.1.3.
We leave them to the reader.

Proposition 4.1.1 Let M, N, P be three left Dx-modules.
(a) The action of ©x on the Ox-module M ®, N defined by setting

f(m@n) =0me@n+m® on

for any § € ©x, m € M, n € N extends to a left Dx-module structure on M RPo N.
(b) The action of ©x on the Ox-module Hom , (N, P) defined by setting

(0f)(n) = 0f(n) — f(On)

for any 0 € Ox, f € Hom,, (N, P), n € N, extends to a left Dx-module structure on
Homy, (N, P).



An Introduction to D-Modules 15

(c) We have the adjunction isomorphism

HOHLDX (M ®OX N, P) — HOmDX (MaHomOX <N7 P))
fo= (me (= f(men))

In the same way, we have

Proposition 4.1.2 Let M, P be two right Dx-modules and let N be a left Dx-module
then
(a) the action of ©x on M ®,, N defined by

(me@n)d=md @n—m® on

extends to a right Dx-module structure,
(b) the action of ©x on Hom,, (N, P) defined by

(f0)(n) = f(On) = f(n)0

extends to a right Dx-module structure,
(c) the action of ©x on Hom , (M, P) defined by

(01)(n) = f(nf) — f(n)d

extends to a left Dx-module structure,
(d) we have canonical adjunction isomorphisms

Homp, (M ®, N,P) =~ Homp (M,Hom, (N,P))
Homp (M &, N,P) =~ Homp (N, Hom, (M,P)).

Proposition 4.1.3 Assume M is a right Dx-module and N, P are left Dx-modules
then we have a natural isomorphism

M@y N)@p P> M, (N®, P).

4.2 Side changing functors and adjoint operators

The preceding results give us a way to switch between left and right Dx-modules.
Proposition 4.2.1 The functor from Mod(Dx) to Mod(D%) defined by
M= Qx Qy M

is an equivalence of categories. Its quasi-inverse is given by the functor from Mod (DY)
to Mod(Dx) defined by

N — Hom, (x,N).
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Proof: Note that, since Q)y is locally free of rank 1 over Oy,

M ~ HomOX(QX,QX Qo M)
N =~ Qx®, Hom, (Qx,N)

as Ox-modules, and one checks easily that these isomorphisms are compatible with
the canonical Dx-module structure of their sources and targets. O

To better understand the preceding equivalence, let us introduce the notion of
adjoint of an operator.

Proposition 4.2.2 Let V' be an open subset of X and assume to be given a generator
wof Qx onV. For any P € I'(V; Dx) there is a unique operator P~ € I'(V;Dx) (the
adjoint of P with respect to w) such that

(P~h)w = (hw).P
for any h € T'(W; Ox) (W open subset of V). Moreover, we have

(P~)= = P

)l

and
(QoP)™ =P™“oQ™

for any Q € I'(V; Dx).

Proof: The problem is clearly of local nature. In a local coordinate system (z : U —
C") we have

P = Y au(2)02

| <p
w = a(z)dz' A Ad2",

where a(z) is an invertible holomorphic function on U.
Hence, we get

_az ¢ e h
(hadz" N...ANdZ").P= ) (=0:)%(aa(2)a )adzl/\.../\dz”
lal<p “
for any holomorphic function A~ on W C U; hence the conclusion. O

Proposition 4.2.3 Assume M is a left Dx-module. Then the right Dx-module struc-
ture on (lx ®, M is locally given by

(w®m).P=w® P™.m

w being a local generator of ).
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Proof: 1t is sufficient to check the formula in a local coordinate system (z : U — Q")
when P = 0,: and w = a(z)dz' A ... Adz". In this case, we have

(w®m).0,; = wd,®m—w®dm
(—0ua)dz' A ... AdZ"@m —adz' A...ANd2" @ 0m
dz Ao ANd2" ® =0, (a.m)

= w®Ii'm

and the proof is complete. ]

5 The de Rham system

Let X be a complex analytic manifold of complex dimension n. We will now study in
details the Dx-module Ox. In a local coordinate system (z : U — C"), we clearly
have the exact sequence

Q = Q-1

'DZ — DU e OU — 0

(Qh o 7Qn) = Z?:l Qzaz’
which shows that Op is the Dy-module associated with the system

621u: 0

3znu =0

In order to understand the full system of algebraic compatibility conditions of this
system, we need an important algebraic tool: the Koszul complex.

5.1 Koszul complexes

Let A be any ring with unit and let M be an A-module. Denote by ey,...,e, the
canonical basis of Z” and set

MW = M @ AFzZP.
Note that any element of M*) can be written in a unique way as

> m*tr @ ey,

1<iy < <ip<n
where m~* € M and e;, ;. = e, N...Aej,.
Definition 5.1.1 Assume ¢y, ..., p, are p commuting endomorphisms of M. Let

dk . M(k) _ M(k+1)
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be the A-linear morphism defined by setting
p
d"(m® e, . ir) Z ) ®ej A e iy

By the commutativity of the o;’s, we have d*1 o d* = 0. We denote by K (®, M) the
complex

0 — MO 4, M(l) s MP 0

where M is in degree zero. This is the positive Koszul complez of ® = (¢1,...,pp).

Proposition 5.1.2 Assume ; is surjective and ¢; induces a surjective endomorphism
ofkerpy N...Nkeryp;_y for j € {2,...,p}. Then

Nkery, ifk=0
otherwise.

K/ T _f kerpr N
e (@.0) = { :

Proof: Note that, for p = 1, the result is obvious. For p > 1, the complex

K (@1, pp; M)
is isomorphic to the mapping cone of the morphism
K (1, pp15 M) =5 K (g1, p1; M)
and the conclusion follows by induction on p. O
Definition 5.1.3 Consider the differential
Sp s M® s a1

defined by setting

1100

k
Sk(m ® €4y, Z Y i (m) e, ~

The commutativity of the ¢;’s assures that 65—y 0 6, = 0. We will denote by K.(®, M)
the complex

0 — M® ey g1 Sz an0)

where M© is in degree 0. This is the negative Koszul complez of ®.

Proposition 5.1.4 Assume ¢, is injective and y; induces an injective endomorphism
of M/(im ¢y + --- +imyp,_4) for j € {2,...,p}. Then

M/(im gy +--- +imep,) if k=0
Hy(K. (0, M)) = "
k(K (o, M)) { 0 otherwise

Proof: Work as in the proof of 5.1.2. O
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Note that, for any Abelian group G, Hom(M, G) is canonically an A°°-module and
the endomorphisms ¢1, .. ., ¢, induce the A°-linear endomorphisms

¢ = Hom(py,idg), ..., ¥, = Hom(p,,idg)
of Hom(M, G) such that

Hom (K.(p, M), G) K (v, Hom(M, G@))

Hom (K (¢, M),G) ~ K. (¢, Hom(M,G)).

12

Let us denote
o ME) AR

the only A-linear map such that
*k(m ® eil---,ik) =sm® €1 dp—ik

where {1, ..., 0} U{j, .., Jp—k} ={1,...,p} and

. TRNT % TR
sS=s§ .
sh ( 1 e P )
A direct computation shows that
dPF o xF = (—1)F AR ok,

Hence, the maps

define an isomorphism

K.(®, M) = K'(®, M)[p]
which induces the isomorphism

Hy(®; M) ~ HP™*(d; M).

5.2 The universal Spencer and de Rham complexes

Definition 5.2.1 Let ©% denote the sheaf of holomorphic p-vector fields on X. The
universal Spencer complex of X is the complex SP¥ defined by setting

SP, =Dx ®p, 0%,

the differential
b : SPy — SPy

being defined by the formula

(—1)'QO: Q6L A ... AOA ... A,

M=

H(QROIN...NO,) =

<.
I

1
S ()T QR 050, AN B 0. NG,

1<i<j<p

+

Note that ¢, is well defined since the right hand side of the preceding formula is an
alternate Ox-multilinear form in 6y,...,6,. A simple computation will confirm that
(Sp_l 9] (Sp =0.
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Proposition 5.2.2 The Dx-linear morphism
DX — OX
Q — Q-1
induces a Dx-linear quasi-isomorphism

SP* — Ox.

Proof: In a local coordinate system (z: U — €") we have
p . —_—
Q@0 Ao NDiy) =D (1Y 7'Q0:; ® Dy Ao AN D Ao i A D
=1

Hence, the universal Spencer complex is isomorphic to the negative Koszul complex

associated to the sequence (-0.1,...,-0,n) of Dy-linear endomorphisms of Dyy. Since
-0,1 is injective and -0, induces an injective endomorphism of the quotient Dy /Dy 0,1 +
-+ 4+ Dyd,e-1, Proposition 5.1.4 allows us to conclude. O

Definition 5.2.3 Recall that Q% denotes the sheaf of holomorphic k-forms. Set
k _ Ok

and define
d*: Q% ®, Dx — Q' &, Dx

in a local coordinate system (z : U — ") by the formula

d* (W' @m) =do* @m+ Y dzl Aw* @ dm.
j=1

One checks easily that this definition does not depend on the chosen coordinate system
and that d**! o d* = 0. The complex DRy is the universal de Rham complex of X.

Proposition 5.2.4 The DY -linear morphism

QX@OXDX e QX
wRQ — w@

induces a DY -linear quasi-isomorphism
DR [n] — Qx.
Proof: Let us denote by € the action morphism
Qx ®y, Dx — (x.

A local computation shows that
cod =0
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hence ¢ induces a DY -linear morphism of complexes

In a local coordinate system (z : U — €"), the complex DR, is isomorphic to the
positive Koszul complex associated to the sequence (0,1, ..., 0. ) of right Dy-linear
endomorphisms of Dy. Since 0,1- is injective and 0,x induces an injective endomor-
phism of Dy /01Dy + -+ - + 0.1 Dy we know that H(DR;;) = 0 for j # n, H"(DR;;)
being isomorphic to Dy /0, Dy + -+ + 0.2 Dy.

To conclude, we note that for w = dz' A ... A dz", the diagram of isomorphisms:

P —~ Pl
P DU/DUazl + -+ DUazn I OU h
! ! Lo
P Dy/0.Dy+--++4+0.Dy — Qu hw
P —  w.P
is commutative. d

Proposition 5.2.5 There is a canonical isomorphism of complexes of DY -modules
DRy —== Homp (SPY, Dx).
Proof: At the level of components, we have

Hom p,_ (SPY,Dx) = Homp (Dx @, 0%, Dx)
~ Q];( ®0X Dx.

The isomorphism
DRY = Homy, (SP}, Dx)

sends w ® P to the Dx-linear morphism

DX@OX @])C( — Dy
Q@®0) — Qw,0)P).

In a local coordinate system, it is easy to check that this induces a morphism of
complexes

DRy — Homp,_ (SPX, Dx)

hence the conclusion. d

5.3 The de Rham complex of a Dy-module
Definition 5.3.1 The de Rham complex of a left Dx-module M is the complex

Q¢ (M) = DRy @, M.
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Of course,
O (M) = Q% @y, M,

and, in a local coordinate system (z : U — €"), we have

d" (W @m) =do" @m+ Y dzd AwF ® d.m.
=1

Proposition 5.3.2 For any left Dx-module M there is a canonical quasi-isomorphism
RHom , (Ox, M) = Qx(M).
Proof: By Proposition 5.2.5, we have the isomorphism of complex
DRy - Homp (SPY, Dx).
Tensoring with M, we get the isomorphism
Qy (M) = RHomyp, (SPX, M).
in D(X). By Proposition 5.2.2, we have
SP¥ = Ox,
and the proof is complete. O
Corollary 5.3.3 In DP(X), we have the canonical isomorphisms
RHomyp, (Ox,Ox) ~ Qy ~ Cx.
Corollary 5.3.4 In DP(DY), we have the canonical isomorphisms
RHom, (Ox,Dx) ~ DRy ~ Qx[-n].

In particular, hdp, (Ox) = n.

6 The characteristic variety

6.1 Definition and basic properties

Definition 6.1.1 Through the isomorphism
GDx = @ m.Opx(k)
kEIN

we may identify XGDy to a subsheaf of m,Or«x. Using this identification, we define
the analytic localization GM of a GD x-module GM by the formula:

GM = Or-x @, 1y5p, T ' DGM.
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Proposition 6.1.2 The analytic localization functor
GM — GM

is faithful and exact. Moreover, a GDx-module is coherent if and only if its analytic
localization is a coherent Op-x-module.

Proof: It is a direct consequence of well-known results of Serre [17]. O

Corollary 6.1.3 The annihilating ideal Ann QAJ/\iJ of a coherent GDx-module GM is
generated by 7' AnnGM. In particular, supp GM is a closed conic analytic subset
of T*X.

Lemma 6.1.4 (Comparison of filtrations) Let M be a coherent Dx-module. As-
sume that FM and FM' are two good filtrations on M. Then for any x € X, we may
find a neighborhood U of x and integers d, d’ such that

FiMiy C FrpaMiy FiMjy C Frra My

Proof: Since FM is a coherent FDx-module, we may find a neighborhood U of z
and generators my, ..., m, of order di, ..., d, of FM on U. After shrinking U, we may
assume that m, ..., m, have finite orders dy, ..., d with respect to FM'. Hence, for
k € Z, we have

FrMy C fk—l—dMTU
if d =sup(d] —di, ..., d, — d,). The other part of the result is obtained by reversing
the roles of FM and FM'. O

Proposition 6.1.5 Let M be a coherent Dx-module. Assume that FM and FM' are
two good filtrations on M and denote by GM and GM’ the corresponding coherent
GDx-modules. Then -

supp GM = supp GM'.

Proof: Since the problem is local on X and since the localization functor is shift
invariant, the preceding lemma allows us to assume that there is an integer d € INy
such that

fk./\/l/ C fk./\/l C fk+d./\/l/

for every k € Z. We will proceed by increasing induction on d.
For d = 1, we define the auxiliary GD y-modules GL and GN by the formulas

GL= @ fk./\/l//fk_L/\/l; GN = @ ko/ko/
keZ keZ
We get the exact sequences
0—GL—GM—GN —0

0— GN(-1) — GM' — GL — 0.
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Since GM and GM’ are coherent, so are GL and GN. Applying the localization
functor, we get the exact sequences

0—>(§Z—>§XA—>§K/—>0

0— GN — GM' — GL — 0.
The requested equality is then given by the formula
supp GM = supp GL U supp GN = supp GM'.
For d > 1, we define the auxiliary filtration FM" by the formula
FM" = FM + FraM'.
This is obviously a good filtration. Moreover, for any k € Z, we have
FiM cCc FM' C FrgaM
and

fk./\/l/ C fk./\/l” C fk+1+(d_1)/\/l/.

By the induction hypothesis, we get
supp GM = supp GM' = supp GM'.
and the conclusion follows. O

Definition 6.1.6 Since any coherent Dx-module admits locally a good filtration, the
preceding proposition shows that there is a unique closed conic analytic subvariety V'
of T*X such that

V NT*U = supp GM

for any open subset U of X and any good filtration FM of M on U. We call V' the
characteristic variety of M and denote it by charM. For a complex M" € DE, (Dx),
we set

charM' = | J charH*(M)).

keZ

Proposition 6.1.7 Let F M be a complex of FDx-modules and denote by M the
underlying complex of Dx-modules. Assume that the components of FM' are FDx-
coherent. Then the components of M' are Dx-coherent and

charH* (M) C supp H*¥(GrF M)

for k € Z. In particular,
charM’" C supp GrFM'.
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Proof: Let us denote by FH¥ the k-th cohomology group of M" endowed with the
filtration induced by that of FMPF¥. By construction, we have the exact sequence

0 — im Fd* ' — ker Fd* — FHF — 0.

Since both ker Fd* and im Fd*~! are FDx-coherent, so is FH*. By Proposition 10.3.2,
we have the inclusions

imGrFd*' < GrimFd"!
Grker Fd* C kerGrFd".

Hence, in a neighborhood of a point of T* X
im GrFd*' = ker GrFd*

implies

QNT im Fd¥! = Q~r ker Fd*.

This shows that
supp GrFH* C supp H*(GrF M)

and the conclusion follows easily. O

Remark 6.1.8 In general, the inclusion of the preceding proposition is strict. For
example, let F M be the complex

FDx(—1) 2% FDx

where Fu is the morphism corresponding to the inclusions F;_1Dx C FiDx. Then,

char(M") = 0,

but
supp(GrF M) = T*X.

Proposition 6.1.9 Assume M is a coherent Dx-module. Then
char(RHom, (M, Dx)) = char(M).

Moreover,
codim char€zty, (M, Dx) > j

and
5.1'25%)( (./\/l, Dx) =0

for j < codim char M.
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Proof: 'We only need to work locally. Hence, we may assume that M is the underlying
Dx-module of a coherent FDx-module FM and that we have a finite resolution

0 —FL, — - — FLy — FM — 0
of FM by finite free FDx-modules. Forgetting the filtration, the complex
FHom zp (FL., FDx)
is quasi-isomorphic to RHom ;, (M, Dx). Moreover,
GrFHom zp, (FL., FDx) ~ GHom g, (GrFL.,GDx).
Hence, by Proposition 6.1.7, we get
charé‘a:t%x (M, Dx) C supp Sxt{gT*X(grfM, Or-x)

and the conclusion follows by a well-known result of analytic geometry. O

6.2 Additivity
Proposition 6.2.1 If
0o—M —-M-—M'"—0
is an exact sequence of Dx-modules then
charM = charM’ U charM”.

Proof: Since the problem is local on X, we may assume that M is endowed with a
good filtration FM. This filtration induces good filtrations FM’" and FM” on M’ and

M respectively and the sequence
0— M — FM — FM" — 0
is strictly exact. Hence, the sequence
0—GM — GM—GM" —0
is also exact, and, applying the localization functor, we get the exact sequence
0 — GM' — GM — GM" — 0.
The conclusion follows by taking the supports. O

Corollary 6.2.2 Assume
M —M— M
is a distinguished triangle in D>, (Dx). Then

coh

charM C charM’ U charmM”.

Proof: This is a direct consequence of the snake’s lemma and the preceding proposi-
tion. O
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6.3 Involutivity and consequences

For a linear subset L C T,7*X, we denote by L* the orthogonal of L with respect to
the symplectic form of T X.

An analytic subvariety V' of T*X is involutive (resp. Lagrangian; isotropic) if for
any smooth point p € V, T,V+ C T,V (resp. T,V* =T, V; T,V+ D T,V). Note that
for a non empty involutive (resp. Lagrangian, isotropic) analytic subvariety V' of T*X
we have dim V' > dim X (resp. dimV = dim X, dim V' < dim X).

Since T,V+ is generated by the values at p of the Hamiltonian fields of the holo-
morphic functions which are zero on V near p, we find that V is involutive if and only
if the germ {f, g} is zero on V near p for any germs of holomorphic functions f, g
which are zero on V' near p. Hence, a necessary and sufficient condition for an analytic
subvariety of T* X to be involutive is that

{Zv,Iv} C Iy

where, as usual, Zy, denotes the defining ideal of V' in Op«x.

This implies in particular that on the smooth part of an involutive analytic subvari-
ety of T* X, the sub-bundle TV of TV satisfies the Frobenius integrability conditions.
The leaves of V' are the corresponding maximal integral immersed sub-manifolds. Their
dimension is codimr«-x V.

Theorem 6.3.1 The characteristic variety char(M) of a coherent Dx-module M is a
closed conic involutive analytic subset of T* X .

Proof: Locally, M is the underlying Dx-module of a coherent FDx-module F M. By
Proposition 3.3.4, the Poisson bracket defined algebraically using the fact that GDx is

commutative is the same as the usual Poisson bracket of classical mechanics. Hence,
Theorem 10.3.7 shows that

(VA GrFM,/ Ann GrFM} C v/ AnnGrFM.

Since v Ann GrF M is the defining ideal of the characteristic variety of M, the proof
is complete. O

Corollary 6.3.2 Assume M is a non zero coherent Dy-module. Then,
(a) dimchar(M) > dim X,
(b) hdpy (M) < dim X,
(c) glhd(Dx) = dim X.

Proof:  Part (a) is an obvious consequence of the involutivity of char(M).
By Proposition 6.1.9, we know that

codim charé’azt{;x (M,Dx) > j
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for any positive integer j. For j > dim X, we see that Saft%x (M,Dx) = 0 since

otherwise we would get a contradiction with the involutivity of char€xty (M, Dx).
Part (b) is then a consequence of Proposition 10.1.2.
From part (b) we already know that

glhd(Dy) < dim X.

To conclude, we note that the equality holds thanks to Corollary 5.3.4. O

Definition 6.3.3 We call the leaves of char(M) the bicharacteristic leaves of M.

6.4 Definition of holonomic systems

Definition 6.4.1 A Dx-module is holonomic if it is coherent and has a Lagrangian
characteristic variety. Between non-zero Dx-modules, the holonomic Dx-modules are
the ones with a characteristic variety of the smallest possible dimension (i.e. dim X).

Proposition 6.4.2 Assume M is a coherent Dx-module. Then M is holonomic if
and only if

Eath (M, Dx) =0
for j # dim X.

Proof: Set n = dim X.
Assume M is holonomic. Since

Eathy (M, Dx) =0

for j < codim char(M) and for j > n and codim char(M) = n, the conclusion follows.
Assume now that

Eath (M, Dx) =0

for j # n. Since
codim char(Exty, (M, Dx)) > n,

the D¥-module £zt (M, Dx) is a holonomic. Moreover, since
M >~ RHom pep (Exty, (M, Dx)[—n], Dx),

we see that
charM C char€xtp (M, Dx),

and the proof is complete. O
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7 Inverse Images of D-modules

7.1 Inverse image functors and transfer modules

Definition 7.1.1 Let f: X — Y be a complex analytic map. We set
Dx_y = Ox Rr-10,, f'Dy.

Note that Dx_y is naturally both a left Ox-module and a right f~'Dy-module and
these structure are clearly compatible. Let 2y be a point in X and set yo = f(x). For
€ ©x z,, consider the map

0' . @XJJO ®Oy’y0 DY,yO I @X,JJO ®Oy’y0 DY,yQ
p .
h@m +— 6h@m—+> hi(y of)®dum
=1

where (y!,...,yP) is a coordinate system in a neighborhood of yo in Y. Since this map
is easily checked to be independent of the chosen local coordinate system, we get a
canonical action morphism

Ox ® Dx_y — Dx_y.

A direct computation shows that it satisfies the conditions of Proposition 3.1.3; hence
Dx_y is canonically endowed with a structure of left Dx-module compatible with
its structure of right f~!Dy-module. With this structure of bimodule, Dx_y is the
transfer module of f. It has a canonical section

Ix—y =1x ® f 1y,

Definition 7.1.2 Let f : X — Y be a morphism of complex analytic manifolds. We
define the inverse image functor for D-modules

f7: D (Dy) — D (Dx)
by setting
["(M)=Dx_y @, 7'M
for any object M in D~ (Dy). Note that, in D~ (Ox), we have
* L -1
i (M) >~ OX ®f—10y f M.

Proposition 7.1.3 Assume f : X — Y , g: Y — Z are two morphisms of complex

analytic manifolds and set h = g o f. Then we have a canonical isomorphism of
(Dx, D7} )-bimodules
- L -1
Dxiz - DXLY O ip, J " Dysy

It induces a canonical isomorphism

E*L)i*og*
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Proof: Forgetting the Dx-module structure, the isomorphism is a direct consequence
of the definition of the transfer module. To check that it is an isomorphism of (Dx,D%)-
bimodules, we only need to prove its compatibility with the left action of ©x. This
easily achieved in local coordinates. O

By the preceding proposition, we may use the graph embedding to reduce the study
of inverse images to the case of a closed embedding or the case of the projection from
a product to one of its factors. Since the problem is local, the following proposition
will clarify the situation.

Proposition 7.1.4 Let U, V be two open neighborhoods of 0 in €" and T respec-
tively (m,n # 0). Then :

(a) The transfer module of the second projection

p:UxV — V

(u,v) — w
is given by the formula

DUXV—>V >~ {Z aa(u,v)@‘f . aa(u,v) € OUXV}-

As a left Dy «y-module it is isomorphic to
Duxv/DusvOu + -+ + DysyOun.
It is a coherent module generated by 1y «y_yv. The Koszul complex
K.(Dyxv; Oty -+, -Oun)

is a free resolution of length n of this module.

As a right Dy-module it is flat but not finitely generated.

b) The transfer module of the closed embedding

1 U — UxV

u +—  (u,0)
is given by the formula

Dy_vuxy = {Z aaﬂ(u)agaf tags(u) € Oy}
a,B

As a right Dy v-module, it is isomorphic to

Dyxv /v Dyxy + -+ + 0" Dyyy.
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It is a coherent module generated by 1y_uyxyv. The Koszul complex
K.(Dyyy;vt, -, 0™)

is a free resolution of length m of this module.
As a left Dy-module, it is flat but not finitely generated (it is a countable direct

sum of copies of Dy ).

Corollary 7.1.5 For any morphism f : X — Y of complex analytic manifolds, the
functor f* has bounded amplitude and induces functors

f:D°(Dy) — D"(Dx)
f*:D(Dy) — D(Dx).

In general, the inverse image of a coherent D-module is not coherent. It is however
the case for non-characteristic inverse images which we shall now investigate.

7.2 Non-characteristic maps
Consider a map f : X — Y between complex analytic manifolds. From a microlocal

point of view (i.e. at the level of cotangent bundles), we get the diagram

T*X P X xyTY —F . Ty

WXJ d m{

X ~ X Y
f

where vertical arrows are the canonical projections of the various bundles and
plz; (f(2);€)) = (25 f7°¢)
@(z; (f(2);€) = (f(2);€).

The kernel of p will be denoted by Tx%Y. In general, it is a conic complex analytic
subset of X xy T*Y. If f has locally constant rank, it becomes a holomorphic bundle.

Proposition 7.2.1 Assume that V' is a closed conic complex analytic subset of T*Y .
Then the following conditions are equivalent :

(i) p is proper on w=(V),
(ii) p is finite on w1 (V),
(iii) T%Y N (V) is in the zero section of X xy T*Y .

Proof:  The equivalence of (i) and (ii) comes from the fact that a compact analytic sub-
set of €™ has a finite number of points. The equivalence of (i) and (iii) is a consequence
of Lemma 7.2.2 below. O
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Lemma 7.2.2 Let I'y, I'y be two closed cones in a real vector bundle p : E — X.
Then the map
—|—2F1 ><XF2—>F1+F2

is proper if and only if
hNIg C Ey

where Ey is the zero section of E and (I'3)* is the antipodal of T's.
Definition 7.2.3 Let f : X — Y be a morphism of complex analytic manifolds and
let V' be a conic complex analytic subset of T*Y. We say that f is non-characteristic

for V if the equivalent conditions of Proposition 7.2.1 hold for f and V. If M is an
object of D2, (Dy) and f is non-characteristic for char(M) then we say, for short, that

coh
f is non characteristic for M.

The meaning of the non-characteristicity condition may be clarified by the following
simple remark.

Remark 7.2.4 (i) An analytic submersion is non-characteristic for any coherent
Dy-module.

(ii) Assume Z is a closed analytic hypersurface of X. Then, the embedding i : 7 —
X is non-characteristic for the Dx-module Dy /Dx P associated to an operator P
of Dx if and only if o(P)(z;&) # 0 for any non zero conormal covector £ € T X.

7.3 Non-characteristic inverse images

Let us first investigate a very special but important case.

Proposition 7.3.1 Let U, V' be open neighborhoods of 0 in €" and @ respectively
and let P be an operator in I'(U x V; Dyyy). Consider the closed embedding

U — UxV

u +—  (u,0)

and assume i is non-characteristic for Dyyy /Dyxv P. Then up to shrinking U and V,
d
P = Ay(u, v)@f + Z Ak (u, v, 8u)8;i_k
k=1

where Aq is an invertible holomorphic function and Ay is a differential operator of
degree at most k in 0,. For such a P, the map

d
Dy — Dy_uxv

d1 d—1
8 Quw.0)) = 3 Qu(u, 0,0}
- £=0
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is left Dy-linear and induces a quasi-isomorphism between D and the complex

Dy—vixv =+ Dy—urxv-
In particular, we have an isomorphism
D = f*(Dyxv/Duxyv P).
Proof:  Since i is non-characteristic for Dy yy /Dyxv P,
o(P)((u,0);(0,7)) #0

for any v € U and any 7 € €*. Hence, up to shrinking U and V', Weierstrass lemmas
show that
—k

HM&

o (P)((u,v); (n,7)) = ao(u, v)T k(u,v,m)T

where aq is an invertible holomorphic function and ay, is a holomorphic function which
is homogeneous of degree k in n. The first part of the proposition follows easily. The
second part is obvious and so is the third one since it is clear that any operator S of
order s in I'(U x V; Dy«y) may be written as

S=Q-P+R
where R is of degree strictly lower than d in 0,. O

In the general case, we have the following result.

Theorem 7.3.2 Let f : X — Y be a morphism of complex analytic manifolds and
let N be a coherent Dy-module. Assume [ is non-characteristic for N'. Then

(i) f*N is a coherent Dx-module,
(i) char(f*N) C pw ! (char(N)).

Proof: Using the factorization of f through its graph embedding, we may restrict
ourselves to the special cases where f is a closed embeddings or a projection from a
product to one of its factors. Since the problem is local on X, we may even assume f
is the embedding (case a)

1:U — UxV

u +—  (u,0)
or the projection (case b)

p:UxV — U

(u,v) +— u
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where U, V are open neighborhoods of 0 in €" and @™ respectively. Finally, by
factorizing 7 and p we may assume m = 1.

Let us prove part (i) of the theorem. In case (b), it is a direct consequence of
Proposition 7.1.4 so we only have to consider case (a).

Let s be a section of N/. Since Dyxys C N it is clear from our hypothesis that

THU x V Nchar(Dyxys) C T U XV

Let us denote FZ the annihilating ideal of s in Dy« endowed with the order filtration.
Since N is coherent, we know that char(Dy vy s) is the zero variety of the Op«yxy-ideal
generated by GrFZ. Hence, up to shrinking U and V', we may assume that there is an
operator P in I'(U x V;Dx) such that

o(P)((u,0);(0,7)) # 0

for some 7 € €*. For such a P, i is non-characteristic for Dy v /Dyxy P.
We will now prove that ¢* is concentrated in degree zero. By definition, as an
Oy-modules

PN =0y &F i

—10yxv

since the sequence
0 — i 0y -5 i tOpgy — Oy — 0
is exact, all we have to prove is that the kernel of the morphism
Niv = N

is zero. If it is not the case, up to shrinking U and V', we would have a non zero section
s of N such that v-s = 0. Let P be the operator associated to s by the construction
of the preceding paragraph. Since v-s =0 and P - s =0 we get by induction

ad)(P)s =0

for any n € INy. From Proposition 7.3.1 it follows that ad?(P) = d!Ag(u,v). Hence s
is zero and we get a contradiction.

To prove that :*A is Dyyy-coherent, we will proceed as follows. Up to shrinking
U and V, we may assume N is generated by a finite number of sections sq, ..., sy.
Denote by Py, ..., Py the non-characteristic operators associated to these sections by
the above procedure. By construction, we have an epimorphism

N
k@l Dywv/Duxy B, — N — 0.

Let us denote by N’ its kernel. Applying the inverse image functor, we get the exact
sequence

N
i*N/ — 1@1 /L.*DUXV/DUXVPIC — Z*N — 0.
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By construction ¢ is non-characteristic for each P,. Hence, by Proposition 7.3.1, the
middle term is a finite free Dy-module and *N is of finite type. Since ¢ is non-
characteristic for N7, i*N” is also of finite type and the conclusion follows.

Let us now prove part (ii) of the theorem.

Up to shrinking U nd V, we may assume N is endowed with a good filtration FN.
Let us denote by f*FN the FDx-module obtained by filtering Ox 10, fYFN by
the images of the sheaves Ox Q10 f1FN. From the exact sequence

0 — FpoiN — FN — Gr,.FN — 0

we get the exact sequence
Ox @10, f T FraN — Ox @1 [TFN — Ox @41, [T1GMFN — 0

Hence we have a canonical epimorphism of GrFDx-module

Ox ®;-10, fGrFN — Grf*FN — 0.
Since p is finite on supp GrFN, we get a canonical epimorphism

0. GrFN — Grf*FN — 0

and the conclusion follows. O

Remark 7.3.3 In fact, the equality holds in part (ii) of the preceding proposition. To
prove this fact, we would need the theory of characteristic cycles which is not developed
here.

7.4 Holomorphic solutions of non-characteristic inverse images

In this section, following Kashiwara, we will obtain a wide generalization of the Cauchy-
Kowalewsky theorem in the form of a formula for the holomorphic solutions of non
characteristic inverse images of D-modules.

First, we recall the classical Cauchy-Kowalewsky theorem for one operator.

Proposition 7.4.1 Let U, V be two open neighborhoods of 0 in €" and € respectively
and let P be an operator of degree d in I'(U x V; Dyxv). Consider the embedding
1: U — UxV
u +—  (u,0)
and assume that
o(P)((u,0); (0,7)) # 0
for 7 € ©*. Then for any g € T'(U x V; Oyxv) and any g, . .., g, € I'(U; Oy), there is
an open neighborhood W of U in U x V such that the Cauchy problem
Pf =g
(0ff)oi = g ; k=0,..,d—1

has a unique holomorphic solution in W.
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Next, we consider the general case.

Definition 7.4.2 Let f : X — Y be a morphism of complex analytic manifolds. For
any pair of Dy-modules N, N/, we have an obvious canonical morphism

S RHomp, (N, N') — RHomyp, (f*N, f*N").

Since we have

f*Oy ~ Ox,

we get a canonical restriction morphism
f_lRHomDY W, Oy) — RHomp (f*N, Ox).

Theorem 7.4.3 Let f : X — Y be a morphism of complex analytic manifolds and
let N' be a coherent Dy-module. Assume f is non-characteristic for N'. Then the
canonical restriction morphism

f_lR’HomDY N, Oy) — RHomp (f*N,Ox)
is an isomorphism in DP(X).
Proof:  As in the proof of Theorem 7.3.2, we may assume f is (case a) the embedding

1 U — UxV

u +—  (u,0)
or (case b) the projection

p:UxV — U

(u,v) +— u

where U, V' are open neighborhoods of 0 in €" and € respectively.

For case (a), an iteration of the procedure used in the proof of Theorem 7.3.2 shows
that A" has a projective resolution R by finite sums of Dyyy-module of the type
Duxv/Duyxv P where i is non-characteristic for the operator P. Hence, we may assume
from the beginning that A is of this special kind. On one hand, Proposition 7.3.1
shows that

D}, = i*Dyxv /Duxv P,

and we get
RHom p, (i*Dyxv/Dyxv P, Oy) == oL

On the other hand,
i_lRHomDUW(Dva/DUxVP, Ouxv)

is represented by the complex

Py
1%
OU><V|U — OU><V|U
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which, by Proposition 7.4.1, is quasi-isomorphic to ker(FP-). With the preceding
explicit representations, the restriction map becomes

ker(Py) — Of

-1, ,

h — l@ (O,h) o

=0

and the conclusion follows from Proposition 7.4.1.
In case (b), we may assume N = Dy. Then

p~ RHomp, (N, Op) ~p~'Oy.

Moreover, since

Q*DU ~ Dyxv_v,
Proposition 7.1.4 shows that

RHOWLDUX‘/ (B*DU, OUXV)
is represented by the complex
Oy
Ouxv — Ovuxv

which is canonically quasi-isomorphic to p~'Op. Using these explicit representations,
the restriction map becomes the identity on p~tOy and the proof is complete. O

8 Direct images of D-modules

In this section, it is convenient to work with right D-modules. The reader will easily
obtain the corresponding results for left D-modules by applying the side changing
functors.

8.1 Direct image functors

Definition 8.1.1 Let f : X — Y be a morphism of complex analytic manifolds.
Since the functors (-) ®1§X Dx_y and Rfi(-) have bounded amplitude they define by
composition a functor

f,:D(DY) — D(DY)

such that
il(M> = Rf‘(M ®£X DX_,y).

for M in D(DY). This is the direct image functor (with proper support) for right
Dx-modules. It has bounded amplitude, and induces a functor

f,: DX(DY) — D*(DY).

The direct image functor is compatible with the composition of morphisms.
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Proposition 8.1.2 Let f : X — Y, g : Y — Z be two morphisms of complex
analytic manifolds and set h = g o f. Then we have the canonical isomorphism

hy =g, 0 f,.
Proof: One has successively :

g,°f, (M) = Rg(RAM ®1§X Dx_vy) ®1]§Y Dy_.z)
- RgRfi(M ®1]§X Dx_y ®f_1DY f_lpy_z)
= Rhl (M ®£X Dxﬁz),

where the last isomorphism comes from the first part of Proposition 7.1.3. O

In general, the direct image of a coherent D-module is not coherent. This is however
the case for proper direct images provided that M is good as will be shown in the next
section.

8.2 Proper direct images

Definition 8.2.1 Let X be a complex analytic manifold.
A right coherent Dx-module is generated by a coherent O-module if M has a co-
herent O x-submodule G for which the natural morphism

Q®OXDX—)M

is an epimorphism.

A right coherent Dx-module is good if, in a neighborhood of any compact subset
K of X, it has a finite filtration (M*)z—1 .
that each quotient M*/MP*~! is generated by a coherent Ox-module.

Good Dx-modules form a thick subcategory of Coh(Dx) denoted by Good(Dx).

The associated full triangulated subcategory of D*(Dx) is denoted by Dy, ,4(Dx).

~ by right coherent Dy-submodules such

Theorem 8.2.2 Let f : X — Y be a morphism of complex analytic manifolds.

Assume M € DY, (DY) and f is proper on supp(M). Then

(j) ilM Is in Dgood(D(})fp>7
(ii) char(f M) C wp~"(charM).

Proof: Since the problem is local on Y and f is proper on supp M, we only need to
work in a neighborhood of a compact subset of X. Hence, we may assume that M
has a finite filtration (My)g=1
M,/ M1 is generated by a coherent Ox-module. It is clear that the theorem will be

~ by coherent Dx-modules such that each quotient

.....

true for M if it is true for each quotient My /Mj_;. Hence, we may assume from the
beginning that M is generated by a coherent Ox-module G. We endow M with the
filtration induced by the order filtration of Dx through the epimorphism

Q®OXDX—>M
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and denote by FM the resulting FDx-module.
For any coherent FDx-module FN and any compact subset K of X, there is an
integer k such that, in a neighborhood of K, the natural morphism

& FiN @5 FDx(—d) — N
d<k X

becomes a strict epimorphism. Thus, we may assume that F M has a filtered projective
resolution FP° such that

k k
FPr = FDy(—
dgk gd ®0X ( d)

where I}, is a finite subset of Z and G¥ is a coherent O x-module with f-proper support.
We denote by P the underlying complex of Dx-module.

Let R be a bounded f-soft resolution of Cx by sheaves of C-vector spaces. Since
R @ G% is f-soft, the simple complex associated to

8.7. - f‘(R ® 73 ®DX DX—>Y>
is quasi-isomorphic to f (R ® P') ~ f, M. Let us endow the Dy-module

ik _ o ok
S = dgk [ @ Gq) ®y, Dy

with the structure of right 7 Dy-module defined by setting

F§ = & MR @G)) @, FDy(=d).

A simple computation shows that the differentials of S~ are then filtered morphisms.
We denote by FS the corresponding double complex of FDy-modules and by FS&
its associated simple complex.

By Grauert’s coherence theorem for proper direct images, Rfi(G¥) is quasi-isomor-
phic to a bounded complex of coherent Oy-modules. Hence, FS" is quasi-isomorphic
to a bounded complex of coherent FDy-modules. Moreover, one checks easily that

GrFS ~w.,p 'GrFR.
From this formula, it follows that
char(S’) C suppGrFR’

and Proposition 6.1.7 allows us to conclude. O

8.3 The D-linear integration morphism

Let X and Y be complex analytic manifolds of complex dimension dx and dy respec-
tively. In this section, we will associate to any morphism f : X — Y of complex
analytic manifolds a canonical integration morphism

f\Qx[dx] — Qy[dy]
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in D(D{F). This map will play for direct images a role which is similar to the role of
the restriction morphism

f*OY E— OX

in the study of inverse images.

Let X be a complex manifold. In the sequel, we denote by DV (resp. Fr9)
the sheaf of forms of type (p,q) with distributions (resp. differentiable functions) as
coefficients. We also denote by Dby (resp. Fy ) the associated Dolbeault complex with
differential d = 0 + 0.

Let f : X — Y be a morphism of complex analytic manifolds. Recall that we
have a pull-back morphism

fro it — Ay

and a push-forward morphism
fi o fDVRFAxatdx __ pypidy.atdy

Both are compatible with the differentials. Moreover, if ¢ : ¥ — Z is another
morphism of complex analytic manifolds, we have (go f)* = f*og* and (go f)1 = gio fi.
The two morphisms are linked by the formula

(fiu) Aw = filu A frw).
Definition 8.3.1 Let M be a left Dx-module. We set
DVF(M) = Dby @, M.
The differentials
O DHIM) — D)
u@ P — 8p’qu®P+§:dzi/\u®DziP
i=1

" DRIM) — DRI (M)
w@P — FuxeP

do not depend on the local coordinate system (z : U — €"). We denote Dby (M)
the simple complex associated to the bi-graded sheaf Dby (M) and the differential
d =0+ 0. We call it the distributional de Rham complex of M.

Lemma 8.3.2 The differential of Dby (Dx ) is compatible with the right Dx-module
structure of its components, and, in D?(DY), one has a canonical isomorphism :

Proof:  The compatibility of the differential of Dby (Dx) with the right Dx-module
structure of its components is a direct consequence of the local forms of 9 and 0.
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Since Dy is flat over Oy, the Dolbeault quasi-isomorphism
OF — DOy
induces the quasi-isomorphisms
195 ®p, Dx == Db ®p, Dx == Db (Dx).
Hence, Weil’s lemma shows that the natural morphism
DR (Dx) = Dby (Dx)

from the holomorphic to the distributional de Rham complex of Dy is a quasi-isomorph-
ism of complexes of right Dx-modules and the conclusion follows from the quasi-iso-
morphism

DRX(D)() ~ QX[—dX].
of Proposition 5.2.4. O

Lemma 8.3.3 To any morphism f : X — Y of analytic manifolds is associated a
canonical integration morphism

f! : lebX(DX_)y)de] — Dby(Dy)[zdy]
in the category of bounded complexes of right Dy -modules.

Proof: At the level of components the integration morphism is obtained as the fol-
lowing chain of morphisms :

ADYFAx Tt (D Y ey f(DRRE et &) 10, F1Dy)
=, DY atdx ®p, Dy
= Db;;/—’—deq—f'dY ®OY DY

oy Dbl;/—i—dy ,q+dy (DY ) ]

To get the second morphism one has used the projection formula, the fact that Dby is
a soft sheaf and the fact that Dy is locally free over Oy. The third arrow is deduced
from the push-forward of distributions along f.

To conclude, we need to show that the integration morphism is compatible with the
differentials of the complexes involved. Thanks to the local forms of the differentials,
this is an easy computational verification and we leave it to the reader. O

Lemma 8.3.4 Let f: X — Y and g : Y — Z be morphisms of complex analytic
manifolds. One has the following commutative diagram:

9/(fDb (Dx—y)[2dx] ®p, Dy—.z) — (Db (Dy)[2dy] @ Dy _z)
|2 s
9./Dbx (Dx—z)[2dx] — Dby (Dz)[2dz].
In this diagram, arrow (1) is deduced from fi by tensor product and proper direct
image, arrow (2) is an isomorphism deduced from the projection formula, arrow (3) is
g1 and arrow (4) is equal to (g o f),.
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Proof: Going back to the definition of the various morphisms, one sees easily that the
commutativity of the preceding diagram is a consequence of the Fubini theorem for
distributions, that is, the formula

(go f)(u)=a(fi(u))

where g, and f. denotes the push-forward of distributions along g and f respectively,
u being a distribution with g o f proper support. O

Proposition 8.3.5 To any morphism f : X — Y of complex analytic manifolds is
associated a canonical integration arrow

[p o f(Qx[dx]) — Qy[dy]

in DP(D§F). Moreover, if g : Y — Z is a second morphism of complex analytic
manifolds then

fgof = fg °© Q!(ff)
Proof:  One gets the arrow [; by composing the morphisms :
f(Qxldx]) == RA(Qx[dx] @5 Dx_v)

= Rfi(Dbx(Dx-y)[2dx])

— fi(Dbx (Dx—y)[2dx])

— Dby (Dy)[2dy]

—= Qyldy]
Let us point out that the second and last isomorphisms come from Lemma 8.3.2, that
the third one is deduced from the fact that Db (Dx_y ) is c-soft and that the fourth
arrow is given by Lemma 8.3.3.

The compatibility of integration with composition is then a direct consequence of
Lemma 8.3.4. O

Corollary 8.3.6 To any morphism f : X — Y of complex analytic manifolds and
any M € DP(DY) is associated a morphism

Rf.RHom , (M, Qx[dx]) — RHomp_(f M, Qyldy])
which is functorial in M and compatible with composition in f.
Proof: For any M, N € D*(DY), we have a canonical
Rf.RHomp (M,N) — RHomy (f M, fN).

which is functorial both in M and in N and which is compatible with composition in
f. To end the construction, we compose the preceding morphism for N' = Qx [dx] with
the morphism

RHOWDY (ilM’ilQX [dx]) I RHomDY (i!./\/l, Qy[dy])

deduced from the integration morphism. O
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Proposition 8.3.7 Let f : X — Y be a morphism of complex analytic manifolds.
The canonical section 1x_.y of Dx_y induces a morphism

Rf!QX [dx] B LQX [dx]

which, by composition with the D-linear integration morphism
[ Qxldx] — Qyldy],

gives the O-linear integration morphism

Rf!QX [dx] — Qy [dY]-
Proof: Since the O-linear integration morphism is deduced from the push-forward

fi+ DU ] — D [dy

through the Dolbeault quasi-isomorphisms

Qx —= DbIx~ Qy — Db,

Y

the conclusion follows easily from the explicit construction of the D-linear integration
morphism. O

Corollary 8.3.8 Let f : X — Y be a morphism of complex analytic manifolds.
Assume G is an object of DP(Ox). Then, we have the commutative diagram

Rf.RHomp, (G ®,, Dx,Sx|dx]) RHomp, (f,(G ®y, Dx), Qy[dy])

| |

Rf.RHom,, (G, Qx[dx]) RHom. o, (RfI(G), Qy[dy])

where the horizontal arrows are deduced from the D-linear and O-linear integration
morphisms, the vertical ones being canonical isomorphisms.

8.4 Holomorphic solutions of proper direct images

Proposition 8.4.1 Let f : X — Y be a morphism of complex analytic manifolds.

Assume M is an object of DY (DY) with f-proper support. Then the canonical
good\ =~ X

integration morphism

Rf.RHom , (M,Qx[dx]) — RHomp_(f M, Qyldy])
is an isomorphism in D®(Y').
Proof: Working as in Theorem 8.2.2, we may assume that
M =G ®, Dx

where G is a coherent Ox-module with f-proper support. Hence, we are reduced to
prove that

Rf.RHomp, (G ®, Dx,Qx[dx]) — RHomp (f(G ®p, Dx),Qy[dy])

is an isomorphism. Thanks to Corollary 8.3.8, this is nothing but the well-known
duality theorem of analytic geometry. O
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9 Non-singular D-modules

9.1 Definition

Set
T"X =T*X\ Ty X

and denote by
p:T"X — P*X

the canonical projection to the cotangent projective bundle. Denote by
qg: PPX — X

the projection to the base manifold. For any coherent Dx-module M, char(M) is a
conic analytic subvariety of T X. Therefore, it is possible to find an analytic subvariety
V C P*X such that p~! (V) = char(M) N T*X. Since q is proper, ¢(V) is an analytic
subvariety of X. This is the singular support of M; we denote it by sing(M). This is
obviously a subset of supp(M).

A non singular Dx -module is a coherent Dx-module M such that sing(M) = 0. In
other words, a coherent Dx-module M is non-singular if and only if char(M) C Tx X.

9.2 Linear holomorphic connections

To refresh the reader’s memory, we start with an informal survey of the basic definitions
in the theory of linear connections.
Let p : E — X be a holomorphic vector bundle on the complex analytic manifold
X. Here, we will identify a (linear) holomorphic connection on E with its covariant
differential
V:E—TX®F

which is a first order differential operator such that
V(he) = dh ® e+ hVe

for any holomorphic function h and any holomorphic section e of E. A holomorphic
section e of E is horizontal if Ve = 0. For any holomorphic vector field 8, we define
the covariant derivative of a holomorphic section e of E along 6 by the formula

Ve = (0,Ve) .

Note that
Vo(he) = Loh ® e + hVye

for any holomorphic function A and any holomorphic section e of E. Hence, for any
0,1 € Ox, the operator
[V@, qu] - V[gﬂb] F— F
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has order 0. Since it is also Ox-linear and antisymmetric in # and 1), it defines a vector
bundle homomorphism

2
RV:E—>/\T*X®E.

This is the curvature of V. A flat holomorphic connection is a connection with 0
curvature (i.e. Ry = 0). The covariant differential has a unique extension

P p+1
VP ANT'XQE — NT'X®F

such that
VPV(w®e)=dv®e+ (—1)w A Ve

for any holomorphic p-form w and any holomorphic section e of E. A simple compu-
tation shows that
VP o VP(w®e) = (—1)'w A Ry(e).

The dual of a holomorphic connection V on E is the only holomorphic connection V*
on E* such that
d(e*,e) = (V*e",e) + (e*, Ve)

for any holomorphic section e*, e of E* and E respectively. A simple computation
shows that

Ry = —Rg.
9.3 Non-singular D-modules and flat holomorphic connections

Definition 9.3.1 Let E be a holomorphic vector bundle on X endowed with a flat
holomorphic connection V. Since Ry = 0,

Viow = [Vo, Vy]

for any holomorphic vector fields 6, ). Therefore, by Proposition 3.1.3 there is a unique
structure of left Dx-module on the sheaf £ of holomorphic sections of E which extends
its structure of Ox-module in such a way that

0-ec=Vye
for any § € ©x and e € £. We denote £y the corresponding Dx-module.

Proposition 9.3.2 Let E be a holomorphic vector bundle endowed with a flat holo-
morphic connection V. Then

(i) Ev is a coherent Dx-module,
(ii) charéy C Tx X,
(iii) ' (Ev) is the complex

O—>5LQ§(®OXEV—1>Q§(®OX5V—2>"'—>QX®OX5—>O
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Proof: 'We know by Proposition 4.1.3 that
(Dx ®p, &v) @p, Ox = Dx @ (Ev &y, Ox).

Therefore,
(Dx ®p, &v) ®p, SPY

is a resolution of &y by left Dy-modules. Since £ is a locally free Ox-module, the
components of this resolution are locally free Dx-modules. Hence, £y is coherent and

the filtration
Ev k>0

f’“gvz{ 0 k<0

on &y is good. Since GrF&y is supported by T5 X, it follows that char(&y) C T X.
Part (iii) being a direct consequence of the definitions, the proof is complete. O

Proposition 9.3.3 Let E be a holomorphic vector bundle on X endowed with a flat
holomorphic connection V. Then, as Dx-modules, we have

Homox(é’v, Ox) ~ &..

Hence, in D*(X),
RHomp (&v,Ox) = Q' (Eg-).

Proof: The first isomorphism is clear. To get the second one, we note that
RHomp, (Ox ®y  Ev,Ox) ~ RHomy (Ox, Hom (v, Ox)).

O

Corollary 9.3.4 Let E be a holomorphic vector bundle on X endowed with a flat
holomorphic connection V. Then the Dx-module £%. represents the homogeneous
system

Vu=20

defining the horizontal sections of E.

Proposition 9.3.5 For a coherent Dx-module M, the following conditions are equiv-
alent:

(a) M is non-singular,
(b) charM C TxX,
(c) M is Ox-coherent,

(d) M is the Dx-module associated to a flat holomorphic connection.
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Proof: By definition, (a) and (b) are equivalent.
(b) = (c). The problem being local on X, we may also assume that M is endowed
with a good filtration FM and that X is an open subset of C". Since

char(M) C T X,

we may find integers o, ..., a, such that

EFGM =0
for k =1,...,n. Let z be a point in X. Since GM is a coherent GD x-module, we may
find a neighborhood V' of x and generators my, ..., m, of order di, ..., d, of GM,y.
Choose

k> sup(dy,...,d,) —1—20%
k=1

and let m be a germ of order ¢ of GM at y € V. By construction, we may find germs
81, ..., sp of order ¢ —d,, ..., ¢ —d, of GDx such that

m=smi+ -+ SpMyp.

The s,’s may be written as

se= > a4’
|B|=t—d;
with af € Ox. In each term of this sum we have (3; > «; for at least a j € {1,...,n}.

From this fact we deduce that the s,’s annihilate GM; hence m = 0. By the preceding
discussion we know that locally GxM = 0 for k£ > 0. This means that the filtration
FM is locally stationary and thus M is Ox coherent.
(c) = (d). Note that it is sufficient to prove that M is a locally free Ox-module.
As a matter of fact, M is then the sheaf of holomorphic section of a holomorphic vector
bundle £ on X and the action
- M— M

of a holomorphic vector field § € ©x may clearly be interpreted as the covariant
derivative along @ associated to a flat holomorphic connection V on E.

Since the problem is local on X, we may assume X is an open neighborhood of 0
in €" and prove only that M is a locally free Ox-module near 0.

Let us choose my, ..., m, € My such that the associated classes [mi], ..., [my]
form a basis of the finite dimensional vector space

Mo/(Zl, ey Zn)./\/l().

By Nakayama’s lemma, my, ..., m, generate Mg on (Ox)o.
Let us define the order of a relation

p
Zbkmkzo (bl,-wabpe (OX)O)
k=1
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as the minimum of the vanishing orders of the b;’s at 0.
Suppose we have a non trivial relation

p
Z bkmk =0
k=1

of order 6. By construction, we have also

p
Doy, = > agm,
r=1
for some ay;, € (Ox)o. Applying 0, to the relation we started with gives us the relation

P

p
Z(azebr + Z azkbk)m,, =0
r=1 k=1
which is clearly of order 6 — 1 for a suitable .
Hence, if we can find a non trivial relation of order 6 we can also find one which
has order 0. Such a non trivial relation is impossible since by construction [m], ...,
[m,| form a basis. O

9.4 Local systems

Here, by a local system on X we mean a locally constant sheaf of C-vector spaces with
finite dimensional fibers. Recall that a locally constant sheaf on [0, 1]" is constant. In
particular, if v : [0,1] — X is a path in X from xq to z1, the sheaf y~!L£ is constant
on [0,1]. Therefore, we have a canonical monodromy isomorphism

Moy 2 Lyg = Ly,
Moreover, for any path 4/ joining x; to xs, we get

Mty = My © My
Let

h:[0,1? — X

be a homotopy between two paths 7y, v joining zg to z;. Since the sheaf h=1L is
constant on [0, 1]%, we get
Mgy = My, -

Recall that the Poincaré groupoid of X is the category mx which has the points of X
as objects; a morphism from zy to x; being a homotopy class of paths from z( to x;.
The preceding discussion shows that a local system £ on X induces a functor from the
Poincaré groupoid to the category of finite dimensional C-vector spaces. It is easily
checked that this process induces an equivalence between the corresponding categories.
Let us fix a point x( in X. Since

Hom _ (70, z9) = m1 (X, 7o),

we also get an equivalence between the category of local systems on X and the category
of finite dimensional C-linear representations of the Poincaré group (X, z¢) of X.
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9.5 Non-singular D-modules and local systems

We will now establish a link between local systems and non-singular D-modules.

Proposition 9.5.1 Let X be a complex analytic manifold and let M be a coherent
Dx-module. Assume M is non-singular. Then, locally,

M~0% (peN)
as a left Dx-module.

Proof: Let = be a point of X and denote by i : {x} — X the canonical embedding.
Since M is non-singular, char(M) C T%X. Therefore, i is non-characteristic for M
and, by Theorem 7.3.2, i* M is a coherent Dy, -module. Since Dy, is nothing but the
field of complex numbers, there is an integer p € IN and an isomorphism

a:i'M —= (P
By the Cauchy-Kowalewsky-Kashiwara theorem,
RHom p, (M, O0%), = Hom(i" M, T7).
Therefore, in a neighborhood of x, we can find a morphism of Dx-modules
g:M— O%

such that o = *3. Denote Nj is kernel and N7 its cokernel. Both are non-singular
Dx-modules and coherent Ox-modules. Since i*N; is the cokernel of «, we have

N =0
and Nakayama’s lemma shows that N7 = 0 in a neighborhood of z. Since the sequence
0— "Ny — "M -5 @ — 0

is exact, i*Nog = 0 and My = 0 in a neighborhood of x. Combining the preceding
results, we see that [ is an isomorphism in some neighborhood of . O

Remark 9.5.2 In the language of connections, the preceding result means that any
holomorphic vector bundle £ endowed with a flat holomorphic connection has hori-
zontal local frames.

Proposition 9.5.3 Let X be a complex analytic manifold. Assume M is a non-
singular coherent Dx-module. Then,

RHomp (M,Ox) ~ L
where L is a local system on X. Moreover, the functor
M = Homp (M, Ox)

induces an equivalence between the category of non-singular coherent Dx-modules and
the category of local systems on X with a quasi-inverse given by the functor

L — Hom(L,Ox).
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Proof:  'We know that, locally,
M ~ OF%.

Therefore, locally,
RHomp, (M, Ox) ~ RHom , (0%, Ox) ~ "
and the first part of the proposition is clear. The canonical map
M — Hom(Hom (M, Ox), Ox)

is obviously an isomorphism for M = Ox; therefore it is also an isomorphism for any
non-singular Dx-module M. In the same way, we see that the canonical map

L — Homyp (Hom(L, Ox), Ox),

is an isomorphism for local systems on X since it is so for £ = Cx. O

10 Appendix

To split the difficulties, we first recall some basic results of linear algebra. Then, we
develop filtered algebra, and finally we switch to its sheaf theoretical counterpart.
10.1 Linear algebra

Let A be a ring with unit. Without explicit mention of the contrary, an A-module is
a left A-module. With this convention, we identify A°°-modules and right A-modules.
10.1.1 Homological dimension

The homological dimension of an A-module M is the smallest integer n € IN such that
one of the following equivalent conditions is satisfied.

(a) There is a resolution
0O—PpP,—P, 41— —F —M-—70

of M by projective A-modules.

(b) For any A-module N
Ext’ (M, N) =0
for j > n.
We denote it by hda(M).

The global homological dimension of the ring A to the smallest integer n € IN such
that one of the following equivalent conditions is satisfied
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(a) Any A-module M has a projective resolution
0O—P,—P, 41— —F—M-—0

of length n.

(b) Any A-module N has an injective resolution

0O—N—I—LH—-—1,—0

of length n.

(c) For any A-modules M, N we have

Ext’,(M,N) =0

for 7 > n.

We will denote it by glhd(A). Note that, since an A-module N is injective if and only
if
Ext’ (A/I,N) =0

for any 7 > 0 and any left ideal I of A, we have
glhd(A) = sup{hds(A/I) : I left ideal of A}.
So the global homological dimension depends only on cyclic A-modules.

Proposition 10.1.1 Let A be a ring and denote by Alx] the ring of polynomials in
one unknown with coefficients in A. Then

glhd(Afz]) < glhd(A) + 1.
Proof: Thanks to the exact sequence
0 — Alz] = Alz] — A — 0,
the result is a direct consequence of the formula

RHom , (A ®%

aig M; N) ~ RHom ., (M, N)

holding for every A[z]-module M and N. O

10.1.2 Noether property

We say that an A-module M is of finite type if it is generated by a finite number of
elements. It is finite free if it is isomorphic to AP for some p € IN.
For a ring A the following conditions are equivalent

(a) Any submodule of an A-module of finite type is of finite type.
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(b) Any ideal of A is finitely generated.
(¢) Any increasing sequence of submodules of an A-module of finite type is stationary.

(d) The subcategory of A-modules of finite type is stable by kernels, cokernels and
extensions.

A ring satisfying one of these conditions is said to be Noetherian. In some sense,
Noetherian rings are the only rings for which finite type modules are well-behaved.
If A is Noetherian, any A-module of finite type M has an infinite resolution

dp—
s Ly T L PR s Lg— M — 0

by finite free A-modules. If hd4(M) < n, then P, = kerd,,_; is a projective A-module
of finite type and we have the finite projective resolution

0O—PF, —L,1— - — Ly— M —0.

To compute the homological dimension of an A-module of finite type, we have the
following proposition.

Proposition 10.1.2 Assume A is Noetherian and glhd(A) < +4o0o. Then, for any
A-module of finite type M, the homological dimension hd (M) is the smallest integer
n € IN such that

Ext’,(M,A) =0

for i > n.
Proof: Let N be any A-module. We have an exact sequence

0—R—AD N —0

where [ is some set of generators of N. Since M has a resolution by finite free A-
modules

Ext’, (M, ADy = Ext’, (M, AW =¢
for © > n. Then, the exact sequence
Ext’, (M, A") — Ext', (M, N) — Ext'{' (M, R) — Ext'T" (M, AD)

shows that
Ext’, (M, N) ~ Ext'I' (M, R)

for ¢ > n. By induction, we find for any p € IN an A-module R, such that
Ext’,(M,N) = Ext'I?(M, R,)
for i > n. Assoon as i >n and ¢ +p > glhd(A), we get
Ext’, (M, N) =0,

and the conclusion follows. d
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10.1.3 Syzygies

Let us now investigate when any A-module of finite type has a finite resolution by finite
free A-modules.

Proposition 10.1.3 Assume the ring A is Noetherian. Then, the following conditions
are equivalent:

(a) any A-module of finite type M has a finite resolution
0O—1L,—L, 11— —Lyg—M-—70

by finite free A-modules,

(b) any A-module of finite type M has finite homological dimension and any finite
type projective A-module P is stably finite free (i.e. there is a finite free A-module
L such that P& L is finite free).

Proof: (a) = (b). Obviously, M has a finite projective resolution and hd (M) < +occ.
We will prove by induction on n that a finite type projective A-module P which has
a finite free resolution of length n is stably finite free. For n = 0, it is obvious. For
n = 1, the exact sequence

0—L —Lyg— P —0

splits since P is projective; hence Lo ~ L; @ P and the conclusion follows. For n > 1,
we have the resolution

0—Lp - Ly oy — oo — L - Ly % p—s

denote P; the kernel of dy. Since the sequence
0O—P —Ly—P—0

is exact, the module P, is projective. Moreover, it has a finite free resolution of length
n—1

0O—L,— Ly, qy— - — 1L — P —0.

The induction hypothesis gives us a finite free A-module L} such that L} & P, is finite
free. Since the sequence

is exact, the conclusion follows from the case n = 1.
(b) = (a). Let M be an A-module of finite type. Let n = sup(1,hds(M)). We
have a resolution

O—>Pni—">Ln_1—>~~~—>L0—>M—>O
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where Ly, is finite free and P, is a projective module of finite type. Let L/ be a finite
free A-module such that L! & P, is finite free. Since the sequence

id, s Din
0— L &P, =~ L &L,y — - — Ly— M—0

is still exact, the proof is complete. O

A ring A is syzygic when it satisfies the equivalent conditions of the preceding
proposition and has finite global homological dimension.

Corollary 10.1.4 Assume the ring A is syzygic. Then, any finite type A-module M
has a finite free resolution of length sup(1,hda(M)).

10.1.4 Local rings

Recall that a ring A is local if it has a unique maximal ideal.

Lemma 10.1.5 (Nakayama’s lemma) Assume A is a local ring with maximal ideal
m and let M be an A-module of finite type. Then, M = 0 if and only if M /mM = 0.

Proof: The proof will work by induction on the number of generators of M. Denote
this number by p and assume g1, ..., g, are these generators. If p =1 then M = mM
implies that there is m; € m such that ¢y = my¢g1. Hence (1 —my)gs = 0 in M and
since 1 —m, is invertible in A, g = 0 and M = 0. If p > 1 then there are m;; € m for
1=1,...,p; j=1,...,p such that

g1 = mugr+ -+ Mipgp

9p = Mp1g1+ -+ Mypgp
From the first line we see that g; is a linear combination of g,...,gp; hence the
conclusion by the induction hypothesis. O

Proposition 10.1.6 Assume A is a Noetherian local ring with maximal ideal m and
M is an A-module of finite type. Then, a map

AP s M
is surjective if and only if so is the associated map
(A/m)? — M/mM.

If, moreover, Tor‘f(A/m, M) = 0, then w is bijective if and only if so is v.
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Proof: Denote by Ny and N; the kernel and the cokernel of u. Clearly, v is surjective
if and only if N;/mN; = 0 since the sequence

Am@, A — A/me, M — A/m®, Ny — 0
is exact. If v is bijective and Tor’'(A/m, M) = 0, the sequence
0 —A/m®, Ng —A/m, M — A/m®, M — 0
is exact and No/mNy = 0; hence Ny = 0. O

Corollary 10.1.7 Assume A is a Noetherian local ring and M is a finite type A-
module. Then

(a) Tor{(A/m, M) = 0 implies M finite free,
(b) Tor‘;l(A/m, M) =0 for j > n implies hd,(M) < n.
In particular, if glhd(A) < 400, A is syzygic.

Proof: (a) is obvious from the preceding proposition since A/m is a field.

(b) Let

-—>Lnﬂ>Ln_1—>---—>L0—>M—>O

be a finite free resolution of M. Let F,, = kerd,. By construction, Tor‘f(A/ m, F,) =0
and F,, is of finite type hence F,, is finite free by (a) and hds (M) < n. O

10.2 Graded linear algebra

A graded ring G A is the data of a ring with unit A and a family of subgroups (GyA)kez
of A satisfying:

a. A= @kez GkA,
b. 1€ G()A,
c. GLA.G/A C Gk+gA.

Here we always also assume that Gy A = 0 for k£ < 0 (i.e. GA is positively graded).
A graded module GM over the graded ring GGA is the data of an A-module M and
a family of subgroups (GyM)gez of M such that

a. M = @rez G M

b. GLA.G,M C G]H_gM
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Here we will always also assume that GyM = 0 for k£ < 0.
A morphism of a graded G A-module GM to a graded GA-module GN is a morphism
of A-modules

f-M— N

such that f(GyM) C GiN.

These morphisms form a group denoted by Hom , ,(GM,GN).

With this notion of morphisms the category of graded G'A-modules is Abelian.
The reader will easily find the form of the kernel, cokernel, image, and coimage of a
morphism in this category.

For r € Z and any GA-module GM we define the shifted GA-module GM(r) to be
the A-module M endowed with the graduation defined by

Gk-M(T) = Gk+T’M'
Let us denote by GHom,,(GM,GN) the graded group defined by setting

GrHom,(GM,GN) = Hom  ,(GM,GN (k)).

10.2.1 Noether property

A GA-module GL is finite free if there are integers dy, . .., d, such that

GL~ & GA(—d;).

=1
A finite free presentation of length s of a GA-module GM is an exact sequence

GL,—GL,y — -+ —GLy — GM — 0

where G L; is finite free.

A GA-module GM is of finite type if it has a finite free presentation of length 0.
This means that there are homogeneous elements my; € Gg, M, ..., m, € G4, M such
that any m € G4M may be written as

n

m = Z Ad—d; M,
i=1

where aq—d; € Gd—diA-

A graded ring GA is Noetherian if any G A-submodule of a G A-module of finite
type is of finite type. An equivalent condition is that the subcategory of G A-modules
of finite type is stable by kernels, cokernels and extensions.

If GA is Noetherian then any G A-module of finite type has finite free presentations
of arbitrary length.
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10.2.2 Homological dimension

The homological dimension of a GA-module GM is the smallest integer n such that
ExtjGA(GM, GN) = 0 for j > n and any GA-module GN. It is also the smallest n
such that GM has a projective resolution of length n. We denote it by hdga(GM).

The global homological dimension of GA is the supremum of the homological di-
mensions of all GA-modules. It is denoted by glhd(GA). It is also the supremum of
the homological dimensions of finite type G A-modules.

We denote by X the functor which associates to any G'A-module its underlying
A-module. We have

SGM = @ GyM
keZ

and Y is an exact functor.

Proposition 10.2.1 If GA is Noetherian and GM is a GA-module of finite type then

YGExt!, ,(GM,GN) = Ext'

o1 (EGM, 2GN)

for i € IN. In particular hdga(GM) = hdsga(XGM) and glhd(GA) = glhd(XGA).

Proof: Since GA is Noetherian, we have a resolution
-—GL, —GL,y — -+ — GLy — GM — 0

of GM by finite free GA-modules. If d;, ..., d, are integers, we have

GHom,, , (él GA(=dy), GN> = & GHom,(GA,GN)(d) = & GN(d).
Thus,

YGHom,(GL,GN) ~ Homg ,(XGL,XGN)

when GL is a finite free GA-module. Since YGL is a finite free XG A-module, the
isomorphism

¥GHom',, ,(GL.,GN) ~ Hom YGL,XGN)

ZGA<

gives the requested result in cohomology. O

Corollary 10.2.2 Assume G'A is Noetherian and glhd(GA) is finite. Then, for any
finite type GA-module GM, hdga(GM) is the smallest integer n such that

GExt', ,(GM,GA) =0

for i > n.
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10.2.3 Syzygies

The study of finite free resolutions of finite length in the preceding section may be
reproduced in the graded case and we get

Proposition 10.2.3 Assume GA is Noetherian. Then, the following conditions are
equivalent :

(a) Any finite type GA-module GM has a finite free resolution of finite length.

(b) Any finite type GA-module GM has finite homological dimension and finite type
projective G A-modules are stably finite free.

A ring GA with finite global homological dimension satisfying the equivalent con-
ditions of the preceding proposition is called syzygic.

Proposition 10.2.4 Let GA be a graded ring. Assume that projective Gy A-modules
of finite type are finite free (resp. stably finite free). Then, so are the projective
G A-modules of finite type.

Proof:  Consider the ring morphism
Po - GA — G()A

If po is an isomorphism, we have nothing to prove. Otherwise, denote by G its kernel.
We have
GoA®yy GM = GM/GI.GM

for any GA-module GM. If GM is of finite type then
GM = GI.GM

if and only if GM = 0. As a matter of fact, assuming the contrary there is a lowest
integer ky € Z such that Gy, M # 0. A non zero element of G, M is thus in GI.GM
and should be of degree greater than ko + 1; hence a contradiction.

Now, let GP be a finitely generated projective GA-module. It is clear that GoA®, ,
GP is a finitely generated projective GpA-module. Hence it is finite free (resp. stably
finite free) and (up to adding to GP a finite free G A-module) there is an isomorphism

GoA? = GoA®,, GP.
This isomorphism comes by, scalar extension, from a morphism
GL — GP

where GL is a finite free GA-module. Denote by GNy the kernel and by GN; the
cokernel of this morphism. We have the exact sequence

G0A®GAGL—>G()A®GAGP—>G0A®GAGN1 — 0
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hence GoA ®,, GN1 = 0 and GN; = 0. The exact sequence
0— GNy — GL — GP — 0
splits since G P is projective. Hence we have the exact sequence
0 — GoA®;y GNy — GoA gy GL — GoA®y, GP — 0
and GNy = 0. The conclusion follows. O

Corollary 10.2.5 Assume A is syzygic then the graded ring Alz] is syzygic.

10.3 Filtered linear algebra

A filtered ring F'A is the data of a ring with unit A and a family of subgroups (FyA)kez
of A satisfying

a. Urez FrA = 4,

b. FyA C Fr1iA (ke Z),

c. FLAF,AC FreA (kL€ Z).
d. 1 € FyA.

Here, we always also assume that FyA =0 for k£ < 0 (i.e. F'A is positively filtered).
The order of a non zero element a € A is the smallest integer k& € Z such that
a € FA. We denote it by ord(a).
A (filtered) module over the filtered ring F'A is the data of an A-module M and a
family (FiM)gez of subgroups of M such that

a. UkEZ FkM =M
b. FkMCFk_HM ; keZ
c. LA F,M C F]H_gM ; /{?,f cZ

here we will always also assume that FM = 0 for k < 0.

The order of a non zero element of M is the smallest integer £ € Z such that a €
FiM. We denote it by ord(m). By convention ord(0) = —oo. Of course, ord(m.n) <
ord(m) 4 ord(n) and ord(m + n) < sup(ord(n), ord(n)).

A morphism

Fu:FM — FN

of F'A-modules is a morphism u : M — N of the underlying A-modules such that

We denote by Fju the morphism wg s 1 FxM — FiN.
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Morphisms from an F'A-module FM to an F'A-module F'N form a group which is
denoted by Hom . ,(FM, FN). With this notion of morphisms the category of F'A-
modules is an additive category. Consider an arbitrary morphism

Fu: FM — FN

having u : M — N as underlying morphism. The kernel of Fu is the kernel of
u filtered by the family (keru N FM)kez. The cokernel of Fu is the cokernel of u
filtered by the family (p(F%xN))rez where p : N — coker v is the canonical projection.
As usual, the image of F'u is the kernel of its cokernel. Hence, it is the A-module
imu filtered with the filtration (imu N FpN)kez. As for the coimage of Fu, it is the
cokernel of the kernel of F'u. Hence, it is the A-module im u endowed with the filtration
(u(FrM))kez.
Note that the canonical filtered morphism

coim Fu — im Fu

is a bijection but is not in general an isomorphism.

The morphisms for which this map is an isomorphism are called strict.

The category of filtered F'A-modules is not Abelian. However, one can show that
it is an exact category in the sense of Quillen [14]. Hence, it is suitable for homological
algebra. For the sake of brevity we will avoid this point of view here and refer the
interested reader to Laumon [13].

An ezact sequence of F'A-modules is a sequence

FM 2 PN 2% Fp

such that ker Fiv = im Fjru. It follows from this definition that F'u is strict. If moreover
Fv is strict we say that it is a strict exact sequence.

For any r € Z and any F A-module F'M, we define the shifted module F'M(r) as
the module M endowed with the filtration (Fy1r M )rez.

Finally, we introduce for any couple FFM, F'N of F A-modules the filtered group

FHom ., (F M, FN)

by setting
FrHom . ,(FM, FN)=Hom ., (FM,FN()).

To any filtered ring F'A we associate a graded ring GA defined by setting
GrA = FLA/F_1 A

the multiplication being induced by that of F'A.
To a filtered FFA-module F'N we associate a graded GA-module GM defined by

setting
GiyM = FyM/Fy,_1 M
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the action of GA on GM being induced by that of FA on FM.

The image of m € Fi,M (resp. a € FyA) in G M (resp. G A) is its symbol of order
k. We denote it by ox(m) (resp. or(a)). The principal symbol of m (resp. a) is its
symbol of order ord(m) (resp. ord(a)).

A filtered morphism of F'A-modules

Fu:FM — FN
induces a graded morphism of GA-modules
Gu: GM — GN.

The preceding construction clearly defines a functor from the category of F A-
modules to the category of GA-modules. We denote this functor by Gr.

The last part of this section will be devoted to the study of this functor. In par-
ticular, we will investigate how finiteness and dimensionality properties of GA induces
similar properties on F'A and on A.

Proposition 10.3.1 Let F'A be a filtered ring and consider two morphisms
Fu:FM — FN, Fv:FN — FP
such that F'vo Fu = 0. Then, the sequence
FM 2% PN 2% FP
is a strict exact sequence if and only if the sequence
aGM <% GN £5 Gp
is exact.

Proof:  The condition is necessary.

Let np € GiN be such that Gyv(ng) = 0. There is nj, € FyN such that n; =
ok(ny,). Hence we have v(n},) € Fj_;P. Since Fv is strict we find nj_; € Fy_1N such
that v(nj}_;) = v(n}). Then v(n), —nj_;) = 0 and there is my; € FyM such that
u(my) = nj, — nj_,. This shows that

Gru(or(my)) = ox(ny) = ni
and the conclusion follows.

The condition is sufficient.

Let us prove that Fv is strict. Assume pr € FpP Nimwv. Let ¢ be the smallest
integer such that py = v(n,) with ny € F;N. We need to show that ¢ < k. Assume the
contrary. Then

Gg’U(O’g(TL@)) = O’g(pk) = 0.
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Hence, there is an my € F;M such that

Ggu(O'g(mg)) = O'g(TLg).

As a consequence, we get ny — u(my) € Fy_1 M. But v(n, — u(my)) = pr and we get a
contradiction.

Let us prove now that ker Fyv = im Fju by increasing induction on k. For k < 0,
Fi,N = 0 so the result is obvious. Let nj € ker Fyv. Since Grv(ox(nk)) = 0, there is
my, € Fi,M such that

Gku(ak(mk)) = ak(nk)
Hence ny — u(my) € Fr_1N. By the induction hypothesis there is my_1 € Fj_1 M such
that

u(mp—1) = ng — u(mg,)
and the proof is complete. O
Corollary 10.3.2 Let F'A be a filtered ring and Fu : FM — F'N be a morphism of

FA-modules. Then Grker F'u C ker GrFu and im GrF'u C Grim F'u. Moreover, the
following conditions are equivalent:

(a) Fu is strict,
(b) Grker Fu = ker GrFu,
(c) im GrFu = Grim Fu.

Proof:  The equivalence of (a), (b) and (c) is a consequence of the preceding proposi-
tion. To conclude we just have to note that

Griyker Fu = kerun FyM/kerun Fy_1 M
ker GryFu = EFyM Nu ' (Fy 1 N)/F1 M
and that
im GrgFu = u(EFpM)/F_1 N
Gryim Fu = imun FpN/imu N Fi_1N.

An FA-module F'M is finite free if it is isomorphic to
& FA(=d)
where dy, ..., d, are integers. An F'A-module F'M is of finite type if there is a strict

epimorphism
FL—FM

where I'L is finite free. This means that we can find m;, € Fy M, ..., m, € F;4, M such
that any m € F;M may be written as

p
m = Z Ad—d; My
=1
where aqd—d; € Fd—diA‘
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10.3.1 Noether property

For a filtered ring F'A, the following conditions are equivalent.
e Any filtered submodule of a finite type F'A-module is of finite type.
e Any filtered ideal of F'A is of finite type.

e Any increasing sequence of filtered submodules of a finite free F'A-module is
stationary.

Let us emphasize that in the preceding conditions we deal with non necessarily strict
submodules and ideals.

A filtered ring F'A satisfying the above equivalent conditions is said to be (filtered)
Noetherian. From this definition, it is clear that if F'A is filtered Noetherian then the
underlying ring A is itself Noetherian.

Proposition 10.3.3 Let F'A be a filtered ring and denote by G A its associated graded
ring. Then F A is filtered Noetherian if and only if GA is graded Noetherian.

Proof:  The condition is sufficient.

We need to prove that a filtered submodule F'M’ of a finitely generated F' A-module
F'M is finitely generated.

If FM’ is strict, then the associated G A-module GM' is a submodule of the G A-
module GM associated to F'M. Since GA is Noetherian and GM is finitely generated
so is GM' and the conclusion follows.

To prove the general case, we may thus assume that the image of the inclusion

FM' — FM

is equal to F'M. In this case, using a finite system of generators of F'M, it is easy to
find an integer ¢ such that:

FkM/ C FpM C F]H_gM/.

We will prove the result by increasing induction on /.
For ¢ = 1, let us introduce the auxiliary G A-modules

GKO = & FkM//Fk_lM
keZ

GK, = & F,M/F.M'.
keZ

These modules satisfy the exact sequences
00— GKy— GM — GK; — 0

0 — GKi(—1) — GM' — GKy — 0.

Since G M is a finite type G A-module, so are GKy and GK;. Hence GM’ is also finitely
generated and the conclusion follows.
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For ¢ > 1, we define the auxiliary F'A-module F'M” by setting
FkM” =F,_ 1M+ FkM/

Since we have
FkM” C FpM C Fk—f—lM”,

the preceding discussion shows that F'M" is finitely generated. Moreover,
FkM/ C FkM” C F]H_(g_l)M/,

and the conclusion follows from the induction hypothesis.
The condition is necessary.
To F'A we associate the graded ring

YFA= ¢ FA.
keZ

Since FyA C F1 A the identity 1 € F1 A and defines a central element T' of degree 1 in
YFA. To any FA-module F'M we associate the ¥ F A-module

YFM = & FiyM
keZ

Obviously, any morphism Fu: FM — FN induces a morphism
YFu:YXFM — YFN

of graded X F A-modules. Hence, we get a functor X from the category of filtered F A-
modules to the category of graded ¥ F A-modules. One checks easily that this functor
is fully faithful and that it transforms exact sequences into exact sequences. Moreover,
for any inclusion
M/ L/) L/
of X F A-modules where L’ is finite free there is a strict monomorphism
FM 2% FL

of FFA-modules where F'L is finite free and a commutative diagram

M! L/) I/
7 7
SFM EY wrEL

It is thus clear that X F' A is graded Noetherian if and only if F'A is filtered Noetherian.
The conclusion follows from the formula

SFA/SFAT = GA.
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Proposition 10.3.4 Assume F' A is Noetherian and FM is an F A-module. Then

(a) FM is an F A-module of finite type if and only if GM is a GA-module of finite
type,

(b) FM is a finite free F'A-module if and only if GM is a finite free G A-module,

(c) any F A-module of finite type has an infinite resolution by finite free F'A-modules
(i.e. there is an exact sequence

-— Ly — FLyy — -+ — FLy— FM — 0
where each F'L, is a finite free F'A-module.

Proposition 10.3.5 Assume F'A is Noetherian. Then, for any F' A-module of finite
type FM and any F'A-module FN,

GExt?, (GM,GN) =0 = Ext! (M,N) = 0.
In particular, hd4(M) < hdga(GM) and glhd(A) < glhd(GA).
Proof:  Let
-— FL, — FL, y — -+ — FLy— FM — 0

be a filtered resolution of F'M by finite free F'A-modules. Applying the graduation
functor we get a resolution

-—GL, —GL, 1 — -+ — GLy — GM — 0

of GM by finite free GA-modules. Assuming GExtjG A(GM ,GN) = 0 means that the
sequence

GHom,(GL;j—1,GN) — GHom,(GL;,GN) — GHom  ,(GL;;+1,GN)
is an exact sequence of GA-modules. The natural map
GrFHom . ,(FL,FN) — GHom,(GL,GN)
is an isomorphism when F'L is finite free. Hence the sequence
FHom . ,(FLj_1,FN) — FHom ., (FL;j, FN) — FHom . ,(FL;1, FN)

is a strict exact sequence of F'A-modules. When F'L is finite free the underlying module
of FHom ,.,(F'L, FN) is Hom ,(L, N). Hence the conclusion. O
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10.3.2 Syzygies

Proposition 10.3.6 Assume F'A is a filtered ring and GA is syzygic then any F A-
module of finite type F'M has a finite free resolution

0O— FL,— FL, 1 — -+ — FLy— FM — 0
of length n = sup(1,hdgaGM). In particular, A is syzygic.
Proof: Let
s FL, Y FL, 22— FLy— FM —0
be a finite free resolution of FM. Set F'P, = kerd,_;. Since the sequence
0 —GpP, —GL,.y — -+ —GLy— GM — 0

is exact, hdga(GP,) < 0 and GP, is projective. It is thus stably finite free. Let GL/,
be a finite free GA-module such that GL] @& GP, is finite free. Let F'L] be a finite
free F'A-module which has GL!, as associated graded GA-module. We have the exact
sequence

00— FP,®FL,—FL, 1®FL,— -+ — FLy— FM — 0

and F'P, ® FL is finite free since its associated GA-module GP, @& GL!, is finite free.
To conclude, note that any finite type A-module M is the underlying A-module of
a finite type F'A-module F'M. O

10.3.3 Gabber’s theorem

Let F'A be a filtered ring and denote by G A its associated graded ring.
For any ay, € F, A, by € F;A we define the commutator [ag, as] of ai and a, as usual
by setting
[ak, ag] = Qf * Ay — Ay * Af.

Obviously, GA is commutative if and only if
[FrA, FyA] C Fryo1 A
In this case, one checks easily that
-1 [, ae] = Orye-1[ay, ar]

if ay,a), € FpA (resp. ag,a; € FyA) have the same symbol of order k (resp. ¢). This
property allows us to define the Poisson bracket of two symbols s, € G A and s; € Gy A
by setting

{sk, e} = o1 ([an, a)
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where ay, € FyA and ay € FyA are such that oy (a;) = s, and o(as) = sg. The Poisson
bracket satisfies the following easily checked identities:

{s, S/} = _{5/7 s}
{s, SISN} = {s, S/}S”—l— S/{S, S”}

{87 {3/7 3”}} = {{37 S/}a S”} + {5/7 {57 S”}}

Now, let F'M be an F'A-module and denote by F'I its annihilating ideal. Obviously,
if ap, € Fi.I and a, € Fy,I we have

[ak, CL(]FM =0

and [ag, ag] € Fyie-11. Hence the graded ideal G associated to F'I is stable by {-,-}.
However, it is not obvious at all that v/GT is also stable by {-,-}. This problem was
solved by Gabber in [5]. His proof is rather technical, so we skip it here and refer the
interested reader to the original paper.

Theorem 10.3.7 Let F'A be a filtered ring and assume G A is a commutative Noethe-
rian QY-algebra. Then, for any finite type F'A-module F'M we have

{VAnn GM,vAun GM} ¢ VAnn GM

where GM is the G A-module associated with F'M.

10.4 Transition to sheaves

The reader will easily extend the definition of graded and filtered rings and modules
given above to the case of filtered and graded sheaves of rings and modules on a topo-
logical space X. The notion of graded or filtered morphisms are also easily extended
to sheaves as is the notion of strict filtered morphism and of graded or filtered exact
sequences.

Let GA (resp. FA) be a graded (resp. filtered) sheaf of rings and GM,GN (resp.
FM, FN) two GA (resp. FA) modules. The functors

U— Homgy (GMp,GNw); U GHomgy (GMy,GNv)

(resp.
U— Hom]_-A‘U(}_Mw, fN|U); U+— FHom]-'A|U<‘7:M|U’ fN|U)

) clearly define sheaves of groups and graded (resp. filtered) groups on X. We denote
then by
Hom g ,(GM,GN);  GHom g ,(GM,GN)

(resp.
Hom gy (FM,FN);  FHom z(FM, FN)
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The definition of the graduation functor will also be easily extended to sheaves of
filtered rings and modules. Finally, the reader will generalize easily to sheaves the
notion of finite free and finite type modules and that of a finite free s-presentation.

The finiteness conditions require more attention since the category of modules of
finite type over a sheaf of rings is almost never well-behaved. To get satisfactory
finiteness conditions on A (resp. GA, FA) we need to go a step further and consider
modules having locally finite free 1-presentations.

Definition 10.4.1 The ring A (resp. GA, FA) is coherent if the category of modules
which admits locally finite free 1-presentations is stable by kernels, cokernels and ex-
tensions as a subcategory of the category of modules. A module on a coherent ring
(resp. graded ring, filtered ring) is coherent if it has locally a finite free 1-presentation.

A sheaf of rings A is coherent if and only if for any open subset U of X the kernel
of a morphism of free Ay-modules is locally of finite type.

An analogous criterion holds for sheaves of graded rings.

For a sheaf of filtered rings FA, the criterion is that for any open subset U of X
the filtered kernel and the filtered image of a morphism of finite free F.Ay-modules are
both locally of finite type.

Remark 10.4.2 Let FA be a filtered ring on X and denote by GA the associated
graded ring. Then, an FA-module FM is locally of finite type (resp. finite free), if
and only if the G A-module GM is locally of finite type (resp. finite free).

Proposition 10.4.3 Let FA be a coherent filtered ring on X and denote by GA the
associated graded ring and by A the underlying ring. Then

(a) the ring A and the graded ring GA are coherent,
(b) an FA-module FM is coherent if and only if GM is GA coherent,

(c) a strict submodule FN of a coherent FA-module FM is coherent if and only if
the underlying A-module N is locally of finite type,

(d) an FA-module locally of finite type FM is coherent if and only if the underlying
A-module M is coherent.

Proof: (a) Let us prove that A is coherent. Let U be an open subset of X and consider
a morphism

p u q
Ay — Ay

This is the underlying morphism of a filtered morphism
& FA(~d;) — FA°

We know that the kernel of this morphism is an F.A-module locally of finite type. Since
its underlying A-module N is the kernel of u, the conclusion follows.
To prove that GA is coherent, we proceed as in Proposition 10.3.3.
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(b) Proceed as in Proposition 10.3.4.

(c) Let FN be a strict submodule of FM and assume N is locally of finite type.
Since the local generators of A have locally a finite order in FM, we may view locally
FN as the filtered image of a morphism

FLly — FNu

where FL is a finite free F.A-module. Hence the conclusion.
(d) Assume that FM is locally of finite type and that M is coherent. Locally, we
have a strict epimorphism
fE‘U I .FM|U — 0

where FL is finite free. Denote by FN its kernel. By hypothesis we know that A is
coherent; hence the conclusion by (c). O

Theorem 10.4.4 Assume FA is a filtered ring on X and denote by GA the associated
graded ring. Then, the following conditions are equivalent:

(a) FA is coherent and FA, is Noetherian for every x € X,

(b) GA is coherent and GA, is Noetherian for every v € X.

Proof: (a) = (b) is a consequence of the preceding proposition and of Proposi-
tion 10.3.3.

(b) = (a) We know already that FA, is Noetherian. It remains to prove that the
kernel and the image of a morphism

FL, T Fr,

of finite free F/A-modules are locally of finite type.

Assume Fu is strict at * € X. Then Grker Fu, = ker GrFu,. Since ker GrFu
is a coherent G.A-module and Grker Fu C ker GrFu, Grker Fu, = ker GrFu, for y
in a neighborhood of . Hence Fu is strict in a neighborhood V' of z and ker Fu is
locally of finite type since Gr ker Fuyy = ker GrFuy is G Ay coherent. Moreover, in a
neighborhood of z, Grim Fujy = im GrFuy is a GAy coherent module and im Fu is
locally of finite type.

Assume Fu is not strict at x € X. Since im Fu, is a sub FA,-module of (F~Ly).,
and FA, is Noetherian, it is finitely generated. It is thus possible to find locally a
morphism

FLy L% FLy
of finite free F.A-modules such that im Fv C im Fu and for which

(FL2)e 225 im Fuy — 0
is a strict epimorphism. The morphism

FLL @ FLy 2% FL,
(a,8) = (u(e)+v(B))
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is strict at & and such that locally im Fw = im Fu. By the preceding discussion, this
shows that im Fu and ker Fw are locally of finite type at x. Since im Fv C im Fu,
there is locally a non filtered morphism of A-modules

f : EQ e El
such that v o f = v. This gives us the morphism of .A-modules

kerw — keru

(,8) — a+ f(B)

Hence keru is locally of finite type. This gives us a finite free F.A-module FL3 and a
morphism

fﬁg — fﬁg
having ker Fu as filtered image. Since FA is coherent, this shows that ker Fu is an
FA-module of finite type and the proof is complete. O

Assume the sheaf of ring A is coherent and let M be a coherent A-module then the
homological dimension of M is the smallest integer n such that the following equivalent
properties hold

e for any A-module N and any j > n

Ext’ (M, N) =0
e for any A-module N, any x € X and any j > n
Ext’, (Mg, Nz) =0
From this definition, we find that

hd 4 (M) = sup hd 4, (M,).

reX

We define the global homological dimension of A as the supremum of
{hdsM : M coherent A-module}.

We introduce similar definitions for a coherent graded ring X and its coherent graded
modules.

Proposition 10.4.5 Assume the filtered ring FA on X is coherent. Then, for any
coherent FA-module FM and any FA-module FN

GExt! (GM,GN) =0 = Ext’, (M, N) =0

where M, N are the underlying A-modules of FM, FN and GM, GN are the
corresponding graded modules. In particular, we have hd4(M) < hdg4(GM) and
glhd(A) < glhd(GA).
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Proof: Proceed as for the proof of 10.3.5. O

A sheaf of rings (resp. graded rings) is syzygic if it is coherent, has finite global
homological dimension and syzygic fibers. Since a coherent module M on a coherent
ring A is finite free in a neighborhood of x € X if and only if M, is finite free we get
the following proposition.

Proposition 10.4.6 Assume A is syzygic. Then, any coherent A-module M has a
finite free resolution

0—L,— Ly 1 — - —Ly— M—0

of length n = sup(1, hd 4(M)).

In the same way, we get :

Proposition 10.4.7 Let FA be a filtered ring on X and denote by GA its associated
graded ring. Assume GA is syzygic. Then, any coherent FA-module FM has locally
a finite free resolution

0 —FL, —FLy 1y — -+ — FLy — FM — 0

of length sup(1,hdg4GM). In particular, A is syzygic.

A sheaf of rings (resp. graded rings, filtered rings) is Noetherian if it is coherent
with Noetherian fibers and if locally any increasing sequence of coherent submodules
of a coherent module is locally stationary.

Proposition 10.4.8 Assume FA is a filtered ring on X and denote by GA and A its
associated graded ring and its underlying ring. Then, FA is Noetherian if and only if
GA is Noetherian. In this case A is also Noetherian.

Proof:  Assume GA is Noetherian. By Theorem 10.4.4 we already know that FA is
coherent and that FA, is Noetherian for any = € X. Assume that (FMy)gen is an
increasing sequence of coherent strict submodules of the coherent FAj; module F M|y
where U is some open subset of X. Then, (GMy)rew is an increasing sequence of
coherent G A-submodules of the coherent GA-module GM. Since GA is Noetherian,
every point x € U has a neighborhood V' C U for which there is an integer ko such
that (g./\/lko)w = (g./\/lk-)w for k£ > kg. This implies (f./\/lko)w = (f./\/lk)w for k > k.
We obtain the same result for an increasing sequence of general filtered submodules of
FMy by proceeding as in 10.3.3. Hence FA is Noetherian.

Assume now FA Noetherian, working as in the proof of Proposition 10.3.3, we see
easily that GA is Noetherian. Since any coherent A4-module may be viewed as the
underlying module of a coherent F.A-module and since a submodule FN of a coherent
FA-module FM is coherent when its underlying A-module is coherent, we get easily
the Noetherianity of A. a
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Corollary 10.4.9 A graded ring GA on X is Noetherian if and only if the underlying
ring ¥.GA is Noetherian.

Proposition 10.4.10 If the sheaf of rings A is Noetherian then so is the sheaf of rings
Alzx].

Proof: By the preceding corollary, it is sufficient to prove that A[x] is Noetherian as
a graded ring on X.
First we show that A[z] is graded coherent. Let

GL 2% gL,

be a graded morphism of finite free graded A[z]-modules.
Denote G its kernel. Since

GL, = élA[:c](di).

GwN is a coherent A-submodule of Gy £, ~ AP and since GN .z C GN we get GiN C
Gr 1N as submodules of AP. Since A is Noetherian, this sequence is locally stationary
and for any x € X there is an open neighborhood U of z and an integer ky such that

(GreN) o = (GeN) 1w

for k > ko. Hence Ny is generated by Gy, N as an Ajy[z]-module. The GA-module
GN is thus locally finitely generated on Alz].

To prove that A[x] is Noetherian, we have to prove that if (GN)sew is an increasing
sequence of coherent A[x]-submodules of a finite free A[zx]-module GL then (GN)ren
is locally stationary. Working as above we see that

GiNe C G Ny

if ¢ </, k <Fk. Hence, locally, there are integers ¢y, ko such that Gy, Ny, = G Ny for
k > ko, £ > £y. This implies that GNy = GN, for £ > {y; hence the conclusion. O
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