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Abstract

A pedagogical but concise overview of Riemannian geometry is provided, in the context
of usage in physics. The emphasis is on defining and visualizing concepts and relationships
between them, as well as listing common confusions, alternative notations and jargon, and
relevant facts and theorems. Special attention is given to detailed figures and geometric
viewpoints, some of which would seem to be novel to the literature. Topics are avoided
which are well covered in textbooks, such as historical motivations, proofs and derivations,
and tools for practical calculations. As much material as possible is developed for manifolds
with connection (omitting a metric) to make clear which aspects can be readily generalized
to gauge theories. The presentation in most cases does not assume a coordinate frame
or zero torsion, and the coordinate-free, tensor, and Cartan formalisms are developed in

parallel.
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1 Introduction

Riemannian geometry is fundamental to general relativity, and is also the foundational inspira-
tion for gauge theories. This bifurcation has led to many presentations tending towards either



the specific (e.g. presented in tensor notation assuming a coordinate frame and zero torsion) or
the abstract (e.g. using the language of fiber bundles). Here we attempt to cover the material
in a way that makes clear the relationships between different approaches and notations, while
emphasizing intuitive geometric meanings.

In the presentation we try to take an approach which is useful both as a learning tool
complementary to other resources, and as a reference which concisely covers the relevant topics.
This ends up consisting mainly of clear definitions along with related results. We also attempt
to “take pictures seriously,” by making explicit the assumptions being made and the quantities
being depicted. Thus the three main components are definitions, pictures, and results.

A series of appendices are included which cover relevant material referred to in the pre-
sentation. These appendices can either be read before the main presentation or referred to as
necessary.

Throughout the paper, warnings concerning a common confusion or easily misunderstood
concept are separated from the core material by boxes, as are intuitive interpretations or heuristic
views that help in understanding a particular concept. Quantities are written in bold when
first mentioned or defined.

2 Parallel transport

2.1 The parallel transporter

By definition, for a vector w at a point p of an n-dimensional manifold M, parallel transport
assigns a vector || (w) at another point ¢ that is dependent upon a specific path C'in M from
p to gq.

To see that this dependence upon the path matches our intuition, we can consider a vector
transported in what we might consider to be a “parallel” fashion along the edges of an eighth of a
sphere. In this example, the sphere is embedded in R? and the concept of “parallel” corresponds
to incremental vectors along the path having a projection onto the original tangent plane that
is parallel to the original vector.
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FIGURE 2.1: A vector w transported in what we intuitively consider to be a “parallel” way along two
different paths (B and C = Cy + Cs3) on a surface results in two different vectors.



The parallel transporter is therefore a map
lc: TyM — T,M, (2.1)

where C' is a curve in M from p to ¢ and T, M is the tangent space at p (see Section . To
match our intuition we also require that this map be linear (i.e. parallel transport is assumed to
preserve the vector space structure of the tangent space); that it be the identity for vanishing
C; that if C = Cy + Cs then ||c=||c,||c,; and that the dependence on C' be smooth (this is most
easily defined in the context of fiber bundles, which we will not cover here). If we then choose a
frame on U C M, we have bases for each tangent space that provide isomorphisms 7,U = R",
T,U = R". Thus the parallel transporter can be viewed as a map

|* . {C} = GL(n,R) (2.2)

from the set of curves on U to the Lie group GL (n,R) of general linear transformations on R";
however, it is important to note that the values of ||} u depend upon the choice of frame.

2.2 The covariant derivative

Having defined the parallel transporter, we can now consider the covariant derivative

1
Vow = lim— (W |prev — |l (wlp))
e—=0¢ (23)

1
= lim—= (|| _ —
55%5 (I C(w|p+sv) w|p),

where C' is an infinitesimal curve starting at p with tangent v. At a point p, V,w compares the
value of w at p + ev to its value at p after being parallel transported to p 4 v, or equivalently
in the limit ¢ — 0, the value of w at p to its value at p + ev after being parallel transported
back to p. (see Section on how p + ev is well-defined in the limit € — 0).
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FIGURE 2.2: The covariant derivative V,w is the difference between a vector field w and its parallel
transport in the direction v.

%t In this and future depictions of vector derivatives, the situation is simplified by focusing on
the change in the vector field w while showing the “transport” of w as a parallel displacement.
This has the advantage of highlighting the equivalency of defining the derivative at either 0




or € in the limit € — 0. Depicting ||c (w|,) as a non-parallel vector at p+ v would be more
accurate, but would obscure this fact. We also will follow the picture here in using words
to characterize derivatives: namely, “the difference” is short for “the difference per unit ¢ to
order € in the limit € — 0.”

Two properties of V,w that are easy to verify are that is is linear in v, and that for a function
f on M it obeys the rule
Vi (fw) = v (f)w+ fVe (w)
=df (v)w+ [V, (w).
As we will see in Section this is the Leibniz rule (see Appendix for the covariant
derivative generalized to the tensor algebra. See Section for a review of the differential d
and the relation v(f) = df(v). Note that V,w is a directional derivative, i.e. it depends only
upon the value of v at p; v is in effect used only to choose a direction. In contrast, the Lie
derivative L,w (see Section requires v to be a vector field, since w is in this case compared
to its value after being “transported” by the local flow of v, and so depends on the derivative of
v at p.

(2.4)

A Tt is important to remember that there is no way to “transport” a vector on a manifold
without introducing some extra structure.

Instead of parallel transport, one can consider the covariant derivative as the fundamental
structure being added to the manifold. In this case it is useful to define the covariant derivative
along a smooth parametrized curve C(t) by using the tangent to the curve as the direction, i.e.

D
V= Diw = Ve yw, (2.5)
where C(t) is the tangent to C' at . Dyw is sometimes called the absolute derivative (AKA
intrinsic derivative) and its definition only requires that w be defined along the curve C(t).
We can then define the parallel transport of w |, along C(t) as the vector field w that satisfies
DtU) =0.

A The notation for the absolute derivative is potentially confusing since the implicitly
referenced curve C(t) does not appear in the expression Dyw.

2.3 The connection

If we view V as a map from two vector fields v and w to a third vector field V,w, it is called
an affine connection. Note that since no use has been made of coordinates or frames in the
definition of V, it is a frame-independent quantity (see Appendix (B for a review of coordinates
and frames).

Since V, is linear in v, and depends only on its local value, we can regard V as a 1-form
on M. If we choose a frame e, on M with corresponding dual frame 3#, we can define the
connection 1-form

FAM (v) = ik (Vyey) . (2.6)



I'*, (v) is the ™™ component of the difference between the frame e, and its parallel transport
in the direction v.

From its definition, it is clear that F/\u is a frame-dependent object, and additionally it is
not local since it is formed from the derivative of the frame; therefore it cannot be viewed as
the components of a tensor (see Appendix [A| for a review of tensors and forms).

At a point p, the value of F)‘M (v) is an infinitesimal linear transformation on T,M, i.e. F)‘“
is a frame-dependent 1-form whose values sit in the Lie algebra gl (n,R). Using the notation
for algebra- and vector-valued forms defined in Section we can then write

I'(v)w

T, (v) whey = (Vye,) wh, (2.7)

where we view @ as a R"-valued 0-form. The vector T' (v) @ measures the difference between
the frame and its parallel transport in the direction v, weighted by the components of w.

A Tt is important to remember that T (v) 0 is related to the difference between the frame
and its parallel transport, while V,w measures the difference between w and its parallel
transport; thus unlike V,w, I' (v) @ depends only upon the local value of w, but takes
values that are frame-dependent.

A Since we have used the frame to view I' as a gl (n, R)-valued 1-form, i.e. a matrix-valued
1-form, @ must be viewed as a frame-dependent column vector of components. We could
instead view I as a gl (R™)-valued 1-form and & as a frame-independent intrinsic vector. In
this case the action of I on @ would be frame-independent, but the value of T itself would
remain frame-dependent. We choose to use matrix-valued forms due to the need below to
take the exterior derivative of component functions, but the abstract viewpoint is important
to keep in mind when generalizing to fiber bundles.

2.4 The covariant derivative in terms of the connection

V,w can be written in terms of I' by using the Leibniz rule from Section with w* as frame-
dependent functions:

Vow =V, (w'ey,)
= v (w") e, +w'V, (ey)
= dw" (v) e, + T (v) @
= dw (v) + T (v) @

(2.8)

Here we again view @ as a R™-valued 0-form, so that dw (v) = dw* (v)e,. Thus dw (v) is the
change in the components of w in the direction v, making it frame-dependent even though w is
not. Note that although V,w is a frame-independent quantity, both terms on the right hand
side are frame-dependent. This is depicted in the following figure.
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F1GURE 2.3: Relationships between the frame, parallel transport, covariant derivative, and connection
for a vector w parallel to e; at a point p.

3¢ The relation V,w = T' (v) @ + dw (v) can be viewed as roughly saying that the change
in w under parallel transport is equal to the change in the frame relative to its parallel
transport plus the change in the components of w in that frame.

If the 1-form I u (v) itself is written using component notation, we arrive at the connection
coefficients

M, =T, (e) = B (Ve,eu) - (2.9)

I‘/\M thus measures the A*® component of the difference between e, and its parallel transport
in the direction e,.

A This notation is potentially confusing, as it makes FAW look like the components of a
tensor, which it is not: it is a derivative of the component of the frame indexed by p, and
therefore is not only locally frame-dependent but also depends upon values of the frame at
other points, so that it is not a multilinear mapping on its local arguments. Similarly, d@
looks like a frame-independent exterior derivative, but it is not: it is the exterior derivative
of the frame-dependent components of w.

A The ordering of the lower indices of F’\W is not consistent across the literature (e.g.
[O] vs [7]). This is sometimes not remarked upon, possibly due to the fact that in typical
circumstances in general relativity (a coordinate frame and zero torsion, to be defined in
Section , the connection coefficients are symmetric in their lower indices.

It is common to extend abstract index notation (see Section |[A.4)) to be able to express the
covariant derivative in terms of the connection coefficients as follows:



Ve, w=dw” (e,) ey + T, (ep) we,
= Vouwb = (Veaw)b =e, (wb) + I we (2.10)
= Vo’ = 9w + I'u®

Here we have also defined 0,f = 0., f = df(eq) = eq(f). This notation is also sometimes
supplemented to use a comma to indicate partial differentiation and a semicolon to indicate
covariant differentiation, so that the above becomes

wb;a = wbya + T, wC. (2.11)
The extension of index notation to derivatives has several potentially confusing aspects:

e V, and 9, written alone are not 1-forms

o Greek indices indicate only that a specific basis (frame) has been chosen ([9] pp. 23-26),
but do not distinguish between a general frame, where 0,f = df(e,), and a coordinate
frame, where 0, f = 0f /0xt

o Vouwb = (Ve,w), so since V,w is linear in v, Vow?® is in fact a tensor of type (1,1); a
more accurate notation might be (Vw)?,

e w’ in the expression d,w’® = dw’(e,) is not a vector, it is a set of frame-dependent

component functions labeled by b whose change in the direction e, is being measured

e The above means that, consistent with the definition of the connection coefficients, we
have Vg e, = 0 + e.I'%,, since the components of the frame itself by definition do not
change

e As previously noted, neither I't,, nor T'?,,we are tensors

We will nevertheless use this notation for many expressions going forward, as it is frequently
used in general relativity.

A Tt is important to remember that expressions involving V, 0,, and I'¢,, must be handled
carefully, as none of these are consistent with the original concept of indices denoting tensor
components.

A Some texts will distinguish between the labels of basis vectors and abstract index notation
by using expressions such as (e;)®. We will not follow this practice, as it makes difficult the
convenient method of matching indexes in expressions such as J,w® = dw®(e,).

A If we choose coordinates z* and use a coordinate frame so that 9, = 0/0x#, we have the
usual relation 0,0, f = 0,0, f. However, this is not necessarily implied by the Greek indices
alone, which only indicate that a particular frame has been chosen. For index notation in
general, mixed partials do not commute, since 0,0pf — Op0af = ealen(f)) — er(eq(f)) =
lea, ep](f) = [€asep]°Ocf, which only vanishes in a holonomic frame.




2.5 The parallel transporter in terms of the connection

We can also consider the parallel transport of a vector w along an infinitesimal curve C' with
tangent v. Referring to Fig. 23] we see that to order e the components w* transform according
to

I (C)wh = w? — T, (v) (2.12)

where v is tangent to the curve C, and these components are with respect to the frame at the
new point after infinitesimal parallel transport. Using this relation, we can build up a frame-
dependent expression for the parallel transporter for finite C' by multiplying terms (1 — eI |,)
where I'[, is used to denote the matrix I'*,, (v|,) evaluated on the tangent v |, at successive
points p along C. The limit of this process is the path-ordered exponential

H)\H(C) :;i_%(l —elg—e) (1 —elg2e) - (L =€l |pye) (1 =l fp)

(2.13)
= Pexp —/FAM ,
C
whose definition is based on the expression for the exponential
n
¢* = lim (1 + 5) = lim (1 + 2)"/° . (2.14)
n—00 n e—0

Note that the above expression for ||* , (C) exponentiates frame-dependent values in gl (n,R)
to yield a frame-dependent value in GL (n,R).

2.6 Geodesics and normal coordinates

Following the example of the Lie derivative (see Section , we can consider parallel transport
of a vector v in the direction v as generating a local flow. More precisely, for any vector v at
a point p € M, there is a curve ¢,(t), unique for some —e < t < ¢, such that ¢,(0) = p and
by () =|ls (v), the last expression indicating that the tangent to ¢, at t is equal to the parallel
transport of v along ¢, from ¢,(0) to ¢,(t). This curve is called a geodesic, and its tangent
vectors are all parallel transports of each other. This means that for all tangent vectors v to
the curve, V,v = 0, so that geodesics are “the closest thing to straight lines” on a manifold with
parallel transport.

Now we can define the exponential map at p to be exp(v) = ¢, (1), which will be well-
defined for values of v around the origin that map to some U C M containing p. Finally,
choosing a basis for T,U provides an isomorphism 7,U = R", allowing us to define geodesic
normal coordinates (AKA normal coordinates) exp~!: U — R™. It can be shown (see [6] Vol.
1 pp148-149) that in a coordinate frame at the origin p of geodesic normal coordinates, we have
r po = —I‘)‘(m; this implies that for zero torsion (to be defined in Section , the connection
coefficients vanish at p.



FIGURE 2.4: Geodesic normal coordinates at p map points on a manifold to vectors at p tangent to
the geodesic passing through both points. In the figure exp(2v) = ¢,(2), so the coordinate of the point
$u(2) € M is 2v € T, M.

2.7 Summary

In general, a “manifold with connection” is one with an additional structure that “connects” the
different tangent spaces of the manifold to one another in a linear fashion. Specifying any one of
the above connection quantities, the covariant derivative, or the parallel transporter equivalently
determines this structure. The following tables summarize the situation.

’ Construct ‘ Argument(s) ‘ Value ‘ Dependencies
llc vel,M lc (v) € TyM Path C from p to ¢
1* . Path C 1 . (C) € GL Frame on M
Vo weTM Vow € T,M vel,M
\Y velL,M,weTM Vow € T,M None
M, veT,M I, (v) € gl Frame on M
I' (v) w e T,M I'(v)wW € T,M Frame on M, v € T,M
F)‘/w None Connection coefficient Frame on M

TABLE 2.1: Constructions related to the connection. Each construct above is considered at a point p;

to determine a manifold with connection it must be defined for every point in M.

Below we review the intuitive meanings of the various vector derivatives.
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Vector derivative ‘ Meaning

The difference between w and its transport by the

Low = il—rf(l) (W lp+ev — d®e (wlp)) /2 local flow of v.

The difference between w and its parallel transport

Vow = ;13%) (w |p+£v —lle (w |p)) /e in the direction v.

The difference between w and its parallel transport

D, _ _
ar? 1w = Ve w in the direction tangent to C(t).

The A" component of the difference between e, and
its parallel transport in the direction v.

I (v) = B (Voey)

The infinitesimal linear transformation on the
I'(v) =V, (T,M) tangent space that takes the parallel transported
frame to the frame in the direction v.

The difference between the frame and its parallel
['(v)w =T, (v)wley = (Vye,) wh | transport in the direction v, weighted by the
components of w.

The A™ component of the difference between e, and
its parallel transport in the direction e, .

The change in the frame-dependent components of w
in the direction v.

po = F)\u (er) = B (Voeu)

di (v) = dw” (v) e,

The change in the b frame-dependent component of
w in the direction e,.

The b™ component of the difference between w and
its parallel transport in the direction e,.

Dqw? = dwb(eq)

Vouw® = (Ve w)?

TABLE 2.2: Definitions and meanings of vector derivatives.

Other quantities in terms of the connection:

e Vow=dw(v) +T (v)w

o V,wb = duw’ + Tt we

o |}, (C)wt =wH — el (v) wh (for infinitesimal C with tangent v)

e |}, (C)wH = Pexp (— Jo ) wh

3 Manifolds with connection

All of the above constructs used to define a manifold with connection manipulate vectors, which
means they can be naturally extended to operate on arbitrary tensor fields on M. This is the
usual approach taken in general relativity; however, one can alternatively focus on k-forms on
M, an approach that generalizes more directly to gauge theories in physics. This viewpoint is
sometimes called the Cartan formalism. We will cover both approaches.

A Note that a manifold with connection includes no concept of length or distance (a metric).
It is important to remember that unless noted, nothing in this section depends upon this
extra structure.
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3.1 The covariant derivative on the tensor algebra

If we define the covariant derivative of a function to coincide with the normal derivative, i.e.
Vaof = 04f, then we can use the Leibniz rule to define the covariant derivative of a 1-form. This
is sometimes described as making the covariant derivative “commute with contractions,” where
for a 1-form ¢ and a vector v we require

Va (sobvb) = (V) V" + 0y (Vavb>

(3.1)
= (Vapp) b+ ©b (8avb + Fbcavc> .

At the same time, choosing a frame and treating ¢, and v® as frame-dependent functions on M,

we have
Va (%’Ub) =0, (%’Ub)
\ , (3.2)
= (Dups) " + 5 (90"
so that equating the two we arrive at
Voﬁpb = aa‘;pb - Fcbasoc- (33)

As with vectors, the partial derivative 0,pp acts upon the frame-dependent components of the
1-form.

We can then extend the covariant derivative to be a derivation on the tensor algebra (see
Section by following the above logic for each covariant and contravariant component:

...b —
vaT‘b1 mcl...cn - aaTb1 bmq...cn

m
+ ZrbjdaTbl...bj_ldij...melmcn
j=1 (3.4)

n
d by...b
- ZF CjaT ! mc1...0j_1d0j+1...cn
=1

Note that since the covariant derivative of a O-form is V,f = 0,f = O, f = €a(f), we then have
Vof = vV f = v (f) = v(f).

The concept of parallel transport along a curve C' can be extended to the tensor algebra
as well, by parallel transporting all vector arguments backwards to the starting point of C|
applying the tensor, then parallel transporting the resulting vectors forward to the endpoint of
C. So for example the parallel transport of a tensor T%, is defined as

le (T%) =[|* . (C) T || (=C)

3.5
= (1= e, (0) T (1 +2T% (v)) 39

where for infinitesimal C' with tangent v we have ||;'=|_c= 1+ €[ (v) since ||c= 1 — T (v).

12
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FIGURE 3.1: The parallel transport of a tensor can be defined by parallel transporting all vector ar-
guments backwards to the starting point, applying the tensor, then parallel transporting the resulting
vectors forward to the endpoint.

With this definition, the covariant derivative V,7T' can be viewed as “the difference between
T and its parallel transport in the direction e,;.”

A It can sometimes be confusing when using the extended covariant derivative as to what
type of tensor it is being applied to. For example, w® in the expression d,w® is not a vector,
it is a set of frame-dependent functions labeled by b; yet this expression can in theory also
be written V,w?, in which case there is no indication that the covariant derivative is acting

on these functions instead of the vector w?’.

A When the covariant derivative is used as a derivation on the tensor algebra, care must be
taken with relations, since their forms can change considerably based upon what arguments
are applied and whether index notation is used. In particular, (V,V,—VyVo)f = Vo (Opf)—
Vi (0af) is not a “mixed partials” expression, since (9,f) is a 1-form. And as we will see,
(VoVy — Vi Vo) f is a different construction than (V,V, — V,V,)w®, which is different from
(VuVy — ViV )w. Tt is important to realize that an expression such as V,V, — V,V,
without context has no unambiguous meaning.

A Tt is important to remember that since expressions like d,w® and ', are not tensors,
applying V4 to them is not well-defined (unless we consider them as arrays of functions and
are applying Vg4 = 0y).

3.2 The exterior covariant derivative of vector-valued forms

A vector field w on M can be viewed as a vector-valued 0-form. As noted previously, the
covariant derivative V,w is linear in v and depends only on its local value, and so can be viewed
as a vector-valued 1-form Dd@i(v) = V,w. D is called the exterior covariant derivative
of the vector-valued O-form . This definition is then extended to vector-valued k-forms ¢ by
following the example of the exterior derivative d (see Section [C.F)):

13
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For example, if ¢ is a vector-valued 1-form,
D@ (v,w) = Vo@ (w) = Vo (v) = G ([v,w]) . (3.7)

So while the first term of dy takes the difference between the scalar values of p(w) along
v, the first term of D@ takes the difference between the vector values of J(w) along v after
parallel transporting them to the same point (which is required to compare them). At a point
p, D@ (v,w) can thus be viewed as the “sum of J on the boundary of the surface defined by
its arguments after being parallel transported back to p,” and if we use ||, to denote parallel
transport along an infinitesimal curve with tangent v, we can write

52DS5 (v,w) = || _evP (ew |p+€v) — @ (ew |p)
vt

— [|—ew P (€V |prew) + G eV p) (3.8)
- 95(82 [Ua w]) .
) —5v|p e
A=) —T¢
By, w))
2
— —e?[v, w
5w|p [v, w]
W,y

|| g‘\,vﬁ(g"v‘/)Jri‘\r)

5
—@(e[v, w)) . ~
L Bew,..)
S Bev)
_‘|<iu"\"9(€ V‘p t ;\\') 4--; €V| )
p
—@(ew])

FIGURE 3.2: The exterior covariant derivative D@ (v, w) sums the vectors ¢ along the boundary of the
surface defined by v and w by parallel transporting them to the same point. Note that the “completion
of the parallelogram” [v,w] is already of order 2, so its parallel transport has no effect to this order.

From its definition, it is clear that D¢ is a frame-independent quantity. In terms of the
connection, we must consider w as a frame-dependent R™-valued 0-form, so that

D@ (v) = Vyw = dw (v) + T' (v) w. (3.9)



For a R™-valued k-form ¢ we find that

DF=dg+T A, (3.10)
where the exterior derivative is defined to apply to the frame-dependent components, i.e.
dg(vo ... vg) = dep*(vg ... vE)e,. Recall that I' is a gl(n, R)-valued 1-form, so that for example
if Fis a R™-valued 1-form then

(T AQ) (v,w) =T (v) G (w) = T (w) ¢ (v
F)\

~—

(3.11)

A As with the covariant derivative, it is important to remember that Dg is frame-
independent while d and I" are not.

The set of vector-valued forms can be viewed as an infinite-dimensional algebra by defining
multiplication via the vector field commutator; it turns out that D does not satisfy the Leibniz
rule in this algebra and so is not a derivation (see Appendix. However, following the above
reasoning one can extend the definition of D to the algebra of tensor-valued forms, or the subset
of anti-symmetric tensor-valued forms; D then is a derivation with respect to the tensor product
in the former case and a graded derivation with respect to the exterior product in the latter
case. We will not pursue either of these two generalizations.

3.3 The exterior covariant derivative of algebra-valued forms

Recalling from Section [3.1]the definition of parallel transport of a tensor, we can view a gl(n, R)-
valued O-form © as a tensor of type (1, 1), so that the infinitesimal parallel transport of © along
C with tangent v is

lc (©) = (1—¢el'(v))© (1 +£l (v)). (3.12)
We can now follow the reasoning used to define the covariant derivative of a vector in terms of
the connection

1
Vow = ggr(l]g (w |p+av - ||C w ’p)

1, S o
= lim— (@ pz0 — (1 =L (v)) T ) (3.13)

1
— 1 7( p —wh NG A )
lim = (" |prew — w[p + "5 (V) Wy ) € lpre

=dw (v) + T (v) @

to give the covariant derivative of a gl(n,R)-valued 0-form

3
IH
i5

e |p+8v - ”C (9 |p>)

lp-rev — (1 — el (U)) &) |p (1 + el (U)))

M=o =

I
M

(3.14)
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Here we have only kept terms to order e, followed previous convention to define d© (v) =
d@“ABAeM, and defined the Lie commutator [I', ©] in terms of the multiplication of the gl(n, R)-
valued forms I' and ©, which (see Section for notation) as a 1-form is equivalent to I'[A]©.
V.0 is then “the difference between the linear transformation © and its parallel transport in
the direction v.”

The above definition of the covariant derivative can then be extended to arbitrary gi(n,R)-
valued k-forms by defining

DO = do + T\, (3.15)

which can be shown to be equivalent to the construction used for R™-valued k-forms in Section
3.2l For example, for a gl(n,R)-valued 1-form ©, we have

DO (v,w) = V,0 (w) — V4,0 (v) — 6 ([v,w]), (3.16)

with the covariant derivatives acting on the value of © as a tensor of type (1,1). So at a point
p, DO (v,w) can be viewed as the “sum of © on the boundary of the surface defined by its
arguments after being parallel transported back to p.” With respect to the set of gl(n,R)-valued
forms under the exterior product using the Lie commutator [A], D is a graded derivation and
for a gl(n,R)-valued k-form © satisfies the Leibniz rule

D(6[A]¥) = DO[A]Y + (—1)* O[A]DV. (3.17)

3.4 Torsion

Given a frame e, we can view the dual frame 3# as a vector-valued 1-form that simply returns
its vector argument:

-

B(v)=p"(v)e, =v. (3.18)

Clearly this is a frame-independent object. The torsion is then defined to be the exterior
covariant derivative

T =Dg. (3.19)

In terms of the connection, we must consider 5 as a frame-dependent R"-valued 1-form, which
gives us the torsion as a R™-valued 2-form

T=d6+TAB. (3.20)

This definition of T is sometimes called Cartan’s first structure equation.
In terms of the covariant derivative, the torsion 2-form is

- —

T (v,w) = Vo (B () = Vo (B (0)) = B (fv. w)

= Vyw — Vv — [v,w].

(3.21)

For a torsion-free connection in a holonomic frame, we then have V,e, = V ,e,, which means
that the connection coefficients are symmetric in their lower indices, i.e.

P)\/w' =g (vUe,u) = /8)\ (vuea) = F)\gu' (322)

For this reason, a torsion-free connection is also called a symmetric connection.
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From the definition in terms of the exterior covariant derivative, we can view the torsion as
the “sum of the boundary vectors of the surface defined by its arguments after being parallel
transported back to p,” i.e. the torsion measures the amount by which the boundary of a loop
fails to close after being parallel transported. From the definition in terms of the covariant
derivative, we arrive in the figure below at another interpretation where, like the Lie derivative
L,w (see Section , f(v, w) “completes the parallelogram” formed by its vector arguments,
but this parallelogram is formed by parallel transport instead of local flow. Note however that
the torsion vector has the opposite sign as the Lie derivative.

p evl,

FiGURE 3.3: The torsion vector ’f(v,w), constructed above starting at the point ¢, “completes the
parallelogram” formed by parallel transport. ||c, denotes parallel transport along an infinitesimal curve
with tangent v.

Zero torsion then means that moving infinitesimally along v followed by the parallel transport
of w is the same as moving infinitesimally along w followed by the parallel transport of v. Non-
zero torsion signifies that “a loop made of parallel transported vectors is not closed.”

As this geometric interpretation suggests, and as is evident from the expres§ion T = Dg,

one can verify algebraically that despite being defined in terms of derivatives T'(v,w) in fact
only depends on the local values of v and w, and thus can be viewed as a tensor of type (1,2):

T¢ b = 09V we — w*V 0 — [v, w]° 3.23
ab a a 5

Another relation can be obtained for the torsion tensor by applying its vector value to a function
f before moving into index notation:

—

T (v,w) (f) = (Vow) (f) = (Vwv) (f) = [v,w] (f)
= T° 0 WbV, f = (vavawb) Vof — (wbvbv“> Vaf
. [vava (wbvb f) — bV, (19V, f)}
= Tcabvcf = vaaf - vavbf

Here we have used the Leibniz rule and recalled that v(f) = V,f = v*V,f and [v,w](f) =
v(w(f)) —w(v(f)) (see Section [B.2)). In terms of the connection coefficients I'“,, = Ve, we
have

(3.24)
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Tcab = Bcf (ellv 6(,)
= B°Vaep — BVieq — [eq, €] (3.25)
=T — T — [ea, ).

A Note that zero torsion thus always means that V,V,f = ViV, f (and [v,w] = Lyw =
V,w — Vy,v), but it only means F’\W = F)‘U# in a holonomic frame.

In the above figure, the failure of the parallel transported vectors to meet can be viewed
as either due to their lengths changing or due to their being rotated out of the plane of the
figure. As we will see, the latter interpretation is more relevant for Riemannian manifolds,
where parallel transport leaves lengths invariant. In Einstein-Cartan theory in physics, non-
zero torsion is associated with spin in matter. A suggestive example along these lines that
highlights the rotation aspect of torsion is Euclidean R? with parallel transport defined by
translation, except in the x direction where parallel transport rotates a vector clockwise by an
angle proportional to the distance transported. As we will see in the next section, this parallel
transport has torsion but no curvature.

I..(€2)

I..(ex)
£27(x, z)

FIGURE 3.4: An example of non-zero torsion suggestive of spin.

Zero torsion means that L,w = [v,w] = V,w — Vv due to the symmetric connection
coefficients canceling. This extends to the Lie derivative of a general tensor, so that in the case
of zero torsion we have

ai...a _.c ai...a
L,T Ty by = V VT " b1 b

1.

1...bn

m
o Z (V) T 016041 0m
~ (3.26)
n

§ : c ai...a
+ (Vij ) T mbl...bjflcbj+1...bn‘
j=1

3.5 Curvature

The exterior covariant derivative D parallel transports its values on the boundary before sum-
ming them, and therefore we do not expect it to mimic the property d? = 0 (see Section |C.4]).
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Indeed it does not; instead, for a vector field w viewed as a vector-valued 0-form @, we have

(DQJJ') (u,v) = R (u,v) W = Vo Vow — V, Vyw — V [u,0) W5 (3.27)

which defines the curvature 2-form R, which is gl(R™)-valued. From its definition, R is a
frame-independent quantity, and thus if @ is considered as a vector-valued 0-form, R is frame-
independent as well. In the (more common) case that we view o as a frame-dependent R"-valued
0-form, R must be considered to be gl (n,R)-valued, and is thus a frame-dependent matrix. A
connection with zero curvature is called flat, as is any region of M with a flat connection.

For a general R™-valued form § it is not hard to arrive at an expression for R in terms of
the connection:

D*¢= (Al +TAL)AG=RAQG (3.28)
Note that DI' = dI" + T'[A]T is a similar but distinct construction, since e.g.

(TAT) (v,w) =T (v) T (w) =T (w) T (v), (3.29)
while L. . . . .
(EIAE) (0,0) = [P (0. F ()] - [P (), T (0) a0
=2('AT) (v, w)
Thus we have L
R=dI'+T'AT
1. . (3.31)
=dI' + §F[/\]F

The definition of R in terms of I" is sometimes called Cartan’s second structure equation.
An immediate property from the definition of R is

R(u,v) = —R(v,u), (3.32)
which allows us to write e.g. for a vector-valued 1-form ¢

(DQQE’) (u,v,w) = (R A <,5) (u, v, w)

) N ) B _ ) (3.33)
= R (u,v) g(w) + R (v,w) g(u) + R (w,u) g(v).

Constructing the same picture as can be done for the double exterior derivative (see Section

C.4), we put
D@ = D,

where
B(v) = Diu(v) = Vyw.

Expanding both derivatives in terms of parallel transport, we find in the following figure that as
we sum values around the boundary of the surface defined by its arguments, D? fails to cancel
the endpoint and starting point at the far corner. Examining the values of these non-canceling
points, we can view the curvature as “the difference between w when parallel transported around
the two opposite edges of the boundary of the surface defined by its arguments.”
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_Hfsv@(gullﬁsv): ||75vw|p+€v H" ‘ _||7sv||feuw|p+5v+su
pteutev

_||—5va+5v “ ||—su||—5vw|p+5u+5v
—cu
\ptev
e2R(u, v)Ww —evl, Vlpreu
N\ ,
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FIGURE 3.5: R (u,v)w = (D2@) (u,v) is “the difference between w when parallel transported around
the two opposite edges of the boundary of the surface defined by its arguments.” In the figure we assume
vanishing Lie bracket for simplicity, so that v |pteytes = U |ptevteu -

In terms of the connection, we can use the path integral formulation to examine the parallel
transporter around the closed path L = S defined by the surface S = (su A ev) to order &2.
This calculation after some work (see [4] pp. 51-53) yields

I1, (w) = Pexp (— / f) &

—w—/(df+f/\f)u7 (3:34)
S

=w—e?R (u,v) @,

where we have dropped the indices since L is a closed path and thus ||z is basis-independent.
Thus the curvature can be viewed as “the difference between w and its parallel transport around
the boundary of the surface defined by its arguments.”

—&u

p+ev
,,,,, —&2[u, v]
—eV)
. (vl
e*R(u, v)w ~~eo o My
= wl, - [l,001,) -
w)| p eu
p p

FIGURE 3.6: R (u,v) is “the difference between w and its parallel transport around the boundary of
the surface defined by its arguments.”

As this picture suggests, one can verify algebraically that the value of R (u,v) at a point
p only depends upon the value of w at p, even though it can be defined in terms of Vw, which

depends upon nearby values of w. Similarly, R (u,v) @ at a point p only depends upon the values
of uw and v at p, even though it can be defined in terms of [u, v], which depends upon their vector
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field values (note that V, V,w depends upon the vector field values of both v and w). Finally, R
(as a gl(R™)-valued 2-form) is frame-independent, even though it can be defined in terms of I,
which is not. Thus the curvature can be viewed as a tensor of type (1, 3), called the Riemann
curvature tensor (AKA Riemann tensor, curvature tensor, Riemann—Christoffel tensor):

R¢,puvPw? = uV, (vbvbwc) — 0"V (uOV ) — [u, v]4V gu°
= u’V,Vyut — u PV Vaw® + T u v’V quwe (3.35)
= Ry’ = (VaVi = ViV + T Va) w'
Here we have used the Leibniz rule and recalled that [u,v]? = u?V 0 — v*Vyud — Tdabuavb.
To obtain an expression in terms of the connection coefficients, we first examine the double
covariant derivative, recalling that V,w® is a tensor:
Vo (Vywe) = 0, Vpw® + T, Vyw! — T3,V juw®
= 0Oy’ + 0, (T ppw)
+ Fcfaabwf + Fcfangbwg — Ffbanwc
= 0,0pw" + 8al“cfbwf
+ Fcﬂ,aa’wf + Fcfa(?bwf
+ Fcfaffgbwg — Ffbavfwc.

(3.36)

When we subtract the same expression with a and b reversed, we recognize that for the functions
w® we have 9,0,w — 0w = [eq, €p]?0qw°, that the second line Fcfb(?awf —|—Fcfa8bwf vanishes,
and that T/, — T o = [eq, ep]f + Tfab, so that
(VaVi — VVa) wC = [eq, €] 0qw® + 0T ppw’ — 95T pqw”
+ T, w9 — T¢ 17w’ (3.37)

= (lea &)’ +T7,) Vyut,
and thus relabeling dummy indices to obtain an expression in terms of w?, we arrive at

Reyu? (v Vo~ VyVa + T abvd)
(3.38)
= (&J‘Cdb — 40 + T¢I gy — T T 40 — [ea, eb]frcdf) w?.

This expression follows much more directly from the expression R = dI' +I' AT, but the above
derivation from the covariant derivative expression is included here to clarify other presentations
which are sometimes obscured by the quirks of index notation for covariant derivatives.

A The derivation above makes clear how the expression for the curvature in terms of the
covariant derivative simplifies to R, bw = (VoVp — VV,) we for zero torsion but is un-
changed in a holonomic frame, while in contrast the expression in terms of the connection
coefficients is unchanged for zero torsion but in a holonomic frame simplifies to omit the
term [6a, eb]fFCdfwd.
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A Note that the sign and the order of indices of R as a tensor are not at all consistent across
the literature.

3.6 First Bianchi identity

If we take the exterior covariant derivative of the torsion, we get

DT =DD3 = RAB. (3.39)

This is called the first (AKA algebraic) Bianchi identity. Using the antisymmetry of R, we
can write the first Bianchi identity explicitly as

DT (u, v, w) = R(u,v)d + R(v, w)d + R(w,u)7. (3.40)

In the case of zero torsion, this identity becomes R A 5 = 0, which in index notation can be
written Rc[dab} = 0.

We can find a geometric interpretation for this identity by first constructing a variant of our
picture of R(u,v)u_f as the change in W after being parallel transported in opposite directions
around a loop. Taking advantage of our previous result that R(u, v)w only depends upon the
local values of u and v, we are free to construct their vector field values such that [u,v] = 0.
We then examine the difference between w being parallel transported in each direction halfway
around the loop. For infinitesimal parallel transport from a point p along a curve C with tangent
v we have ||z, (w|p) =llc (w]p) = w|pyrev —EVyw |p. Therefore we find that

Hsunev (w ’p) :Hu (w ’p+ev —eVyw ’p)

9 (3.41)
=w |p+5v+su —eVyw ‘ersu —eVyw ‘ersv + eV Vyw ’pa

so that

leullew (W lp) = llevllew (wlp) = 52Vuvvw b — 52vvvuw lp

. 3.42
= e?R(u, v)w, (3.42)

since [u, v] = 0 means that w |p4ecytreu = W |preutev. In the case of zero torsion, we can further
take advantage of our freedom in choosing the vector field values of u and v by requiring them
to equal their parallel transports, i.e. v |pyey =|leu (v]p) and ¢ |pyep =[lev (u|p), preserving the
property [u,v] = 0 due to the vanishing torsion.
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FIGURE 3.7: A slight variant of R (u,v) @ viewed as “the difference between w when parallel transported
around the two opposite edges of the boundary of the surface defined by its arguments.” In the case of
zero torsion, the boundary can be built from parallel transports instead of vector field values.

Thus, still assuming zero torsion, we can construct a cube from the parallel transports of u,
v, and w. This construction reveals that the first Bianchi identity corresponds to the fact that
the three curvature vectors form a triangle, i.e. their sum is zero.
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FI1GURE 3.8: The first Bianchi identity reflects the fact that for zero torsion, the far corners of a cube
made of parallel transported vectors do not meet, and their separation is made up of the differences in
parallel transport via opposite edges of each face. Note that the corners of the triangle are points since
vanishing torsion means that e.g. eu+ |loy (ew) = ew+ ||cw (€u), so that the top point of the triangle
reflects this equality parallel transported by ev.

3.7 Second Bianchi identity

If we take the exterior covariant derivative of the curvature, we get

DR = 0. (3.43)

This is called the second Bianchi identity, and can be verified algebraically from the definition
R=dI'+T'AT. We can write this identity more explicitly as

= Vu.R(v,w)d + V,R(w,u)d + V. R(u,v)d (3.44)

where we have used the antisymmetry of R and the covariant derivative acts on the value of
R as a tensor of type (1,1). Working this expression into tensor notation and using the tensor
expression for the torsion in terms of the commutator, we find that
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O - VeRcdab + VaRCdbe + vacdea

(3.45)
- RcdfeTfab - Rcdfanbe - Rcdbefem

or
Rcd[ab;e] = Rcdf[eTfab]7 (346)

and in the case of zero torsion, R, abie] = 0.

Geometrically, the second Bianchi identity can be seen as reflecting the same “boundary of
a boundary” idea as that of d> = 0 in Fig. except that here we are parallel transporting
a vector @ around each face that makes up the boundary of the cube. As in the previous
section, we can take advantage of the fact that R(v, w)d only depends upon the local value of
d, constructing its vector field values such that e.g. @|pten, =|leu (@|p), giving us

5vuR(“uw)_’ R(” ‘p-i—eu y W ‘p—i—au)a‘p-i-éu — Jlew R(”7w) llzu C_’:’p—i—au

a =
. . . (3.47)
= R(U ‘p+€u , W |p+su) ”su a— ||su R(U7w)a-

The first term parallel transports @ along eu and then around the parallelogram defined by v
and w at p + eu, while the second parallel transports @ around the parallelogram defined by v
and w at p, then along eu. Thus in the case of vanishing Lie commutators (e.g. a holonomic
frame), we construct a cube from the vector fields u, v, and w, and find that the second Bianchi
identity reflects the fact that DR(u, v, w)d parallel transports @ along each edge of the cube an
equal number of times in opposite directions, thus canceling out any changes.

/T

A

'p+eu
—&v

==
EW, eu
—£w|p e

FIGURE 3.9: The second Bianchi identity reflects the fact that for vanishing Lie commutators,
DR(u,v,w)d@ parallel transports @ along each edge of the cube made of the three vector field ar-
guments an equal number of times in opposite directions, thus canceling out any changes. Above,
eV R(v,w)d = R(V|prew ,0 prew) |lew @ |lew R(v,w)d is highlighted by the bold arrows represent-
ing the path along which @ is parallel transported in the first term, and by the remaining dark arrows
representing the path along which @ is parallel transported in the second term.

In the case of non-vanishing torsion, where there is a non-vanishing commutator f(u, v) =
—[u,v] # 0, we find that the cube gains a “shaved edge,” and that the extra non-vanishing term
—R([u,v],w)d in DR maintains the “boundary of a boundary” logic by adding a loop of parallel
transports of @ in the proper direction around the new “face” created.
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FIGURE 3.10: In the case of non-vanishing torsion and thus commutator, the extra term —R([u,v], w)d
in DR maintains the cancellation of face boundaries by adding a loop L around the new “shaved edge”
created.

4 Introducing the metric

4.1 The Riemannian metric

A (pseudo) metric tensor (see Section is a (pseudo) inner product (v, w) on a vector space
V' that can be represented by a symmetric tensor g,p, and thus can be used to lower and raise
indices on tensors. A (pseudo) Riemannian metric (AKA metric) is a (pseudo) metric tensor
field on a manifold M, making M a (pseudo) Riemannian manifold.

A metric defines the length (norm) of tangent vectors, and can thus be used to define the
length L of a curve C via parametrization and integration:

L) = / e ar

= / \/ <C’(t), C(t)>dt

This also turns any (non-pseudo) Riemannian manifold into a metric space, with distance func-
tion d(x,y) defined to be the minimum length curve connecting the two points x and y; this
curve is always a geodesic, and any geodesic locally minimizes the distance between its points
(only locally since e.g. a geodesic may eventually self-intersect as the equator on a sphere does).

(4.1)

1t With a metric, our intuitive picture of a manifold loses its “stretchiness” via the intro-
duction of length and angles; but having only intrinsically defined properties, the manifold
can still be e.g. rolled up like a piece of paper if imagined as flat and embedded in a larger
space.

If the coordinate frame of z* is orthonormal at a point p € M"™ in a Riemannian manifold,
for arbitrary coordinates y* we can consider the components of the metric tensor in the two
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coordinate frames to find that

guwdytdy” = Srodz dz”
oz toknd
—dy* dy”
Oy+ Y oy” Y (4.2)
= [L)])" [Ja(y)] dy*dy”
2

= det (g,,) = [det (J5 ()],

where J,(y) is the Jacobian matrix (see Section and we have used the fact that det(AT A) =
[det(A)]2. Thus the volume of an region U € M™ corresponding to R € R™ in the coordinates

xH is
V(U):/R\/det(g)d:cl...da:”, (4.3)

where det(g) is the determinant of the metric tensor as a matrix in the coordinate frame 9/0x*.
In the context of a pseudo-Riemannian manifold det(g) can be negative, and the integrand

dV = /|det(g)|dzt ... dz" (4.4)

is called the volume element, or when written as a form dV = /|det(g)|dz! A -+ A dz™ it
is called the volume form. In physical applications dV usually denotes the volume pseudo-
form, which gives a positive value regardless of orientation. Note that if the coordinate basis is
orthonormal then |det(g)| = 1; thus these definitions are consistent with those typically defined
on R”. Sometimes one defines a volume form on a manifold without defining a metric; in this
case the metric (and connection) is not uniquely determined.

= 5)@

A The symbol g is frequently used to denote det(g), and sometimes /|det(g)|, in addition
to denoting the metric tensor itself.

We can use the inner product to define an orthonormal frame on M. In four dimensions
an orthonormal frame is also called a tetrad (AKA vierbein). Any frame on a manifold can
be defined to be an orthonormal frame, which is equivalent to defining the metric (which in
the orthonormal frame is g, = 745). An orthonormal holonomic frame exists on a region of
M if and only if that region is flat. Thus in general, given a set of coordinates on M, we
have to choose between using either a non-coordinate orthonormal frame or a non-orthonormal
coordinate frame.

The Hopf-Rinow theorem says that a connected Riemannian manifold M is complete
as a metric space (or equivalently, all closed and bounded subsets are compact) if and only if
it is geodesically complete, meaning that the exponential map is defined for all vectors at
some p € M. If M is geodesically complete at p, then it is at all points on the manifold, so this
property can also be used to state the theorem. This theorem is not valid for pseudo-Riemannian
manifolds; any (pseudo) Riemannian manifold that is geodesically complete is called a geodesic
manifold.

As noted previously, a Riemannian metric can be defined on any differentiable manifold. In
general, not every manifold admits a pseudo-Riemannian metric, and in particular not every
4-manifold admits a Minkowski metric, but 4-manifolds that are noncompact, parallelizable, or
compact, connected and of Euler characteristic 0 all do.

27



In the same way that differentiable manifolds are equivalent if they are related by a diffeo-
morphism, Riemannian manifolds are equivalent if they are related by an isometry, a diffeomor-
phism ®: M — N that preserves the metric, i.e. Yo,w € TM, (v,w) |, = (d®p(v), dPp(w)) |a() -
Also like diffeomorphisms, the isometries of a manifold form a group; for example, the group
of isometries of Minkowski space is the Poincari};% group. A vector field whose one-parameter
diffeomorphisms are isometries is called a Killing field, also called a Killing vector since it
can be shown ([8] pp. 188-189) that a Killing field is determined by a vector at a single point
along with its covariant derivatives. A Killing field thus satisfies L,g. = 0, which using eq.
for a Levi-Civita connection (see next section) is equivalent to

Vap + Vv, = 0, (4.5)

called the Killing equation (AKA Killing condition).

We can then consider isometric immersions and embeddings, and ask whether every Rie-
mannian manifold can be embedded in some R™. The Nash embedding theorem provides
an affirmative answer, and it can also be shown that every pseudo-Riemannian manifold can be
isometrically embedded in some R™ with some signature while maintaining arbitrary differen-
tiability of the metric.

4.2 The Levi-Civita connection

A connection on a Riemannian manifold M is called a metric connection (AKA metric com-
patible connection, isometric connection) if its associated parallel transport respects the metric,
i.e. it preserves lengths and angles. More precisely, Vv, w € T'M, we require that

(le () lle (w)) = (v, w) (4.6)

for any curve C'in M.

In terms of the metric, this can be written gq || v* ||c wb = gupv®w®. But recalling that
the parallel transport of tensors just transports the arguments, we also have (||_¢ gap) v’ =
dav lc v ||c w®, so that we must have ||_¢ gap = gap, OF Vegap = 0. In terms of the connection
coefficients, a metric connection then satisfies

Veab = Oefab — Tacgap — T%egad = 0. (4.7)

Using the Leibniz rule for the covariant derivative over the tensor product, we can derive a
Leibniz rule over the inner product:

Vc (gabvawb> =0+ gabvcvawb + gabvavcwb (4 8)

=V (v,w) = (Vyv,w) + (v, Vyw)

Requiring this relationship to hold is an equivalent way to define a metric connection.

The Levi-Civita connection (AKA Riemannian connection, Christoffel connection) is then
the torsion-free metric connection on a (pseudo) Riemannian manifold M. The fundamental
theorem of Riemannian geometry states that for any (pseudo) Riemannian manifold the
Levi-Civita connection exists and is unique. On the other hand, an arbitrary connection can
only be the Levi-Civita connection for some metric if it is torsion-free and preserves lengths;
moreover, this metric is unique only up to a scaling factor (in physics, this corresponds to a
choice of units).
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For a metric connection, the curvature then must take values that are infinitesimal rotations,
i.e. Ris o(r,s)-valued. Thus if we eliminate the influence of the signature by lowering the first
index, the first two indices of the curvature tensor are anti-symmetric:

Rcdab = _Rdcab (49)

Using the anti-symmetry of the other indices and the first Bianchi identity, this leads to another
commonly noted symmetry
Rcdab = Rabcd' (410)

The Leibniz rule for the covariant derivative over the inner product along with the zero
torsion relation V,w = Vv + [v,w] can be used to derive an expression called the Koszul
formula:

2(Vyv,w) =V, (v,w) + Vy, (w,u) — Vy, (u,v)

— (u, [v, w]) + (v, [w,u]) + (w, [u,v]) (4.11)

Substituting in the frame vector fields and eliminating the metric tensor from the left hand side,
we arrive at an expression for the connection in terms of the metric:

210 = 9/ (0agba + Oo9da — Oaab
— gaflevs edl’ + goflea eal’ + garlear es]’)
On a Riemannian manifold, the connection coefficients for the Levi-Civita connection in
a coordinate basis F)‘,w are called the Christoffel symbols. At a point p € U C M, an
orthonormal basis for T,U can be used to form geodesic normal coordinates, which are then
called Riemann normal coordinates. Recalling from Section that with zero torsion the

connection coeflicients vanish at p, we can apply the covariant derivative to the metric tensor
to conclude that the partial derivatives of the metric g, = 7, all also vanish at p.

(4.12)

%t The vanishing of the Christoffel symbols at the origin of Riemann normal coordinates is
frequently used to simplify the derivation of tensor relations which are then, being frame-
independent, seen to be true in any coordinate system or frame (and if the origin was chosen
arbitrarily, at any point). In particular, the covariant and partial derivatives are equivalent
at the origin of Riemann normal coordinates.

4.3 Independent quantities and dependencies

While in general the curvature on a Riemannian manifold does not determine the metric, for
a manifold with connection that is compact, simply connected, and has no regions of constant
curvature (i.e. there is no way to “stretch” the manifold without affecting the curvature),
knowledge of the curvature at all points determines the connection (up to changes in frame),
and therefore the metric that makes this connection Levi-Civita (up to a constant scaling factor).

If we choose coordinates and use a coordinate frame on M", we can calculate the number
of independent functions and equations associated with the various quantities and relations we
have covered, and use them to verify the associated dependencies.
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’ Quantity / relation ‘ Viewpoint ‘ Count ‘

Metric Symmetric matrix of functions n(n+1)/2
Coordinate frame Fixed 0
Connection gl-valued (matrix-valued) 1-form | n?

Metric condition Derivative of metric n?(n+1)/2
Torsion-free condition Vector-valued 2-form n?(n—1)/2

TABLE 4.1: Independent function and equation counts in a coordinate frame.

The choice of coordinates determines the frame, leaving the geometry of the Riemannian
manifold defined by the n(n + 1)/2 functions of the metric. A torsion-free connection consists
of n? —n2%(n —1)/2 = n?(n + 1)/2 functions. The metric condition is exactly this number of
equations, allowing us in general to solve for the connection if the metric is known, or vice-versa
(up to a constant scaling factor).

Alternatively, we can look at things in a orthonormal frame:

’ Quantity / relation ‘ Viewpoint ‘ Count ‘
Metric Fixed 0
Orthonormal frame n vector fields n?
Change of orthonormal frame SO-valued 0-form n(n—1)/2
Connection so-valued 1-form n?(n—1)/2
Metric condition Automatically satisfied | 0
Torsion-free condition Vector-valued 2-form n?(n —1)/2

TABLE 4.2: Independent function and equation counts in an orthonormal frame.

Here the metric is constant, and the orthonormal frame consists of n? functions, but it is
determined only up to a change of orthonormal frame (rotation), leaving n? — n(n — 1)/2 =
n(n+1)/2 functions, consistent with the metric function count above. The torsion-free condition
is the same number of equations as the connection has functions, so that in general the torsion-
free connection can be determined by the orthonormal frame.

4.4 The divergence and conserved quantities

The divergence of a vector field u (see Section [C.5)) can be generalized to a pseudo-Riemannian
manifold (sometimes called the covariant divergence) by defining

div(u) = (—1)° = d(x(«)). (4.13)

Using the relations i, = (—1)* % (u”) (see Section [C.6) and A = (xA)Q for A € A"M™ (see
Section [A.10), we have
d(iu$) = (=1)*d(x(u"))
= (-1 * A (1.14)
= div(u)Q.

~1)
~1)

Using i,d + di,, = L, we then arrive at div(u)Q = L,{2, or as it is more commonly written

div(u)dV = L,dV. (4.15)
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Thus we can say that div(u) is “the fraction by which a unit volume changes when transported by
the flow of u,” and if div(u) = 0 then we can say that “the flow of u leaves volumes unchanged.”
Expanding the volume element in coordinates z* we can obtain an expression for the divergence
in terms of these coordinates,

. 1
div(u) = mm (uw\det(gn) : (4.16)

Note that both this expression and V,u® are coordinate-independent and equal to d,u® in
Riemann normal coordinates, confirming our expectation that in general we have

div(u) = Vau?. (4.17)

Using the relation div(u)Q = d(i,2) from eq. (4.14)), along with Stokes’ theorem, we recover
the classical divergence theorem

/div(u)dV:/ iy, dV
v ov
:/ (u,n)ds,
ov

where V is an n-dimensional compact submanifold of M™, n is the unit normal vector to 9V,
and dS = i,dV is the induced volume element (“surface element”) for V. In the case of a
Riemannian metric, this can be thought of as reflecting the intuitive fact that “the change in
a volume due to the flow of u is equal to the net flow across that volume’s boundary.” If
div(u) = 0 then we can say that “the net flow of u across the boundary of a volume is zero.” We
can also consider an infinitesimal V', so that the divergence at a point measures “the net flow of
u across the boundary of an infinitesimal volume.” As usual, for a pseudo-Riemannian metric
these geometric intuitions have less meaning.
The divergence can be extended to contravariant tensors T' by defining

(4.18)

div(T) = VT, (4.19)

although other conventions are in use. Since div(T) is vector-valued and the parallel transport
of vectors is path-dependent, we cannot in general integrate to get a divergence theorem for
tensors. In the case of a flat metric however, we are able to integrate to get a divergence
theorem for each component

/ Vo TV = / T,'n%ds. (4.20)
\% 2%

In physics, the vector field u often represents the current vector (AKA current density,
flux, flux density) j = pu of an actual physical flow, where p is the density of the physical
quantity @ and u is thus a velocity field; e.g. in R3, j has units @Q/(length)?(time). There are
several quantities that can be defined around this concept:
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’ Quantity Definition Meaning

The vector whose length is the
amount of () per unit time

Current vector J=pu crossing a unit area perpendicular
to j
The (n — 1)-form which gives the
¢ =1i;dV amount of ) per unit time
f .
Current form = (j,n)dS crossing the area defined by the

argument vectors
The vector whose length is the
j = +/Idet(g)]J amount of ) per unit time
= (= (j,n) dz™ A --- Adg?n-1 | crossing a unit coordinate area
perpendicular to j
1= / ¢
S

. The amount of () per unit time
= ,n)ydS
Current /5 bom) crossing S
= / (G, n) dzM .. dgt
S(z*)

Current 4-vector J = (p, ")

Current density

Current vector on the spacetime
manifold

TABLE 4.3: Quantities related to current. p is the density of the physical quantity @, u is a velocity field,
n is the unit normal to a surface S, and z* are coordinates on the submanifold S. The current 4-vector
can be generalized to other Lorentzian manifolds, and can also be turned into a form or a density.

A Note that the terms flux and current (as well as flux density and current density) are not
used consistently in the literature.

The current density j is an example of a tensor density, which in general takes the form

sz( ydet(g)|)WT, (4.21)

where T is a tensor and W is called the weight. Note that tensor densities are not coordinate-
independent quantities.
For a Riemannian metric we now define the continuity equation (AKA equation of con-
tinuity)
dq .
—=X— (j,m)dS, (4.22)
dt oV

where ¢ is the amount of ) contained in V, t is time, and X is the rate of Q) being created
within V. The continuity equation thus states the intuitive fact that the change of @) within V'
equals the amount generated less the amount which passes through 0V. Using the divergence
theorem, we can then obtain the differential form of the continuity equation

W o aiv(y) (4.23)
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where o is the amount of () generated per unit volume per unit time. This equation then states
the intuitive fact that at a point, the change in density of ) equals the amount generated less
the amount that moves away. Positive ¢ is referred to as a source of (), and negative o a sink.
If o = 0 then we say that @ is a conserved quantity and refer to the continuity equation as
a (local) conservation law.

Under a flat Lorentzian metric, we can combine p and j into the current 4-vector J and
express the continuity equation with ¢ = 0 as

div(J) =0, (4.24)

whereupon J is called a conserved current. Note that in this approach we lose the intuitive
meaning of the divergence under a Riemannian metric. If any curvature is present, when we
split out the time component we recover a Riemannian divergence but introduce a source due
to the non-zero Christoffel symbols

Vbt = 9yt + T4, J

e (1.25)
=0+ Vi +( tuP + it])v

where ¢ is the negative signature component and the index 7 goes over the remaining positive
signature components. Thus, since the Christoffel symbols are coordinate-dependent, in the
presence of curvature there is in general no coordinate-independent conserved quantity associ-
ated with a vanishing Lorentzian divergence.

4.5 Ricci and sectional curvature

The Ricci curvature tensor (AKA Ricci tensor) is formed by contracting two indices in the
Riemann curvature tensor:

_ e
Rab =R ach

4.26
Ric(v, w) = Ragpv®w® (4.26)

Using the symmetries of the Riemann tensor for a metric connection along with the first Bianchi
identity for zero torsion, it is easily shown that the Ricci tensor is symmetric.
Since the Ricci tensor is symmetric, by the spectral theorem it can be diagonalized and thus
is determined by
Ric(v) = Ric(v,v), (4.27)

which is called the Ricci curvature function (AKA Ricci function). Note that the Ricci
function is not a 1-form since it is not linear in v. Choosing a basis that diagonalizes Ry, is
equivalent to choosing our basis vectors to line up with the directions that yield extremal values
of the Ricci function on the unit vectors Ric(9,0) (or equivalently, the principal axes of the
ellipsoid / hyperboloid Ric(v,v) = 1).
Finally, if we raise one of the indices of the Ricci tensor and contract we arrive at the Ricci
scalar (AKA scalar curvature):
R=g¢"Ry (4.28)

For a Riemannian manifold M™, the Ricci scalar can thus be viewed as n times the average of
the Ricci function on the set of unit tangent vectors.
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A The Ricci function and Ricci scalar are sometimes defined as averages instead of contrac-
tions (sums), introducing extra factors in terms of the dimension n to the above definitions.

The Ricci function in terms of the curvature 2-form in an orthonormal frame e, (dropping
the hats to avoid clutter) on a pseudo-Riemannian manifold M™ naturally splits into terms
which each also measure curvature:

Ric(ey) Zgu (ei,eu) eu,el> (4.29)
1Ep

The term i = y vanishes due to the anti-symmetry of R. The (n — 1) non-zero terms are each
called a sectional curvature, which in general is defined as

(R(v,w)w,v)
(v,0) <eg,w> ~ (v,w)”
= K(ei, ej) = giigjj (R(ei, e5)€j, ;)

= Ric( eM Zgw ez,eu
i#p

= R = Zgijic(ej) (4'30)
J
=Y K(ei e5)

i#]

= QZK(ei,ej).

1<j

K(v,w) =

Note that the sectional curvature is not a 2-form since it is not linear in its arguments; in fact
it is constructed to only depend on the plane defined by them, and therefore is symmetric and
defined to vanish for equal arguments. Thus for a Riemannian manifold, the Ricci function of a
unit vector Ric(?) can be viewed as (n — 1) times the average of the sectional curvatures of the
planes that include 9, and the Ricci scalar can be viewed as n times the average of all the Ricci
functions. For a pseudo-Riemannian manifold, the Ricci scalar is twice the sum of all sectional
curvatures, or n(n — 1) times the average of all sectional curvatures, whose count is the binomial
coefficient n choose 2 or n(n —1)/2.

The sectional curvatures completely determine the Riemann tensor, but in general the Ricci
tensor alone does not for manifolds of dimension greater than 3. However, the Riemann tensor
is determined by the Ricci tensor together with the Weyl curvature tensor (AKA Weyl
tensor, conformal tensor), whose definition (not reproduced here) removes all contractions of
the Riemann tensor, so that it is the “trace-free part of the curvature” (i.e. all of its contractions
vanish). The Weyl tensor is only defined and non-zero for dimensions n > 3.

The Einstein tensor is defined as

G(v,w) = Ric(v,w) — gg(v,w) (4.31)

R
Gab = Rab - Egab-
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If we define G' = ¢G4 then we find that Ry, = Gap — Ggap/(n —2), so that the Einstein tensor
vanishes iff the Ricci tensor does. Now, the Einstein tensor is symmetric, and by the spectral
theorem can be diagonalized at a given point in an orthonormal basis, which also diagonalizes
the Ricci tensor. In terms of the sectional curvature, we have

Geus en) = —Guu E K(es,e;5).
i<j
(NET

(4.32)

Thus for a Riemannian manifold, the Einstein tensor G(0,0) applied to a unit vector twice can
be viewed as — (0,0) (n —1)(n —2)/2 times the average of the sectional curvatures of the planes
orthogonal to 0. Using the second Bianchi identity it can be shown ([3] pp. 80-81) that the

Einstein tensor is also “divergenceless,” i.e.

VaG? = 0. (4.33)

Recall that unless the metric is flat, there is no conserved quantity which can be associated with
this vanishing divergence.

A Frequent references to the divergencelessness of the Einstein tensor being related to a
conserved quantity usually refer to some kind of particular context; one simple one is that
in the limit of zero curvature, there is a set of conserved quantities due to eq. (4.20)).

4.6 Curvature and geodesics

Geometrically, the Ricci function Ric(v) at a point p € M™ can be seen to measure the extent
to which the area defined by the geodesics emanating from the (n — 1)-surface perpendicular
to v changes in the direction of v. Considering the three dimensional case in an orthonormal
frame(and again dropping the hats in é; to avoid clutter), we have

RiC(€2) = <R(€1, 62)52, €1> + <R(63, 62)52, 63>

= K(e1,e2) + K(es, e2). (4:34)

If we form a cube made from parallel transported vectors as we did for the first Bianchi identity,
we can see that each sectional curvature term in Ric(ez) takes an edge of the cube and measures
the length of the difference between the cube-aligned component of its parallel transport in the
eo direction and the edge of the cube at a point parallel transported in the es direction.
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FIGURE 4.1: Each sectional curvature measures the convergence of geodesics, while their sum forms
the Ricci curvature function, which measures the change in the area of the (n — 1)-surface formed by
geodesics perpendicular to its argument. In the figure we assume without loss of generality (see below)
that R(617 e2)€5 is parallel to e;.

The figure above details the sectional curvature K(ej,e2) = B'R(e1,e2)é; assuming that
R(el, e2)€s is parallel to ej, so that <R(61, €2)€a, 61> = HR(el, eg)é'gH. The parallel transport of
eo along itself is depicted as parallel, so that the geodesic parametrized by arclength ¢(t) is a
straight line in the figure. The vector |/se,||ce, d€2 is the parallel transport of ||., dez by ¢ in
the direction parallel to e, and therefore the geodesic ¢.(t) tangent to ||, de2 at ¢ has tangent
|lses ||ce; de2 after moving a distance . If we consider the function f(¢) whose value at ¢ = § is
the quantity (L — ¢) in the figure (i.e. f(¢) measures the offset of the geodesic from the right
edge of the stack of parallel cubes), its derivative is the slope of the tangent, so that to lowest
order in ¢t we have .

f(t) = —et?’K(e1, e0)/t
= —ctK ey, e2) (4.35)
= f(t) = —et’K(eq, e2)/2.

We can generalize this logic to arbitrary unit vectors ¢ and w to conclude that K (v,w)/2 is the
“fraction by which the geodesic parallel to w starting ¢ away bends towards w.” More precisely,
in terms of the distance function and the exponential map, to order ¢ and 6 we have

2
d (exp(dw), exp(d ||ep W)) = € (1 - 52[((17,113)) . (4.36)

In the general case L in the figure is the distance between two geodesics infinitesimally separated
in the v direction, so if we define L(t) as this distance at any point along the parametrized
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geodesic tangent to w, the above becomes

where the double dots indicate the second derivative with respect to t. Thus K (0,w) is “the
acceleration of two parallel geodesics in the w direction with initial separation v towards each
other as a fraction of the initial gap.”

Now, the distance |¢ — L| = 62K (e1, e2) /2 defines a strip S bordering the surface orthogonal
to ez a distance § in the eg direction. This strip thus has an area 262K (e1, e2)/2. If we sum this
with the other strip of area e262 K (e3, €2)/2, to order €2 and 2 we measure the extent to which
the area A defined by the geodesics emanating from the surface perpendicular to eo changes in
the direction of es. But the sum of sectional curvatures is just the Ricci function, so that in
general Ric(v)/2 is the “fraction by which the area defined by the parallel geodesics emanating
from the (n — 1)-surface perpendicular to v changes in the direction of v.” More precisely, we
can follow the same logic as above, defining the “infinitesimal geodesic (n — 1)-area” A(t) along
a parametrized geodesic tangent to v, so that to order £? and t? we have

At) =€ (1 - 'ZRm@))

= jgg = —Ric(v).

Thus Ric(v) is “the acceleration of the parallel geodesics emanating from the (n — 1)-surface
perpendicular to v towards each other as a fraction of the initial surface.” Note that if our
previous assumption that R(el,eg)é'g is parallel to ey is dropped, the only impact is that of
an ez component on the area calculation; to address this, a more accurate picture would be to
extend the area to include all four quadrants defined by both negative and positive values of
e; and ez, in which case any change in area due to an e3 component cancels. In the case of a
pseudo-Riemannian manifold, “areas” and “volumes” become less geometric concepts; however,
we have a clear picture in the case of a Lorentzian manifold that the Ricci function applied
to a time-like vector v = 9/02° = 9/0t tells us how the infinitesimal space-like volume V' of
free-falling particles (i.e. following geodesics) changes over time according to

Vi) o

Vi) —Ric(v) -
= —Roo (4:37)
= —Rou0.

4.7 Jacobi fields and volumes

Now let us consider a vector field J(t) along the geodesic ¢(t) such that J(0) = J|, = J ’d>(0) =
e1 and J(6) = J |g5) = (L/€) |lse, €1, 1e. J is the vector field “between adjacent geodesics.”
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FIGURE 4.2: A Jacobi field is the vector field between adjacent geodesics, whose construction creates a
relationship between the covariant derivative and the sectional curvature.

Then the function
f(t) = —et?K (e, e3)/2

= —et’K(J,¢)/2

is the difference between J and its parallel transport in the direction tangent to ¢, i.e. it is the
value of the covariant derivative along ¢. Since this difference is of order t2, at t = 0 we have

(4.38)

D}J = —K(J,$), (4.39)
or dropping the assumption that R(el, e2)és is parallel to ey,

D2J . ST

e + R(J,¢)¢ = 0. (4.40)
Considered as an equation for all J(t), this is called the Jacobi equation, with the vector field
J(t) that satisfies it called a Jacobi field. A more precise way to generalize our construction

of J is to define a one-parameter family of geodesics ¢s(t), so that

X0

s s=0

J(t) (4.41)
If M is complete then every Jacobi field can be expressed in this way for some family of geodesics.

If we then consider the Jacobi fields J,(t) corresponding to the geodesics ¢, (t) of tangent
vectors ||v]| = 1 parametrized by arclength and such that to order ¢ we have ||.J,(1)] = 1, it can

be shown ([I] pp. 114-115) that to order t3 we have ||.J,(t)|| = t(1 — t2K (Jy, ¢y)/6).
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FIGURE 4.3: The infinitesimal geodesic area element derived from the Jacobi field between radial
geodesics.

This means that if we apply the previous reasoning for parallel geodesics to these radial
geodesics we have an “infinitesimal geodesic (n — 1)-area element” A(t) = t2(1 — t?Ric(v)/6).
Integrating this over all values of v gives for small ¢ = ¢ the surface area of a geodesic n-ball
of radius ¢, which we denote dB.(M™). But this integral just averages the values of the Ricci
function, which is the Ricci scalar over the dimension n, so that to order €2 we have

OB.(M™) g2
— 2 —-1—-_—R, 4.42
0B:(R") 6n (442)
and integrating over the radius we find (see [5]) a similar relation for the volume of a geodesic
sphere compared to a Euclidean one of
B.(M™ 2
BeMY) & p (4.43)
B.(R") 6(n + 2)
Thus e2R/6n is “the fraction by which the surface area of a geodesic n-ball of radius ¢ is smaller
than it would be under a flat metric,” and €2R/6(n + 2) is “the fraction by which the volume of
a geodesic n-ball of radius € is smaller than it would be under a flat metric.”

Alternatively, we can use Riemann normal coordinates to express v in our “infinitesimal
geodesic (n — 1)-area element,” whereupon following similar logic to the above we find that, at
points close to the origin of our coordinates, to order ||z||? the volume element is

1
dv = (1 — GRWJ;%”) dat- .- dz", (4.44)

or using the expression of the volume element in terms the square root of the determinant of
: ) 2
the metric, again to order ||z||” we find that

1
Juv = 5;w - gRuAuax)\xU- (4.45)

As is apparent from their definitions, the Ricci tensor and function do not depend on the
metric. We can attempt to find a metric-free geometric interpretation by considering the concept
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of a parallel volume form. This is defined as a volume form which is invariant under parallel
transport. We immediately see that it is only possible to define such a form if parallel transport
around a loop does not alter volumes, i.e. that R must be o(r, s)-valued. This means that the
connection is metric compatible, so we can define one if we wish; but if we do not, and assume
zero torsion so that the Ricci tensor is symmetric, then our logic for volumes remains valid and
we can still take a metric-free view of the expression for dV above as expressing the geodesic
volume as measured by the parallel volume form. Note that unlike the Ricci tensor and function,
the definitions here of the individual sectional curvatures and scalar curvature do depend upon
the metric.

4.8 Summary

Below, we review the intuitive meanings of the various relations we have defined on a Riemannian
manifold.

’ Relation ‘ Meaning

div(u) is the fraction by which a unit volume changes

div(u)dV' = LydV when transported by the flow of .

/ div(u)dV = / 1, dV The change in a volume due to transport by the flow
v ov of u is equal to the net flow of u across that volume’s
= / (u,nydS boundary.
19174
u having zero divergence means the flow of u leaves
div(u) =0 volumes unchanged, or the net flow of u across the

boundary of a volume is zero.

The current vector j is the vector whose length is the
j = pu, p is the density of Q) amount of () per unit time crossing a unit area
perpendicular to j

The change in ¢ (the amount of @ within V') equals

% =>— / (j,n)dS the amount generated less the amount which passes
oV through oV'.

op . The change in the density of @ at a point equals the

o 77 div(7) amount generated less the amount that moves away.

TABLE 4.4: Divergence and continuity relations and their intuitive meanings.
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Relation

Meaning

R= gabRab

The Ricci scalar is n times the average of the Ricci
function on the set of unit tangent vectors.

Ric(e#) = guuK(ei, eu)
i#p

The Ricci function of a unit vector is (n — 1) times
the average of the sectional curvatures of the planes
that include the vector.

R =} gj;Ric(e;)
J

The Ricci scalar is n times the average of all the
Ricci functions.

R = 22[((61,6]')

The Ricci scalar is n(n — 1) times the average of all
sectional curvatures.

i<J
Gep en) = —Gpp Z K (e, ¢5)
1<j
LIFR

The Einstein tensor applied to a unit vector twice is
—(n —1)(n — 2)/2 times the average of the sectional
curvatures of the planes orthogonal to the vector.

d (exp(0w), exp(d ||le5 W))
62
=c <1 — 2K(U,w)>

K (0,w)/2 is the fraction by which the geodesic
parallel to w starting v away bends towards w.

K (0,w) is the acceleration of two parallel geodesics
in the w direction with initial separation ¢ towards
each other as a fraction of the initial gap.

Ric(v)/2 is the fraction by which the area defined by
the geodesics emanating from the (n — 1)-surface
perpendicular to v changes in the direction of v.
Ric(v) is the acceleration of the parallel geodesics
emanating from the (n — 1)-surface perpendicular to
v towards each other as a fraction of the initial
surface.

£2R/6n is the fraction by which the surface area of a

B.(R") 1= 6(n + 2)R

n 2
%%(]gn) — < R geodesic n-ball of radius ¢ is smaller than it would
«(R") 6n be under a flat metric.
B.(M™) 2 e?R/6(n + 2) is the fraction by which the volume of
g

a geodesic n-ball of radius ¢ is smaller than it would
be under a flat metric.

TABLE 4.5: Relations defined on a Riemannian manifold M™ and their intuitive meanings.

Appendices

A Tensors and forms

It is assumed the reader is familiar with vector spaces and inner products, as well as the tensor
product and the exterior product (AKA wedge product, Grassmann product). In the following,
we will limit our discussion to finite-dimensional real vector spaces V = R"; generalization to

complex scalars is straightforward.
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A.1 The structure of the dual space

Given a finite-dimensional vector space V', the dual space V* is defined to be the set of linear
mappings from V to the scalars (AKA the linear functionals on V'). The elements of V* can be
added together and multiplied by scalars, so V* is also a vector space, with the same dimension

as V.

A Note that in general, the word “dual” is used for many concepts in mathematics; in
particular, the dual space has no relation to the Hodge dual (defined below).

An element ¢: V — R of V* is called a 1-form. Given a pseudo inner product on V, we
can construct an isomorphism between V and V* defined by

v (v, ), (A.1)

ie. v € V is mapped to the element of V* which maps any vector w € V to (v,w). This
isomorphism then induces a corresponding pseudo inner product on V* defined by

({0, ), (w, ) = (v, w)., (A.2)

An equivalent way to set up this isomorphism is to choose a basis e, of V', and then form
the dual basis 8" of V*, defined to satisfy B’\(eu) = (5’\”. The isomorphism between V and V*
is then defined by the correspondence

v=ole, — (nw\v“)ﬁk, (A.3)

corresponding to the isomorphism induced by the pseudo inner product on V' that makes e,
orthonormal. Here we have used the Einstein summation convention, i.e. a repeated index
implies summation. Note that if (e,, e,) = —1 then e, — —B*. This isomorphism and its inverse
(usually in the context of Riemannian manifolds) are called the musical isomorphisms, where
if v =1vte, and p = p,B" we write

v = (v, )
= (77;0\'0/\> B
= v, 8"

{0, )

= (UW\SO)\) eu

— oM
= ey

n (A4)

¥

and call the v” the flat of the vector v and ¢! the sharp of the 1-form ¢.

A It is important to remember that when the inner product is not positive definite, the
signs of components may change under these isomorphisms. If the components are in terms
of an arbitrary (non-orthonormal) basis, then as we will see in Section [A.4] the components
change their values as well, since 7, is replaced by the metric tensor in the above analysis.
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Note that since 8*(e,,) = (V‘M and (e, ex) = nux we have

p(v) = A8 (vPe,)
= SD,LLUM

= N ot

- ().

%t A 1-form acting on a vector can thus be viewed as yielding a projection. Specifically,
with a positive definite inner product, ¢(v)/ ngﬂH is the length of the projection of v onto
the ray defined by ¢F.

It is important to note that there is no canonical isomorphism between V and V*, i.e.
we cannot uniquely associate a 1-form with a given vector without introducing extra structure,
namely an inner product or a preferred basis. Either structure will do: a choice of basis is
equivalent to the definition of the unique inner product on V' that makes this basis orthonormal,
which then induces the same isomorphism as that induced by the dual basis.

In contrast, a canonical isomorphism V 2 V** can be made via the association v € V' <> £ €
V** with £: V* — R defined by £ (¢) = ¢ (v). Thus V and V** can be completely identified (for
a finite-dimensional vector space), and we can view V as the dual of V*, with vectors regarded
as linear mappings on 1-forms.

Vector components are often viewed as a column vector, which means that 1-forms act on
vector components as row vectors (which then are acted on by matrices from the right). Under
a change of basis we then have the following relationships:

‘ Index notation ‘ Matrix notation ‘
Basis e, = A e e =eA
Dual basis Bt = (A~Tm\pA Bl=A"1p
Vector components vt = (A" vV =A"1y
1-form components = AN o ¢ = pA

TABLE A.1: Transformations under a change of basis.
Notes: A 1-form will sometimes be viewed as a column vector, i.e. as the transpose of the
row vector (which is the sharp of the 1-form under a Riemannian signature). Then we have

()T = (pA)T = ATT.
A.2 Tensors

A tensor of type (AKA valence) (m,n) is defined to be an element of the tensor space

Vion =V ®---(mtimes)--- @ V)@ (V*®--- (ntimes)---®@ V). (A.6)

A pure tensor (AKA simple or decomposable tensor) of type (m,n) is one that can be written
as the tensor product of m vectors and n 1-forms; thus a general tensor is a sum of pure tensors.
The integer (m + n) is called the order (AKA degree, rank) of the tensor, while the tensor
dimension is that of V. Vectors and 1-forms are then tensors of type (1,0) and (0,1). The
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rank (sometimes used to refer to the order) of a tensor is the minimum number of pure tensors
required to express it as a sum. In “tensor language” vectors v € V are called contravariant
vectors and 1-forms ¢ € V* are called covariant vectors (AKA covectors). A tensor of type
(k,0) is then called a contravariant tensor, with covariant tensors being of type (0, k), and
other tensor types being called mixed tensors. Scalars can be considered tensors of type (0,0).

A As noted above, the meanings of tensor rank and order are often swapped in the literature.
Another potential source of confusion is that a mixed tensor is not the opposite of a pure
tensor.

A.3 Tensors as multilinear mappings

There is an obvious multiplication of two 1-forms: the scalar multiplication of their values. The
resulting object p: V x V — R is a nondegenerate bilinear form on V. Viewed as an “outer
product” on V*, multiplication is trivially seen to be a bilinear operation, i.e. a(p + )& =
apé + ap€. Thus the product of two 1-forms is isomorphic to their tensor product.

We can extend this to any tensor by viewing vectors as linear mappings on 1-forms, and

forming the isomorphism
®%’ = H%‘- (A.7)

Note that this isomorphism is not unique, since for example any real multiple of the product
would yield a multilinear form as well. However it is canonical, since the choice does not impose
any additional structure, and is also consistent with considering scalars as tensors of type (0,0).

We can thus consider tensors to be multilinear mappings on V* and V. In fact, we can view
a tensor of type (m,n) as a mapping from i < m 1-forms and j < n vectors to the remaining
(m — i) vectors and (n — j) 1-forms.

[w® v ® &1 (¢, v, ) = @w ) [ €]
e JC T ) =111
T Ce,v, ) = ¢

Tnbc gﬁa Vb - Cc

FIGURE A.1l: Different ways of depicting a pure tensor of type (1,2). The first line explicitly shows the
tensor as a mapping from a 1-form ¢ and a vector v to a 1-form £. The second line visualizes vectors
as arrows, and 1-forms as receptacles that when matched to an arrow yield a scalar. The third line
combines the constituent vectors and 1-forms of the tensor into a single symbol T while merging the
scalars into ¢ to define ¢, and the last line adds indices (covered in the next section).

A general tensor is a sum of pure tensors, so for example a tensor of the form (u ® @)+ (v ® 1))
can be viewed as a linear mapping that takes £ and w to the scalar & (u) - ¢ (w) + £ (v) - ¥ (w).
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Since the roles of mappings and arguments can be reversed, we can simplify things further by
viewing the arguments of a tensor as another tensor:

(u®p) (@w)=
(u, ) (A.8)

A.4 Abstract index notation

Abstract index notation uses an upper Latin index to represent each contravariant vector
component of a tensor, and a lower index to represent each covariant vector (1-form) component.
We can see from the preceding figure that this notation is quite compact and clearly indicates
the type of each tensor while re-using letters to indicate what “slots” are to be used in the
mapping.

The tensor product of two tensors S & T, is simply denoted S% T, and in this form the
operation is sometimes called the tensor direct product. We may also consider a contraction

7%, =T, (A.9)

where two of the components of a tensor operate on each other to create a new tensor with a
reduced number of indices. For example, if 7%, = v* @ w® ® ¢, then T“bb = p(w) - v®.

A (pseudo) inner product on V' is a symmetric bilinear mapping, and thus corresponds to a
symmetric tensor gqp called the (pseudo) metric tensor. The isomorphism v € V s v” € V*

induced by this pseudo inner product is then defined by
V% = U = gapt?, (A.10)

and is called index lowering. The corresponding pseudo inner product on V* is denoted g%,
which provides a consistent index raising operation since we immediately obtain ¢*gacgpq =
ged- We also have the relation v® = g%v, = g gpv® = ¢™gpe = g% = 8%, the identity mapping.
The inner product of two tensors of the same type is then the contraction of their tensor direct
product after index lowering/raising, e.g. <T“b, SCd> =T8S = T%gucgpaS.

A It is important to remember that if v is a vector, the operation v,v® implies index lowering,
which requires an inner product. In contrast, if ¢ is a 1-form, the operation p,v® is always
valid regardless of the presence of an inner product.

A symmetric or anti-symmetric tensor can be formed from a general tensor by adding or
subtracting versions with permuted indices. For example, the combination (Typ + Tpe) /2 is the
symmetrized tensor of 7', i.e. exchanging any two indices leaves it invariant. The anti-
symmetrized tensor (T, — Tpq) /2 changes sign upon the exchange of any two indices, and
yields the original tensor T,; when added to the symmetrized tensor. The following notation is
common for tensors with n indices, with the sums over all permutations of indices:

1
Symmetrization: T(,, . q,) = EZT%(UW“MM (A.11)
o
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1
Anti-symmetrization: T{,,  q4,] = EZsign () Tar1)--tn(m) (A.12)
o

This operation can be performed on any subset of indices in a tensor, as long as they are all
covariant or all contravariant. Skipping indices is denoted with vertical bars, as in T{gjpc) =
(Tape + Tepa) /2; however, note that vertical bars alone are sometimes used to denote a sum of
ordered permutations, as in Tj4pe) = Tabe + Thea + Teab-

A.5 Tensors as multi-dimensional arrays

In a given basis, a pure tensor of type (m,n) can be written using component notation in
the form

’Ul ®--QU"® V1R @, = T'ulm'umyl...yneﬂl R R® €pim ®6V1 Q- ®6un’ (Al?))

where the Einstein summation convention is used in the second expression. Note that the
collection of terms into T is only possible due to the defining property of the tensor product
being linear over addition. The tensor product between basis elements is often dropped in such
expressions.

A general tensor is a sum of such pure tensor terms, so that any tensor 7' can be represented
by a (m + n)-dimensional array of scalars. For example, any tensor of order 2 is a matrix, and
type (1, 1) tensors are linear mappings operating on vectors or forms via ordinary matrix multi-
plication if they are all expressed in terms of components in the same basis. Basis-independent
quantities from linear algebra such as the trace and determinant are then well defined on such
tensors.

A A potentially confusing aspect of component notation is the basis vectors e,, which are
not components of a 1-form but rather vectors, with u a label, not an index. Similarly, the
basis 1-forms 5” should not be confused with components of a vector.

The Latin letters of abstract index notation (e.g. 7% .q) can thus be viewed as placeholders
for what would be indices in a particular basis, while the Greek letters of component notation
represent an actual array of scalars that depend on a specific basis. The reason for the different
notations is to clearly distinguish tensor identities, true in any basis, from equations true only
in a specific basis.

A In general relativity both abstract and index notation are abused to represent objects
that are non-tensorial (see Section [2)).

A Note that if abstract index notation is not being used, Latin and Greek indices are often
used to make other distinctions, a common one being between indices ranging over three
space indices and indices ranging over four space-time indices.
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A Note that “rank” and “dimension” are overloaded terms across these constructs: “rank”
is sometimes used to refer to the order of the tensor, which is the dimensionality of the
corresponding multi-dimensional array; the dimension of a tensor is that of the underlying
vector space, and so is the length of a side of the corresponding array (also sometimes called
the dimension of the array). However, the rank of a order 2 tensor coincides with the rank
of the corresponding matrix.

A.6 Exterior forms as multilinear mappings

An exterior form (AKA k-form, alternating form) is defined to be an element of A*V*. Just as
we formed the isomorphism ®y; — Ilp; to view tensors as multilinear mappings on V', we can
view k-forms as alternating multilinear mappings on V. Restricting attention to the exterior
product of k 1-forms A p;, we define the isomorphism

k k
Nwi— > sign(m) [ ] ene
i=1 T i=1

. 812Uk . i n s
= g 5 Vi Pis Pig>

11,82,k

(A.14)

where 7 is any permutation of the k indices, sign(w) is the sign of the permutation, and e
is the permutation symbol (AKA completely anti-symmetric symbol, Levi-Civita symbol,
alternating symbol, e-symbol), defined to be +1 for even index permutations, —1 for odd, and
0 otherwise.

1t The above isomorphism extends the interpretation of forms acting on vectors as yielding a
projection. Specifically, if the parallelepiped ¢f = A gpg has volume V, then ¢(vy,...v;)/V
is the volume of the projection of the parallelepiped v = A v; onto of.

Extending this to arbitrary forms ¢ € A7V* and ¢ € A*V*, we have

(90 /\sz)) (Ul, . -an-‘rk)

1 ) (A.15)
= ﬁz sign (1) ¢ (%(1)7 e 7U7T(j)) (0 (Uﬂ’(j+1)7 e 7U7T(j+k)) .

Just as with tensors, this isomorphism is canonical but not unique; but in the case of exterior
forms, other isomorphisms are in common use. The main alternative isomorphism inserts a
term 1/k! in the first relation above, which results in 1/5!k! being replaced by 1/ (j + k)! in the
second. Note that this alternative is inconsistent with the interpretation of exterior products as
parallelepipeds.

A It is important to understand which convention a given author is using. The first con-
vention above is common in physics, and we will adhere to it here.
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A.7 Exterior forms as completely anti-symmetric tensors

An immediate result of this view of forms as multilinear mappings is that we can also view forms
as completely anti-symmetric tensors under the identification of [] ¢; with () ;. For example,
for a 2-form we have the equivalent expressions
(e AY) (v,w) & (¢ @Y — ¢ ® ) (v,w)
oo () () = ¥ (0) 9 (w).

Note however that this identification does not lead to equality of the inner products defined on
tensors and exterior forms; instead for two k-forms we have

(Ao Nws),, =det (oi ). (A17)

(A.16)

while as tensors we have

</\ @iy/\¢j> = <61g0[,6‘]<pj>tensor = kldet ((@s,14)) - (A.18)

Fortunately, the tensor inner product is almost always expressed explicitly in terms of index
contractions, so we will continue to use the (, ) notation for the inner product of k-forms.

tensor

A.8 Exterior forms as anti-symmetric arrays

In terms of a basis 8* of V*, we can write a k-form ¢ as

1
o= D G BN N B (A.19)

B yees b

A The above way of writing the components is not unique, and others are in common use,
the main alternative omitting the factorial.

The advantage of the expression above is that, with our isomorphism convention, the com-
ponent array can be identified with the anti-symmetric covariant tensor component array in the
same basis:

1 : 7 (% 1L
Y= H‘pﬂlmﬂk Z sign () ® B @ = Soulmukﬁm ®--- @ pH* (A.20)

(2

Here we have dropped the summation sign in favor of the Einstein summation convention, and
the last equality follows from the anti-symmetry of the component array.

A.9 Algebra-valued exterior forms

We can extend the view of exterior forms as real-valued linear mappings to define algebra-
valued forms. These follow the same construction as in Section above, starting from an
algebra-valued 1-form

0:V —a, (A.21)
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so that general forms are alternating multilinear maps from k vectors to a real algebra a whose
vector multiplication takes the place of multiplication in R. Since this vector multiplication
may not be commutative, we need to be more careful in terms of ordering in the isomorphism
to ensure antisymmetry, i.e. for two algebra-valued 1-forms we define

(O AV (v,w) = O()¥(w) — O(w)F(v). (A.22)

An algebra-valued form whose values are defined by matrices is a matrix-valued form.
Exterior forms that take values in a matrix group can also be considered as matrix-valued
forms, but it must be understood that under addition the values may no longer be in the group.
One can also form the exterior product between a matrix-valued form and a vector-valued
form. To reduce confusion when dealing with algebra- and vector-valued forms, we will indicate
them with (non-standard) decorations, for example in the case of a matrix-valued 1-form acting
on a vector-valued 1-form,

(O A @) (v,w) = O(v)F(w) — O(w)(v). (A.23)

A An additional distinction can be made between forms that take values which are concrete
matrices and column vectors (and thus depend upon the basis of the underlying vector
space), and forms that take values which are abstract linear transformations and abstract
vectors (and thus are basis-independent). We will attempt to distinguish between these by
referring to the specific matrix or abstract group, and by only using “vector-valued” when
the value is an abstract vector.

A notational issue arises in the particular case of Lie algebra valued forms, where the related
associative algebra in the relation [0, U] = OW — WO could also be in use. In this case multipli-
cation of values could use either the Lie commutator or that of the related associative algebra.
We will denote the exterior product using the Lie commutator by ©[A]¥. Some authors use
[©, %] or [© A ¥], but both can be ambiguous, motivating us to introduce our (non-standard)
notation. The expression © A ¥ is then reserved for the exterior product using the underlying
associative algebra (e.g. that of matrix multiplication if the associative algebra is defined this
way). For two Lie algebra-valued 1-forms we then have

(OIAY) (v,w) = [6 (v), ¥ (w)] =[O (w) , ¥ (v)]

=0 (1) ¥ (w) —¥(w)O (v) = O (w) ¥ (v) + ¥ () O (w).

Note that [(;),v\il] (v,w) = O(v)¥(w) — ¥(v)O(w) is a distinct construction, as is [O(v), ¥(w)] =

O(v)¥(w) — ¥(w)O(v); neither are in general anti-symmetric and thus do not yield forms. Also

note that e.g. for two 1-forms O[A]¥ # OAY — U AB, and (O[A]O) (v, w) = 2[O (v), O (w)] does

not in general vanish, so [A] does not act like a Lie commutator in these respects. However,

for algebra-valued j- and k-forms © and W, the operation [A] does in fact follow a graded
commutativity rule

(A.24)

O[AJT = (—1)F 1§ (A6, (A.25)

and with an algebra-valued m-form = we find a graded Jacobi identity of

49



(O[AJF) [A] 2 + (=1 EF™) (FA]Z) [A] © + (=1)™U+R) (Z[A]O) [A] ¥ = 0. (A.26)

Algebra-valued forms also introduce potentially ambiguous index notation. If a basis is
chosen for the algebra a, the value of an algebra-valued form may be expressed using component
notation as ©; or if the algebra is defined in terms of matrices, an element might be written ©%,
an expression that has nothing to do with the basis of a. Then for example an algebra-valued
1-form might be written ©F, or 0%, .

A In considering algebra-valued forms expressed in index notation, extra care must be taken
to identify the type of form in question, and to match each index with the aspect of the
object it was meant to represent.

A.10 The Hodge star

A pseudo inner product determines orthonormal bases for V', among which we can choose a
specific one €,. The ordering of the é, determines a choice of orientation. This orientation
uniquely determines an orthonormal basis (i.e. a unit “length” vector) for the one-dimensional
vector space A"V namely the unit n-vector (AKA orientation n-vector, volume element)

Q=E A Aén. (A.27)

A Many symbols are used in the literature for the unit n-vector and related quantities,
including €, 4, I, and w; to avoid confusion with the other common uses of these symbols,
we will use the (non-standard) symbol €.

Since A"V is one-dimensional, every element of A"V is a real multiple of Q. Thus 2 sets
up a bijection (dependent upon the inner product and choice of orientation) between A"V and
A%V = R. In general, A¥V and A" *V are vector spaces of equal dimension, and thus we can
also set up a bijection between them.

The Hodge star operator (AKA Hodge dual) is defined to be the linear map

s: APV — ARy (A.28)
that acts on A € AV such that for any B € A" *V we have
AN B = (xA, B) Q. (A.29)

An equivalent requirement is that (C' A xA,Q) = (C, A) for any C € A*V. In particular, for
signature (r, s) we immediately obtain

AN A = (xA, xA) Q= (—1)° (A, A) Q. (A.30)
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1t These relations allow one to think of the Hodge star x as an operator that roughly “swaps
the exterior and inner products,” or alternatively that yields the “orthogonal complement
with the same magnitude.”

The Hodge star operator is dependent upon a choice of inner product and orientation, but
beyond that is independent of any particular basis. In particular, for any orthonormal basis €,
oriented with 2, we can take A = é1A- - -Aé and B = éx 1A - -Aéy, in which case xA = (B, B) B,
i.e. *A is constructed from an orthonormal basis for the orthogonal complement of A; in fact,
this relation can be used as an equivalent definition of the Hodge star.

Below we list some easily derived facts about the Hodge star operator, where V is n-
dimensional with unit n-vector €2 and a pseudo inner product of signature (r, s):

e xQ=1= (xA)Q=Aif Ac A"V

o x1=(-1)°Q=(Q,Q) = (-1)°

o wx A= (—1Fn=R+s g — (L1)FO=DFS 4 where A € APV
e AN¥B=BAxA=(-1)°(A,B)Qif A, B c A"V

e (A,B) = (-1)** (AA*B)if A, B € A*V

A Some authors instead define the Hodge star by the relation A A *B = (A, B) 2, which
differs by a sign in some cases from the more common definition we use; in particular, with

this definition *Q = (—1)*Q and *1 = Q.

Note that xA is not a basis-independent object, since it reverses sign upon changing the
chosen orientation. Such an object is prefixed by the word pseudo-, e.g. *v is called a pseudo-
vector (AKA axial vector, in which case v is called a polar vector) and  itself is a pseudo-
scalar.

A The use of “pseudo” to indicate a quantity that reverses sign upon a change of orientation
should not be confused with the use of “pseudo” to indicate an inner product that is not
positive-definite. There are also other uses of “pseudo” in use. In particular, in general
relativity the term “pseudo-tensor” is sometimes used, where neither of the above meanings
are implied; instead this signifies that the tensor is not in fact a tensor.

B Differentiable manifolds

Differentiable manifolds allow us to graft calculus onto a topological manifold, which we can
think of as a “rubber sheet.” The constructions of coordinates and tangent vectors enable us
to define a family of derivatives associated with the concept of how vector fields change on the
manifold. The challenge is in defining all these objects without an ambient space, which our
intuitive picture normally depends upon.
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A Note that a differentiable manifold includes no concept of length or distance (a metric),
and no structure that allows tangent vectors at different points to be compared or related to
each other (a connection). It is important to remember that nothing in this section depends
upon these two extra structures.

When dealing with manifolds, there are two main approaches one can take: express every-
thing in terms of coordinates, or strive to express everything in a coordinate-free fashion. In
keeping with our attempt to focus on concepts rather than calculations, we will take the latter
approach, but will take pains to carefully express fundamental concepts in terms of coordinates
in order to derive a picture of what these coordinate-free tools do.

B.1 Coordinates

A key feature of a topological manifold M™ is that every point has an open neighborhood
homeomorphic to an open subset of R™. To make this precise we define the following terms.

e Coordinate chart (AKA parameterization, patch, system of coordinates): a homeomor-
phism «: U — R" from an open set U C M™ to an open subset of R™

e Coordinate functions (AKA coordinates): the maps a*: U — R that project a down
to one of the canonical Cartesian components

e Atlas: a collection of coordinate charts that cover the manifold

e Coordinate transformation (AKA change of coordinates, transition function): in a
region covered by two charts, we can construct the map as o aflz R™ — R"

ozliUl—v]R”\‘

I - a, o R

M

RH

FIGURE B.1: In the intersection of two coordinate charts we can construct the coordinate transformation,
a homeomorphism on R™.

A A coordinate chart is sometimes defined to be the inverse map a~!: R” — M valid on an
open subset of R™, with similar changes to related definitions such as coordinate functions.
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The coordinate transformations are simply maps on Euclidean space, so we can require them
to be infinitely differentiable (AKA smooth, C*°). An atlas whose charts all have smooth co-
ordinate transformations determines a differentiable structure, which turns the topological
manifold into a differentiable manifold (AKA smooth manifold). Two differential structures
are considered to be equivalent if the union of their atlases still results in smooth coordinate
transformations. Unless otherwise noted, from this point forward “manifold” will mean differ-
entiable manifold.

A complex manifold is defined to have an atlas of charts to C" whose coordinate trans-
formations are analytic. Complex n-manifolds are a subset of real 2n-manifolds, but atlases are
highly constrained since complex analytic functions are much more constrained than smooth
functions. By “manifold” we will always mean a real manifold.

With the addition of a differentiable structure, one can define the various tools of calculus
on manifolds in a straightforward way. Differentiable functions f: U — R require the map
foa!:R™ — R to be differentiable, and differentials 9/da* are defined at a point p € U by

)| = (foaT @) (B.1)

P z=a(p)

where x € R™. All of the usual relations of calculus hold with these definitions.

A To avoid clutter, a common abuse of notation is to use z* to denote any or all of three
quantities: the point p € M, the coordinate functions a*: M — R, and the R™ n-tuplet
x# = at (p). Similarly, the differential 0/da* is often denoted 0/0z". We will follow these
conventions going forward, but when dealing with fundamental definitions or pictures, it is
important to distinguish these very different quantities from each other. Another shortcut
is to denote differentials by 0,,; as with basis vectors, it is important to remember that these
are labels, not component indices.

B.2 Tangent vectors and differential forms

The tangent space T,U at a point p € U is defined to be the vector space spanned by the
differential operators 9/da* |,. A tangent vector v € T,U can then be expressed in tensor
component notation as v = v*d/0dat, so that v (a*) = v#. The tangent vector d/da* |, applied
to a function f can be thought of as “the change of f in the direction of the " coordinate line
at p.”
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Oé:M_’Rn 1

a(p) + tx!

9/0x!

FIGURE B.2: In a particular coordinate chart, a tangent vector v operates on a function by taking the
derivative of the composite function in R™ in the direction of v#0/da*.

Thus at a point p, we have

0 0
w_ Y —an Y
v Oat (f)=v oxt

(foa™t(x)), (B.2)

where x = a(p). The coordinate line ot (a* (p) + tvHa#) is a parameterized curve on M, and
thus it and the tangent vector itself are coordinate-independent objects. In another coordinate
chart, the coordinate line that yields the same operator on functions near p can be seen to
correspond to the familiar transformation of vector components

d ob*\ 0
=t — = >\7 P —
v="0 (v 8@/\> T (B.3)

We can consider the point “p moved in the direction v” by abusing notation to write p* + tv*
in place of a~! (a* (p) + tv*z*); this is a coordinate-dependent expression, but in the limit
e — 0 we can unambiguously write p + ev to refer to the concept “p moved infinitesimally in
the direction v,” which is coordinate-independent. This allows us to write

o(f) = T~ [foren — £ (B.4)

e—=0¢
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v=10/da' =2 9/0b'

a!(a(p) + tx')
]

51(Ap) + ')

FIGURE B.3: A tangent vector v in terms of two different coordinate charts. v* = (1,0) in chart o with
coordinate functions a* (p) = z#, and v* = (2,0) in chart 8 with coordinate functions b (p) = y*. The
divergent coordinate lines show that the concept of moving a point “in the direction of v” can only be
coordinate-independent in the infinitesimal limit.

The set of all tangent spaces in a region U is called the tangent bundle, and is denoted
TU. A (smooth, contravariant) vector field on U is then a tangent vector defined at each point
such that its application to a smooth function on U is again smooth. Similarly, a covariant
vector field is a 1-form defined at each point such that its value on a vector field is a smooth
function, and a tensor field is the tensor product of vector fields and covariant vector fields.

A Tensor fields (including vector fields and covariant vector fields) are written using the same
notation as tensors, making it important to distinguish the two situations. In particular,
one can define a (pseudo) metric tensor field, which is then usually referred to as simply a
metric.

Note that a tensor field must remain a tensor locally at any point p, i.e. it must be a multi-
linear mapping. For example, a covariant tensor field can only depend upon the values of its
vector field arguments at p, since otherwise one could add a vector field that vanishes at p and
obtain a different result. This means that operators such as the derivatives on manifolds we will
see in Sections [C] and [2] cannot usually be viewed as tensors, since they measure the difference
between arguments at different points.

Since vectors are operators on functions, we can apply one vector field to another. Following
the practice of using 9/9z" to refer to 9/da*, this can be used to define the Lie bracket of
vector fields

[v, w] (f) = v(w(f)) —w(v(f))

A A B.5
= [U’w] = (v#&w _wllav> % ( )
X

OxH Ox#
Here we have used the equality of mixed partials, and can easily verify that [v,w] is anti-
commuting and satisfies the Jacobi identity. Since this expression is coordinate-independent,
[v,w] is a vector field and we can thus view vect (M), the set of all vector fields on M, as the
infinite-dimensional Lie algebra of vector fields on M, with vector multiplication defined by
the Lie bracket.
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Having defined vector and tensor fields on manifolds, we can now define a differential form
as an alternating covariant tensor field, i.e. an exterior form in A (7,U) smoothly defined for
every point p.

A Just as tensor fields are usually referred to as simply tensors, differential forms are usually
referred to as simply forms, and a k-form is written simply ¢ € AFM. It is important to
remember that in the context of manifolds, a k-form is an exterior form smoothly defined
on k elements of the tangent space at each point, i.e. an anti-symmetric covariant k-tensor
field.

On a differentiable manifold, the existence of k-forms makes possible a more concrete defini-
tion of orientability: a manifold M™ is orientable if there exists a non-vanishing n-form. Such a
form is called a volume form (AKA volume element), since it gains a Jacobian-like determinant
factor under invertible linear transformations.

A The term “volume form” or “volume element” is sometimes defined in physics to reflect
the intuitive idea of a form which returns the volume spanned by its argument vectors;
however, volume is always positive, so that in this usage we are more accurately referring to
a volume pseudo-form whose value is the absolute value of the volume form as we have
defined it.

B.3 Frames
A frame e, on U C M" is defined to be a tensor field of bases for the tangent spaces at each

point, i.e. n linearly independent smooth vector fields e,,.

—

e N\ Tangent space 7,U
NANANAA

Frame e,

FIGURE B.4: A frame e, is n smooth vector fields that together provide a basis for the tangent space
at every point.

The concept of frame has a particularly large number of synonyms, including comoving
frame, rep'l'[)%re mobile, vielbein, n-frame, and n-bein (where n is the dimension). The dual
frame, the 1-forms 3# corresponding to a frame e, is also often simply called the frame.

When using particular coordinates z*, the frame e, = 9/0x" is called the coordinate frame
(AKA coordinate basis or associated basis); any other frame is then called a non-coordinate
frame. A holonomic frame is a coordinate frame in some coordinates (though perhaps not
the ones being used); this condition is equivalent to requiring that [e,, e,] = 0, a result which is
sometimes called Frobenius’ theorem. An anholonomic frame is then a frame that cannot
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be derived from any coordinate chart in its region of definition. Using a non-coordinate frame
suited to a specific problem is sometimes called the method of moving frames.

/A Note that the distinction between holonomic and coordinate frames as defined here is
often not made.

Noncoor% Mholo&

FIGURE B.5: A non-coordinate frame is not tangent to the coordinate functions being used, while an
anholonomic frame cannot be derived from any coordinate chart.

A frame cannot usually be globally defined on a manifold. A simple way to see this is by
the example of the 2-sphere S2. Any drawing of coordinate functions on a globe will have
singularities, such as the north and south poles when using latitude and longitude; these are
points where the associated coordinate frame will either be undefined or will vanish. In general,
there is no non-zero smooth vector field that can be defined on S™ for even n (this is sometimes
called the hedgehog theorem, AKA hairy ball theorem, coconut theorem).

o

FIGURE B.6: The hedgehog theorem for S2, showing that any attempt to “comb the hair of a hedgehog”
yields bald spots, in this case at the poles.

A manifold that can have a global frame defined on it is called parallelizable. Some facts
regarding parallelizable manifolds include:

e All parallelizable manifolds are orientable (and therefore have a volume form), but as we
saw with S? the converse is not in general true

e Any orientable 3-manifold M? is parallelizable = any 4-manifold M3 x R is parallelizable
(important in the case of the spacetime manifold)

e Of the n-spheres, only S', S3, and S” are parallelizable (this can be seen to be related to
C, H, and O being the only normed finite-dimensional real division algebras beyond R)
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e The torus (with any number of holes) is the only closed orientable surface with a non-zero
smooth vector field

B.4 Tangent vectors in terms of frames

It is important to remember that in following our intuitive picture of a Euclidean surface,
our central definitions were manifolds M and tangent vectors v. These are the “real” intrinsic
objects, while their expressions in terms of a particular coordinate chart and frame are arbitrary.
Coordinates and frames are “temporary” tools we use to “componentize” points and tangents on
a manifold.

In particular, if a manifold is defined in terms of a set of coordinate functions that feature
a singularity, this singularity may be due to the coordinates extending outside of their valid
chart, telling us nothing about whether the manifold itself has a singularity. Every point of a
well-defined differentiable manifold always has a local coordinate chart and tangent vectors.

For example, given the typical spherical coordinate chart for S? the associated frame will be
singular at the poles, since they are outside of U for that chart; nevertheless, tangent vectors
are well-defined at these points, and can be expressed perfectly normally in a different chart.

glejole

FIGURE B.7: A manifold and tangent vector expressed in terms of different coordinate functions and
frames.

In the above figure, we see the following situations depicted:

o v=r¢ +ey=0/0x! + 0/0x* (expressed in a coordinate frame)

e v=rc) —eh=0/0x"t — /02" (using a different coordinate frame)
o v=c¢l +3ef =0/0x'" —9/0x" (in a non-coordinate frame)

The final figure depicts coordinate functions that are singular at the point of interest; the
manifold and vector are still well-defined, but the tangent space at this point cannot be expressed
in terms of this coordinate chart.

A In general, when working with objects on manifolds, it is important to keep clearly in
mind whether a given symbol represents a vector, form, or function (0-form); whether any
given index is a label, an abstract index or a component index in a particular frame or
coordinates; and whether the object is a field with a value at each point, or is only valid at
a particular point. Any calculation can always be made explicit by expressing everything in
terms of functions and differential operators on them.

o8



B.5 Diffeomorphisms

In the same way that spaces or topological manifolds are equivalent if they are related by a home-
omorphism, differentiable manifolds are equivalent if they are related by a diffeomorphism, a
homeomorphism that is differentiable along with its inverse. As usual we define differentiability
by moving the mapping to R”, e.g. ®: M — N is differentiable if an o ® o a]T/[l: R™ — R" is,
where aj; and ap are charts for M and N. Intuitively, a diffeomorphism like a homeomorphism
can be thought of as arbitrary stretching and bending, but it is “nicer” in that it preserves the
differentiable structure.

A Tt is important to distinguish between coordinate transformations, which are locally
defined and so may have singularities outside of a given region; and diffeomorphisms, which
are globally defined and form a group. One can define a coordinate transformation on a
region of a manifold that avoids any resulting singularities, but a diffeomorphism must be
smooth on the entire manifold.

B.6 The differential and pullback

If we consider a general mapping between manifolds ®: M™ — N™, we can choose charts
apy: M — R™ and ay: N — R™, with coordinate functions x* and 3", so that the mapping
ayo®: M — R™ can be represented by n functions ®”: M — R. This allows us to write down
an expression for the induced tangent mapping or differential (aka pushforward, derivative)
d®: TM — TN (also denoted T® or @, or sometimes simply ® if it is clear the argument is a
tangent vector). For a tangent vector v = v#9/dz* at a point p € M we define

do (v)|, = v“aq) 0

. B.
p oz Jy 3(p) (B:6)

This definition can be shown to be coordinate-independent and to follow our intuitive expec-
tation that mapped tangent vectors stay tangent to mapped curves. If M = N and & is the
identity, d® is just the vector component transformation in Section The matrix

Jo(x) = 09" )0zt (B.7)

is called the Jacobian matrix (AKA Jacobian).

If @ is a diffeomorphism, d® is an isomorphism between the tangent spaces at every point
in M. The inverse function theorem says that the converse is true locally: if d®, is an
isomorphism at p € M, then ® is locally a diffecomorphism. In particular, this means that if
in some coordinates the Jacobian matrix is nonsingular, then ay o ® o o@} represents a locally
valid coordinate transformation and ®” = y".

A mapping between manifolds ®: M™ — N™ also can be used to naturally define the
pullback of a form ®*: AN — A*¥M by

D o (v1,...,0k) = @ (dP (v1),...,dD (v)), (B.8)

where the name indicates that a form on N can be “pulled back” to M using ®. Note that the

composition of pullbacks is then
TP p = (PV)*p. (B.9)
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FiGurE B.8: Forms ¢ on N are pulled back to M by sending argument vectors to N using d®.

Note that for a mapping f: M — R, we have df: TM — TR = R, so that df (v) =
VMO f J0xt = v (f), the directional derivative of f. Let us apply this to the coordinate function
x': M — R. Then we have dz! (v) = v*dx!/dz# = v!, so that in particular dz¥ (0/0z*) = 6" s
i.e. dz# is in fact the dual frame to 9/0x*. Thus in a given coordinate system, we can write a
general tensor of type (m,n) as

0
— L _ Vi Un
T=T Vi G ® - ® s @dz" @ - @dx"™. (B.10)
In particular, the metric tensor is often written
ds? =g = g datdz”, (B.11)

where the Einstein summation convention is used and the tensor symbol omitted. A general
k-form ¢ € A¥M can then be written as

o= Pudztt A Adath, (B.12)
1 <---<pg

From either the tangent mapping definition or the behavior of the exterior product under a
change of basis, we can see that under a change of coordinates we have
oy”
dy"t A~ Adyt* = det pyn dzht A - A dat, (B.13)

X

This is the familiar Jacobian determinant (like the Jacobian matrix, also often called the
Jacobian) that appears in the change of coordinates rule for integrals from calculus, and explains
the name of the volume form as defined previously in terms of the exterior product.

In summary, the differential d has a single definition, but is used in several different settings
that are not related in an immediately obvious way.

’ Construct ‘ Argument Other names ‘ Other symbols ‘
dé: TM - TN | &: M - N Tangent mapping TP, ¢, ®
df: TM — R f:M—R Directional derivative v(f), dof, Vof
da#: TM — R M — R Dual frame to 9/dz# s

TABLE B.1: Various uses of the differential on manifolds.
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B.7 Immersions and embeddings

We can generalize and make precise the concept of a surface embedded in 3-dimensional space
with the following definitions concerning a differentiable map ®: M™ — N™:

e Immersion: d® is injective for all p € M intuitively, a smooth mapping that doesn’t
collapse the tangent spaces

e Submanifold: an immersion with @ injective; intuitively, an immersion that doesn’t
intersect itself

e Embedding (AKA imbedding): a submanifold with ® a homeomorphism onto ® (M);
intuitively, a submanifold that doesn’t have intersecting limit points

Immersion, Submanifold, Embedding
not submanifold not embedding

FIGURE B.9: R immersed in R?; the second immersion approaches a self-intersection in the limit as the
line approaches infinity.

The difference in dimension (n —m) is called the codimension of the embedding. The
Whitney embedding theorem states that for positive codimension, any M"* can be immersed
in RZ™=1 and embedded in R?™. Thus we can view differentiable manifolds as generalized
surfaces that we study without making reference to the enclosing Euclidean space. The limiting
dimension of this theorem is illustrated by noting that the real projective space RP" cannot be
embedded in Rm—1),

C Derivatives on manifolds

In this section we will introduce various objects that in some way measure how vectors or forms
change from point to point on a manifold.

C.1 Derivations

In general, we define a derivation to be a linear map D: a — a on an algebra a that follows
the Leibniz rule (AKA product rule)

D(AB) = (DA)B + A(DB). (C.1)

As noted previously in Section the set vect(M) of vector fields on a manifold form a Lie
algebra; the Lie bracket operation with a fixed vector field [u, ] is then a derivation on this
algebra, since the Leibniz rule
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[u7 [U7w]] = [[uav] 7w] + [U, [u7 wH (02)

is just the Jacobi identity.

For a graded algebra, e.g. the exterior algebra, the degree of a derivation is the integer ¢
where D: A*M — A¥teM. A graded derivation is defined to follow the graded Leibniz
rule, e.g. for a k-form ¢,

D(p Ap) = Do Ah+ (—1)" o A Dy. (C.3)

If ¢ is odd, a graded derivation is sometimes called an anti-derivation (AKA
skew-derivation).

C.2 The Lie derivative of a vector field

Without some kind of additional structure, there is no way to “transport” vectors, or compare
them at different points on a manifold, and therefore no way to construct a vector derivative.
The simplest way to introduce this structure is via another vector field, which leads us to the
Lie derivative

Lyw = [v,w] . (C.4)

As noted above, L, is a derivation due to the Jacobi identity. In this section we define the Lie
derivative in terms of infinitesimal vector transport, and explore its geometrical meaning.

Given any vector field v on M, it can be shown ([2] pp. 125-127) that there exists a
parameterized curve v,(t) at every point p € M such that v,(0) = p and 0,(t) is the value of
the vector field v at the point v,(t) (the dot indicates the derivative with respect to ¢, which
as usual is calculated on the curve mapped to R™ by the coordinate chart). Each curve in this
family is in general only well-defined locally, i.e. for —e < t < ¢, and is thus called the local
flow of v.

p=v,0) v, 470

— .-ﬁ V], =V, (0)

F1Gure C.1: A depiction of the local flow of a vector field v, with details on the local parameterized
curve v,(t) at a point p.

vp(—

For a fixed value of ¢, there is some region U C M where the map ®;: U — U defined
by p — v, (t) is a diffeomorphism, and within the valid domain of ¢ the maps ®; satisfy the
abelian group law ®; o &, = P4y ; thus the ®; are called a local one-parameter group of
diffeomorphisms. This name is somewhat misleading, since due to the limited domain of ¢
the maps ®; do not actually form a group; the “local” reflects the fact that the diffeomorphisms
are not on all of M. In the case that these maps are in fact valid for all of ¢t and M, v is called a
complete vector field, and the ®; are called a one-parameter group of diffeomorphisms.
If M is compact, then every vector field is complete; if not, then a vector field is complete if it
has compact support (is non-zero on a compact subset of M).
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The tangent map d® defined by the vector field v is then the extra structure we need to
“transport” vectors. d® maps a vector tangent to the curve C' to a vector tangent to the curve
® (C); it “pushes vectors along the flow of v.” We can now define the Lie derivative as a limit

1
Low = lim— [d%— (w ,9) —w,] (C.5)
= lim— [U} ‘UP(E) - dq)s (’LU |p)] )

F1GURE C.2: The Lie derivative L,w is “the difference between w and its transport by the local flow of
’U.”

4t In this and future depictions of vector derivatives, the situation is simplified by focusing on
the change in the vector field w while showing the “transport” of w as a parallel displacement.
This has the advantage of highlighting the equivalency of defining the derivative at either
0 or ¢ in the limit ¢ — 0. Depicting L,w as a non-parallel vector at v, (t) would be more
accurate, but would obscure this fact. We also will follow the picture here in using words
to characterize derivatives: namely, “the difference” is short for “the difference per unit ¢ to
order € in the limit € — 0.”

This definition can be shown to be equivalent to L,w = [v,w]. Another way of depicting
the Lie derivative that highlights the anti-commutativity of the Lie bracket is to consider L,w
in terms of a loop defined by the flows of v and w.

p= V,;(O)
=w,(0)

FiGure C.3: The Lie derivative L,w can also be pictured as the vector field whose local flow is the
“commutator of the flows of v and w,” i.e. it is the difference between the local flow of v followed by w
and that of w followed by v. Thus L,w “completes the parallelogram” formed by the flow lines.
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C.3 The Lie derivative of an exterior form

The Lie derivative L, can be applied to a k-form ¢ by using the pullback of ¢ by the diffeomor-

phism @ associated with the flow of v, i.e. applied to k vectors w1, ..., w; we define
o1
Lyp (wr,...,wg) = il_}I%g [ (dPe (wi,...,wg)) — @ (wi, ..., wg)]. (C.6)

Ly, thus measures the change in ¢ as its arguments are transported by the local flow of v. In
the case of a O-form f, this is just the differential or directional derivative L, f = v(f) = df(v).

d®_(w],)

e P

FI1GURE C.4: The Lie derivative illustrated for a 1-form ¢ with € = 1. L, is “the difference between ¢
applied to w and ¢ applied to w transported by the local flow of v,” so above we have L,p(w) =2—-1=1
(valid in the limit & — 0 if ¢ changes linearly in the range shown).

3¢ Here and in future figures, we represent a 1-form ¢ as a “receptacle” ol = f/ ngtiHQ
which when applied to a vector “arrow” argument v yields the number of receptacles covered
by the projection of v onto ¢¥, which is the value of ¢(v). This can be seen by recalling
from Section that o(v)/ ||*|| is the length of the projection of v onto ¢#, so that this
projection divided by the length of the receptacle ngﬂ! =1/ ngﬁH recovers the value ¢(v).
The advantage of this approach is that values can be calculated from the figure absent a
length scale. Another common graphical device is to represent 1-forms as “surfaces” which
are “pierced” by the arrows.

A The common practice of depicting a 1-form ¢ in terms of the associated vector ¢ as
above has consequences that can be non-intuitive. For example, doubling the value of the
1-form means halving its length in the illustration, i.e. the value of the 1-form can be
viewed as the “density” of receptacles. Thus, when depicting ¢ as changing linearly, the
length L of the 1-form representation changes like L — L/(1 + re) for some scaling factor
r, which doesn’t appear linear as a vector representation would, whose length changes like
L— L(1+re).

By using the above definitions of the Lie derivative applied to vectors and 1-forms, and
noting that we can derive a Leibniz rule over contraction L,(p (w)) = (Lyp) (w) + ¢ (Lyw), we
arrive at an expression for the Lie derivative applied to general tensors, viewed as real-valued
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mappings on vectors and 1-forms:

L,T(o1, s @ms Wiy ooy Wr) =0 (T(Q1y -y Py Wiy v oy W)

m

_ZT(gol,...,Lvtpj,...,tpm,wl,...,wn)
j=1

n

—ZT(cpl,...,cpm,wl,...,vaj,...,wn)
j=1

In a holonomic frame, this yields an expression for the Lie derivative of a tensor in terms of
coordinates

0
1P — A M1,
LUT“ 01...0n, =v ax)\T rot 01...0n,

m .

o
_ Ovti THA B =1 AR +1 - fim
2 <\ 0 o1-0n (C.8)
]:

n A
n ov At
E axo-j 0'1A..0'j_1>\0'j+1...0'n‘
j=1

From this we can confirm that the Lie derivative satisfies the Leibniz rule over the tensor product,
and therefore is a derivation of degree 0 on both the tensor algebra and the exterior algebra.

C.4 The exterior derivative of a 1-form

The Lie derivative L, is defined in terms of a vector field v, and its value as a “change in ¢” is
computed by using v to transport the arguments of ¢. In contrast, recall that the differential d
takes a O-form f: M — R to a 1-form df: TM — R with

df(v) = v(f)- (C.9)

Thus d is a derivation of degree +1 on 0-forms, whose value as a “change in f” is computed
using the vector field argument of the resulting 1-form.

We would like to generalize d to k-forms by extending this idea of including the “direction
argument” by increasing the degree of the form. It turns out that if we also require the property

d(d(¥) =0 (C.10)

(or “d? = 07), there is a unique graded derivation of degree +1 that extends d to general k-forms;
this derivation is called the exterior derivative. We first explore the exterior derivative of a
1-form.

The exterior derivative of a 1-form is defined by

dep (v, w) = v (p(w)) —w(p (v) — ¢ ([v,w]), (C.11)
where e.g.
0 ) = lim [ (w],,0) — o (w]y)] (C12)

measures the change in ¢ (w) in the direction v, so that
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Qi (v,0) = T =5 [( (ew]uy0)) — 2 w0 y)
— (2 (ev |upe)) — @ (evlp)) (C.13)

—¢ (% v, w))] .

The term involving the Lie bracket “completes the parallelogram” formed by v and w, so that
dy (v,w) can be viewed as the “sum of ¢ on the boundary of the surface defined by its argu-

ments.”

w(E)
14

—plew],) = 1

FIGURE C.5: The exterior derivative of a 1-form dy (v,w) is the sum of ¢ along the boundary of
the completed parallelogram defined by v and w. So if in the diagram ¢ = 1, we have dp (v,w) =
(2—1) — (0 —0) +2 = 3. This value is valid in the limit ¢ — 0 if the sum varies like 2 as depicted in
the figure.

The identity d?> = 0 can then be seen as stating the intuitive fact that the boundary of a
boundary is zero. If ¢ = df, then ¢ (v) = df (v) = v (f), the change in f along v. Thus e.g.
ep(vlp) = f(vp(e)) — f (p), so that the value of ¢ on v is the difference between the values of
f on the two points which are the boundary of v. Each endpoint will be cancelled by a starting
point as we add up values of ¢ along a sequence of vectors, resulting in the difference between
the values of f at the boundary of the total path defined by these vectors. dy is the value of ¢
over the boundary path of the surface defined by its arguments, which has no boundary points
and so vanishes.
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fow ()
o (9)

£p) v, (2)
) A9

FIGURE C.6: d? = 0 corresponds to the boundary of a boundary is zero: each term ¢(v) = df(v) is the
difference between the values of f on the boundary points of v, which cancel as we traverse the boundary
of the surface defined by the arguments of dp(v,w). In the figure we assume a vanishing Lie bracket for
simplicity.

Note that dy (v, w) measures the interaction between ¢ and the vector fields v and w, thus
avoiding the need to “transport” vectors. In particular, a non-zero exterior derivative can be

Y

pictured as resulting from either the vector fields or ¢ “changing,” i.e. changing with regard to

the implied coordinates of our pictures.

—ev|

o)

FIGURE C.7: A non-zero exterior derivative dy (v, w) results from changes in ¢ (v) or ¢ (w), not changes
in either ¢ or the vector fields alone as compared to some transport.

If we calculate dy (eg, e2) explicitly in a holonomic frame in two dimensions, d (gpl da! + gpgde) =
dpy Adz! + dps A dz?, so applying this to the basis vector fields e; and e we have

dp (e1,e2) = dpi (e1) - dz' (ea) — depy (e2) - da' (en)
+ dsg (e1) - da? (e2) — deg (e2) - dz? (eq)
= e1(p2) — e2 (1)
= 0/0x" (pa) — 0/02” (1)

Note that a holonomic dual frame f* = dz* satisfies dg* = ddz* = 0.

(C.14)

C.5 The exterior derivative of a k-form

The extension of the coordinate-free definition of d to general k-forms gives the expression
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dy (vo, ..., vk)
k

Z (=1)7 05 (@ (00, - -, Vj—1, Vi1, -, Vk))

(C.15)

7=0
+ Z (—1)l+j ® ([7),', Uj] 3 V05« + s Vim 1, Uil o o+ s Ujm1, Vjtly - - - Uk) .
1<)

Our picture of d? = 0 for 1-forms then can be extended to higher dimensions. For example,
assuming vanishing Lie brackets to simplify the picture, the exterior derivative of a 2-form
dy (u,v,w) can be viewed as the “sum of ¢ on the boundary faces of the cube defined by its
arguments.” If ¢ = dip (v, w) is the boundary of a face, dp = d?¢ is the sum of the boundaries
of the faces; each edge is then counted by two faces with opposite signs, thus canceling and
confirming that d? = 0.

FiGURE C.8: The 3-form dy = d?1) sums 2 over the edges of the faces of a cube. The sum vanishes
since each edge is counted twice with opposite signs.

In a holonomic frame, we can obtain an expression for dy in terms of coordinates

k
;0
d(P = Z Z (_1)j W¢#0~..Hj—1ﬂj+1...#k dzfO A~ A dx“k’ (0'16)
po<-+<pp \j=0

or even more explicitly,

0 0
dp = Z (E)mm)‘pm---uk - WQOMONQ---NI@ +o

pos (C.17)

It is not hard to see that the exterior derivative commutes with the pullback, i.e. ®*dyp = d®*p.

A Despite a convenient description using coordinates associated with a holonomic frame, it
is important to keep in mind that the exterior derivative of a form is frame- and coordinate-
independent.

If we include an inner product, vector calculus can be seen to correspond to exterior calculus
on R3, and can thus be generalized to arbitrary dimensions:
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e For a function (0-form) f, the components of the 1-form df correspond to those of the
gradient of f, i.e. (df)# = (Vf)* or Vf = (df)*; a generalization of the gradient is then
the 1-form df

e For a 1-form with components equal to those of a vector ¢, = v#, the components of dy
correspond to those of the curl of v, i.e. (dp), = (V x v)" or (V x v) = (xd(v”))%; a
generalization of the curl is then the 2-form dy

e For a 2-form with components equal to those of a vector ¢, = (x¢p),, = v*, the value of
dip corresponds to the value of the divergence of v, i.e. dy =V -vor V-v = *d(*(vb)); a
generalization of the divergence is then the value *d(xp)

In R? the relations curl grad = div curl = 0 thus correspond to the property d?> = 0. Note
that we have used the musical isomorphisms on R?, which imply an inner product, as does the
Hodge star. The generalizations can be extended to a pseudo inner product with signature (r, s)
by defining the divergence as (—1)° * d(*v”), which is then independent of both signature and
orientation.

Finally, the classical gradient, curl, and divergence integral theorems in vector calculus are
generalized to Stokes’ theorem: for an (n — 1)-form ¢ on a compact oriented manifold M™

with boundary oM,
/ de = / ®. (C.18)
M oM

This is essentially the integral form of the property d? = 0: summing dy over M can be pictured
as summing ¢ over the boundaries of infinitesimal volumes, so that all internal boundaries cancel
and what is left is ¢ over the outer boundary dM.

(T
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N

& |
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]

T TV

F1GURE C.9: The integral of dp over M can be pictured as summing ¢ over the boundaries of in-
finitesimal volumes, so that all internal boundaries cancel and what is left is ¢ over the outer boundary
oM.

C.6 Relationships between derivations

We can define one other derivation on k-forms, the interior derivative (AKA inner derivative,
inner multiplication), which is the generalization of the interior product to forms on manifolds,
i.e. for a given vector v it is the graded degree —1 derivation

(iyp) (wa, ..., wg) = ¢ (v,wa, ..., W) (C.19)
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on k-forms ¢, which follows the graded Leibniz rule

iv (9 A1) = (i) A+ (=1)F o A (i) (C.20)

The graded commutativity of forms immediately gives the property iyiy, + iyiy, = iz = 0. We
define i, f = 0 for a O-form f and note that i, = *(v”).

The interior, exterior, and Lie derivatives then form an infinite-dimensional graded Lie al-
gebra with the following relations:

o [Ly, Ly] = LyLy — LyLy = Liy
o [iy,iw] = iyiy + fwiy =0

e [d,d=d*+d*=0

o [Ly,iw] = Lyiw — twLy = ify )

o [Ly,d=L,d—-dL,=0

e [iy,d] =i,d+ di, = L,

This last relation is sometimes called Cartan’s formula (AKA Cartan’s magic formula).
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