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ABSTRACT

To investigate the thermal excitations of the boundary value problem, a homogeneous, thermally conductive
monoclinic material is modelled as a three-phase delay system. By utilizing the Laplace and Fourier
transforms, the governing equations are resolved. The discovered answer is used to particular issues involving
a half-space that is subject to various forms of loads. The physical domain's determined components for
displacement, stress, and temperature distribution are numerically calculated. The components in the physical

domain were obtained using a numerical inversion technique.

Keywords: Laplace and Fourier transform, relaxation time, instantaneous load, generalized thermoelectricity,

monoclinic material.




LITERATURE REVIEW

An exhaustive analysis of the reaction of anisotropic bodies to exposure to temperature fields, which may take
place in service or during the production phases, requires the research of thermally generated disturbances in
anisotropic bodies. For instance, the heat accumulation and cooling processes during the curing stages of
filament-bound entities may cause thermal disturbances. These disturbances' intensity might be greater than
their maximum power. The theory of thermoelectricity, which takes these thermal disturbances into account,
has generated a lot of interest in the past century, but systematic study didn't begin until thermal waves—also
known as the second sound—were first observed in substances like solid helium, bismuth, and sodium
fluoride.

In a wide range of engineering applications, Fourier's law gives accurate approximations for description.
However, this creates the contradiction of an infinite thermal pulse propagation speed and, in some real-world
applications, may result in an inadequate description of heat conduction. Since the middle of the previous
century, numerous hyperbolic thermoelastic models have been created to address the drawbacks of
conventional thermoelectricity.

Maxwell-law, Cattane's which generalized Fourier's law and added a single relaxation time, replaces Fourier's
law of heat conduction in the Lord and Shulman[1] model. The model put forth by Green and Lindsay[2]
generalizes the constitutive relations for the stress tensor and entropy by taking two relaxation times into
account.

The governing field equations of generalized thermoelectricity for anisotropic media were derived by
Dhaliwal and Sherief[3], who also created a variational principle for these equations. In the context of linked
thermoelectricity theory, Chattopadhyay, Keshri, and Bose[4] investigated the transient solution resulting
from a temperature step input and zero stress at the surface boundary of a cylindrical hole in a transversely
isotropic thermoelastic medium. The one-dimensional thermal shock problem with two relaxation durations
was examined by Dhaliwal and Rokne[5]. Using a version of the heat transfer equation that takes into account
the time needed for the heat flow to accelerate, Li[6] developed an extended theory of thermoelasticity for
anisotropic media. For an anisotropic environment, a variational principle was constructed that corresponds
to the fundamental equations of generalised thermoelasticity.

Green and Naghdi[7] presented the derivation of the entire set of governing equations of the linearized version
of the theory for homogeneous and isotropic materials in terms of displacement and temperature fields and
demonstrated the uniqueness of the solution the corresponding initial mixed boundary value problem. They
proposed a new theory of thermoelasticity without energy dissipation. The fact that this theory is not an
adaptation of thermal energy dissipation distinguishes it from other hypotheses in an important way.

A thermoelastic two-phase delay model was created by Tzou[8] and Chandrasekharaiah[9]. In these models,

the Fourier law included two distinct delay phases, one for the temperature gradient and the other for the heat




flux vector. In the context of generalised thermoelasticity theory with one relaxation time, Sherief and
Helmy[10] looked into the two-dimensional generalised thermoelasticity problem for a half-space whose
surface is rigidly fixed and subject to thermal shock effects. The point heat source Green's function problem
was investigated by Han and Hasebe[[11]] iShen and Li[12] looked at how shear deformable laminated plates
resting on a tension-free elastic base responded after buckling under mechanical and thermal pressure. In a
generalised orthorhombic system, Kumar and Rani[13] studied the failures brought on by mechanical and
thermal factors. Roy Choudhuri[14] planned a three-stage defer model in which the intensity conduction
regulation was supplanted by a guess to a change of the Fourier regulation presenting three different stage

delays for the intensity motion vector, the temperature slope and the warm drop.

1. BASIC EQUATION

Following Dhaliwal and Sherief [3], Green and Naghdi [7] and Roy Choudhuri[14] the field equations and
constitutive relations for homogeneous, anisotropic thermoelasticity in the absence of body forces and heat
sources are given by

tijj = P, (1)
. J . * . o a2\ . )
K;; (T,ij + 17 ET,U) + K (T +1,Ty) = (1 + 14 TRy (pceT + T, Bijit; ;) (2)
tj = Cijiaei — BT (k] =1.2.3), (3)

where at the end list of symbols is given. Dash notation and dot notation are used for spatial derivatives and
time differentiation.

2. FORMULATION AND SOLUTION OF THE PROBLEM

Consideration has been given to a homogeneous, monoclinic thermoelastic half-space in an undisturbed state
at a constant temperature. On the planar surface with z=0, a rectangular Cartesian coordinate system (X, y, and
z) is introduced, with the z-axis pointing vertically into the surroundings. The mechanical load, which is
dependent on the time t and the spatial coordinate z (—c < z < ), has an impact on the boundary of the
half-space.

For a two-dimensional plane strain problem (4), we use u =(u,0,w) and T1(x, z, t) as the temperature change.

Using inequation (3)as 11 -1, 22-2, 33-53, 23-4, 1355, 12— 6torelate ¢, to c,qwhere
(1,),k,1=1,2,3, p,g=1,2....... ,0).

Using equation (3) in equations (1) and (2), the field equations for such an environment in the absence
of body forces and heat sources can then be rewritten in dimensionless form after the suppression of prime
numbers as

u'xx+ plluazz + plZWaXZ - Trx_ = u 9 (5)
P11Wsy, T DP13W,,, T P12,y - BT,, = w, (6)
0_ . _ . 0. . _
(1 +1Tr a)(Tlxx-l' KT’ZZ) + (1/(1)*)(1 + Ty a)(KZT’XX + KlTaZZ)
a1 0%\ .
= <1 + Tq a + 7@) {T +€4 (u,x+ W,z)}' (7)

where for spatial derivatives the comma notation is used, we have defined the quantities




, | wiX , Wiz , _ Priwi ;. , _ PYiwq
X = s z = R u = u, t = wt, w = w,
V1 U1 B1To .31Tg
T = T b = Css P = C13 + Css5 _ Cs3 - K3
) - ) - > - s 1 — 7, >
T(g ey 12 C11 13 C11 K
w' = e Tr = WITr , T, = WiTy, t] = wity Ty = WiTg,
1
j = B3 BT, K| LS ®)
=58 = 7. K == K=
B1 ki wi K, Ky
t. = (2% t. = L ro_ th (9)
ZZ ﬂlTO 9 ZX ﬁlTO 9 w; 9
1
and v, = (ﬂ)z and i = L
p Ky
Applying the Integral transforms
f=1J, fePtdt and
f=J_fe¥ dx. (10)
we obtain
aZZ = Rllﬁ + R13T + R}5 WZ' (11)

_ _ _di _
Wy, = Ryow + R24qu + Ry6T5, (12)
d*T %

5 - dw
dZZ —_ R31u + R33T + R35 E.

(13)
where
2 4 p? —i iéc
R*11—f P ) R*13—_E' R *5= 2'
121 ) ’B_n 1;
pi§°+p i§p2
R *y,= ) R xpg= —, R #54=—,
13 P13 B P13z _
i€e;S3p? 5182 4+ $,K; + S3p? B&1S3p
R*31= ——————=,R *33= = JR*35= —— =,
(51 + S2)Kq (1 + S2)Kq (1 + S2)Kq
) 1+1,p -
Si=p+1p5 S, = o S3=1+14p + 150"
1
The equations (13)-(15) are as
d
Ewl(gl Z, p) = Al (E' p)Wl(E' Z, p)' (14)
where
U, 0 I U u'
O A R - e
) A A ) . ) ~ )
Ul *1 *2 T Tl
1 0 0 0 R*}s 0
I=10 1 0], Ax;=|R %54 0 R*5],
0 0 1 0 R*55 0
R *y4 0 R* 3
A ;=10 R*» 0 1,

R3, 0 R*33
To solve the equation (14),we take

Wi, z,p) = X1($,p) e® (17)




so that
Al(f, P)W1(f; Z, p) = qu(E' Z, p)

which leads to an eigenvalue problem. The characteristic equation corresponding to
matrix A is given by

det[A1-ql]=0 (15)
which on expansion leads to
q° —Mq*+ 24> =23 =0 (16)

Where

A1=R*15 R*24+R*33+R*20+ R*11+ R*26R*35

Ay = R *15 R %34 R *33— R %13 R %54 R %35+ R #35 R %33+ R %11 R %56 R *35
—R *31 R %15 R %36+ R %11 R *33— R *31 R %13+ R *11 R %5,

A3 = R %35 (R #11 R #33— R %31 R %3),

The roots are +q,(¢ = 1, 2, 3).
The eigenvalues of the matrix Al are roots of equation (15). The eigenvector X(&,p) can be determined as

[Al-ql] X($,p)=0 17)
the X, (¢,p), (¢ =1,2,3,4,5,6) may be written as
X *p1 (f»p)
X %, (E,p)=
t Py, @p)
Where,
£ —$q1,
X *p1 (§,P)= [aleqle], X %4, () = |al,q17|, q=ql,?=123.
b1, beq,
—& $q1,
X *pa1 (€1p): [_alfqlf , X*t”aZ(f > p) = alfqlg ’ ‘ga =443, q= _qlm”'{ =1,23.
b, —beqqe
And, ) ] i
_{(B =) +p?*B — p1Bql17}
a, = )
4,
by = {c1q15E—(E2+pD)EHP1E2+pD) —q15(P3—D2B)}—q15p2€  {(E2+pH)-p1a5}B—p2E%)
$Ay _ '
Ay = {(p1&* +p?) — (p3 — P2B)47}, £=123
The solution of equation (20) is given by
3
W = ) [B1,X1, exp(q,z) + Bl 3X1,,5 exp(— qp2)], (18)
=1

whereB1,(¢ = 1,2,3,4,5,6)
Equation (18) therefore shows a solution to a problem. The Displacements and temperature distributions that
satisfy the regularity conditions as

—&(Bl, e +B1.e™ +B1,e™), (19)

il
—(@1q1B1ae™” +ayq,Bls €™ + azqsBlg e-qu), (20)
T= (bBl,e™” +b,Blse™ +byBlge ™), (21)
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1. APPLICATION

Limiting Conditions are given as

t,, =1r(x,t), t, =0, atz=20

or

T =0 (22)

where r(x,t)=n(x)F(t)

Using of Egs. (3), (8)-(12),(19)- (22), we obtain the expressions for displacement components, stresses and
temperature distribution as

3
Z amqu:;e_qu

R e
t=r&p) ™ 'mro Anlz T =-rEDp) Z%zlb;f; jé"e_qmz. (23)
where
A=A+ 2,

A7 = p1(S3q2b2 — 52q3b3) + D2 (S3q3b3 — S3q1b1) + P3(52q2b1 — 51G2b2),

A3 = py(S2b3 — s3b3) + pa(s3by — s1b3) + p3(s1b; — s2by),

" o__ /A /A
A1 = D283 — SaP3, 43 = P2S3 — S1P3, 43 = P1S2 — S1P2

_ Sko(1+iay) _ ezt a,q3 ¢33 — Bby
- p{’ - )
C11 €11

£=1,23.

m

1 if |x]|<a,
0 if |x|>a,
in equation (25).Applying integral transform we get

o) = [2 sin (5““)/5], £%0,

*
w1

weset n(x) = {

Case 1: Instantaneous strip loading:
Let F(t)=F,6(t)

With F(p) = F,,

whereF, is a constant.




6. NUMERICAL INVERSION

To obtain a solution to the problem in the physical domain, the follows the technique applied by Kumar and
Rani (2004).

Conclusion

1. 1. For the quasi-static and static thermoelastic instances, Laplace and Fourier techniques were

utilised to get the formulas for the stress, displacement, and temperature distribution components.

2. 2. A graphic representation of the effects of the two forces SSL and ISL on the monoclinic three-

phase-lag thermo-elastic model for magnesium crystal-like material has been provided.

3. Variation trend of field variables in the quasi-static case is observed to be the dynamic case with a

difference in magnitude.




Nomenclature

v = (p, q,r) — vector of displacement
T(x,y,z,t)-temperature change

Cijkl - isothermal elastic parameters,

t- time variable

tjj - stress

ejj - strain

To - uniform temperature

[ _ density

O1,0-and 0 q- thermal relaxation time

[1 k] - linear thermal expansion tensor.

K ™ij O CeC1l _the theory's physical characteristic constant.

4

Kij= temperature conductivity
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